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Abstract—An array of resistively and capacitively
shunted Josephson junctions with nonsinusoidal current-
phase relation is considered for modelling the resistive
transition in high-T. superconductors. The emergence of
higher harmonics, besides the sinusoid /. sin ¢, is expected
for dominant d-wave symmetry of the Cooper pairs,
random distribution of potential drops and dirty grains,
or in nonstationary conditions. We show that additional
cosine term acts by modulating the global resistance, due
to the weak-links whose transition occurs through mixed
superconductive-normal states.

I. INTRODUCTION

Arrays of Josephson junctions are under intensive
investigation for their potential implementation as su-
perconductor quantum bits and ability to model several
fundamental phenomena in disordered superconductive
films [1]-[12]. In particular, the resistively and capaci-
tively shunted Josephson Junction model (RCSJ model)
has been adopted to describe the resistive transition in
granular superconductors [13]-[19]. In the conventional
RCSJ model, the Josephson current is the simple sinu-
soid Is(¢) = I.sin ¢, where I, is the critical current and
¢ = 6 — 0 the phase difference of the superconductor
order parameters Aj exp(if;) and Agexp(if2) [20].

Sign and magnitude of I. are affected by the gap
function symmetry and relative orientation of the su-
perconductor electrodes. According to the microscopic
approach, the current-phase relation can be expressed as:
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with f(FE) the electron energy distribution and
Im[Ig(¢)] the spectral current, which depend on ma-
terial, geometry and nonequilibrium conditions. The
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current-phase relation (1) can be written as an n-order
Fourier series [21], [22]:

Is(¢) = Z [fn sin(ng) + Jy, cos(nqb)]

n>1

2

When the sum is restricted to the 15 order, I,, sin(n¢)
reduces to the familiar sinusoidal Josephson current
I.sin ¢. The term .J, cos(n¢) is the quasi-particle-pair-
interference current (QPIC). Deviations from the si-
nusoidal shape have been experimentally observed at
temperatures below 7T, because, in general, these effects
are of the second order. In the vicinity of 7., they have
been theoretically predicted and observed in normal-
metal weak-links, as a consequence of the depairing
either by proximity effect by supercurrent or in long
junctions or in far-from-equilibrium conditions [21]. A
disordered polycrystalline superconductor is a nonhomo-
geneous system with wide variability of the physical and
chemical properties of the grains. For current I ~ I,
and voltage 0 < V < V. in the vicinity of the
transition, nonequilibrium effects arise in the weak-links
making their relevant properties spatially and temporally
dependent on the external drive [16]-[19], [23]-[29].
When a polycrystalline superconductor undergoes the
transition, far-from-equilibrium condition, due to the
abrupt voltage drops across the grains, may result in the
emergence of higher harmonics according to the local
voltage values, geometry and material composition of the
grains. In the presence of evolution equations which are
nonlinear -such as those of Josephson Junctions- intrinsic
localized modes (ILM) are obtained as solutions of sine-
Gordon equations. Theses solutions are characterized by
being time-dependent and spatially localized as opposed
to translationally invariant lattices, in the absence of
disorder or defects, where an initially localized excitation
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Fig. 1.  Two-dimensional Josephson junction array representing
a granular superconductor. Circles represent superconducting grains
connected by weak-links. The bias current [, is injected to the left
electrode and collected from the right electrode. Equivalent circuit of
the weak-link between the grains ¢ and j is shown in the zoom. The
linear resistor R;j;, the linear capacitor Cjj, the nonlinear inductor
Ly,i; and memristor M, ;; are connected in parallel. The current
I;; flows from grain ¢ to grain j. Vj; is the voltage drop across the
weak-link.

distributes its energy over the entire system. Deviations
from the simple sinusoidal shape in the I-V character-
istics of single Josephson junctions and arrays as an
effect of the formation of intrinsic localized modes have
been reported in [28], [29]. The-pair-interference current
Jp, cos(n¢) emerges when the pair-symmetry is broken
and it is expected to come into play when the junctions
are partly dissipative. This may occur in the mixed state,
i.e. in the vicinity of T, for current I ~ I. and voltage
0<V <V

In this work, we put forward a model of the
superconductive-resistive transition where a network
of resistively and capacitively shunted nonsinusoidal
Josephson junctions are considered. The network of
weak-links, modeled as nonsinusoidal Josephson junc-
tions, should be particularly relevant when the effect of
nonequilibrium in the presence of disorder and nonlin-
earity should be taken into account in the transition of
granular superconductors.

II. MODEL

A two-dimensional array of Josephson junctions is
sketched in Fig. 1. The bias current I, is injected to
the left electrode and collected from the right electrode.
Circles represent superconducting grains connected by
weak-links. According to the RCSJ model, the current

I;; flowing through each junction is:

jdc‘l/é] + % + IS,ij(Qsij) + 5IL,ij .
where C;; and R;; are the shunt capacitance and resis-
tance between grains i and j, Is ;;(¢;;) is the Josephson
current, 0Iy,;; is the Langevin fluctuation source. The
voltage drop across the junction is given by:
h dgy;

Vij=Vi—Vj= —
T T g dt

with ¢;; the phase difference of the order parameters in
the grains 7 and j. In the usual RCSJ model, Is;;(¢;;)
is a simple sinusoid, whereas in the present work the
nonsinusoidal form given by Eq. (2) is considered.
Therefore, the current [;; flowing through each junction
connecting the grains ¢ and j writes as:

I;; = C;

3)

4

Vi | Vi
I;; = Cy; o7 + Rij+
+ Z[f"’ij sin(nei;) + jnﬂ'j cos(neiz)] + 61Iri; - (5)

n>1

I;; is given by the sum of the following contributions:
the charging current through the shunt capacitance Cj;,
the Ohmic current through the shunt resistance R;j,
the m Josephson current sources .fmj sin(n¢;;) and
Jn.ij cos(ne;;) and the Langevin current.

The equivalent circuit of each junction is highlighted
in the circle of Fig. 1. It corresponds to a parallel
connection of a linear capacitor Cj;, a linear resistor
R;j, a parallel of n inductors L,;; (related to the
fn,ij sin(n¢;;) terms) and a parallel of n memristors
M, ;; related to the jm] cos(ng;;) terms (we use the
notation memristor after [30]). Eq. (5) can be written
more compactly as:

dvi; Vi
+ ) Tepijsin(ngij + donig) + 0Inij » (6)
n>1
with:
Iep,ij = Ii,ij 5zg (7
and: ~
JIn ij
bon,ij = arctan(=—) )

n,ij
Josephson junctions are usually classified in terms of
the Stewart-McCumber parameter 5. = Trc/7y with
e = RC and 73 = ¢,/271.R,, as overdamped
(B. < 1), general (8. ~ 1) and underdamped (5. > 1).
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Fig. 2. Josephson junction characteristics of a weak-link with
current-phase relation Is(¢) = I.sin(¢) (the blue line), Is(¢) =
I sin(¢) + Ji cos(¢) with I; = 1mA and J; = 0.5mA (the pink
line). The generalized Stewart-McCumber parameter is 5. = 45.

For the nonsinusoidal junction described by Eq. (6),
the generalized Stewart-McCumber parameter can be de-
fined as 3} = Trc /7], With 77 = ¢0 /(27 )", Iem,ijRo)-
Eq. (6) can be numerically solved for an arbitrary
number n of harmonics. Nonetheless, we restrict our
discussion to the following case relevant to the physics
of superconductors:

Is.ii(¢ij) = I1ij8in(¢ij) + Jiijcos(¢ij),  (9)

The scheme of the current-voltage characteristics of an
underdamped (3 > 1) Josephson junction obtained by
solving Eq.(6) is shown in Fig. 2. In particular, the
blue line in Fig. 2 refers to the simple sinusoid, the
pink line to Is ;;(¢;;) given by Eq.(9). The intermediate
states are characterized by voltage drops in the range
0 < Vi; < Viij and current I;; = I., ;. Upon current
(voltage) decrease starting from the normal state, the
behavior is always resistive, implying that the system
reaches the superconductive ground state without explor-
ing the intermediate states.

For overdamped junctions (3} < 1), the intermediate
states are characterized by voltage drop and current
respectively in the range 0 < Vj; < 2V, ;; and I, ; <
Iij < I.pnij[2Ve ). Upon increasing and decreasing the
external drive, the current-voltage behavior is the same,
hence no hysteresis is observed.

In the general case (8 ~ 1), the I — V curve is
partly hysteretic. Upon increasing the external drive, the
intermediate states are characterized by a voltage drop
in the range 0 < V;; < V_;; and current equal to I, ;.
As the external drive decreases, the backward current
lies slightly below the forward current. It is worthy

of remarks that with the nonsinusoidal current phase
relation the capacitive effect is reduced in comparison
to the simple sinusoidal case.

III. RESULTS AND DISCUSSION

As stated above, the resistive transition is modeled
by using a network of weak-links, with Josephson
junction characteristics given by Eq. (6). The solution
of the network is obtained by a system of Kirchhoff
equations that has been already used for the simple
sinusoidal Josephson current characteristics in [?]. We
have routinely solved the Kirchhoff equations of the
networks by using the generalized RCSJ model Eq. (6)
with weak-links with nonsinusoidal current-phase rela-
tion given by Eq. (2) in the temperature range just
below T.. The network is biased by constant cur-
rent I. The superconductor-insulator transition is sim-
ulated by solving the system of Kirchhoff equations
at varying temperature. The critical currents jn,ij and
jn,ij are assumed to vary on temperature according to
the linearized equations jn,ij = INO,MJ (1-— T/TC)N and
Jnﬂ'j = Jo,n,ij (1—T/TC) s where I‘leij and Jg,n,ij
are the lowest temperature values of I, ;; and J,;;.
Hence, the critical current I., ;; depends on temper-
ature according to Io.,;; = Ic n4j (1 —T/T.), with

N ) 72 .
Ie,njij = \/150,ij T Jon,ij- In order to take into account

the disorder of the array, fmj and jn,ij are taken
as random variables, distributed according to Gaussian
functions with mean values foyn and jo,n and standard
deviations AINML = Ajo,n.

By effect of the temperature increase and consequent
reduction of the critical current, the weak-link with the
lowest value of the critical current Ic,;; = Icmin
switches to the intermediate state and, then, becomes
resistive when V;; > V.. The resistive transition of the
first weak-link has the effect to set the value of the
voltage drop across the other weak-links in the same
layer. The result is the formation of a layer of weak-
links either in the resistive or in the intermediate state. As
temperature further increases, the critical current I, ;;
further decreases. More and more weak-links gradually
switch from the superconductive to the intermediate state
and then to the resistive state. The term jm] acts by in-
creasing the critical current value of the weak-link in the
intermediate state in the layers undergoing the transition.
It is worthy to remark that the increase of critical current
is relative to the fraction of normal electrons in the mixed
states. The onset of J, ;; cos(n¢;;) is indeed triggered
by the elementary resistive transition of the weak-link
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Fig. 3.  Resistive transition of a two-dimensional network with

current-phase relation of the form Is;(¢i;) = I 4 sin(¢ij) +
J1,ij cos(¢ij). The average value of the critical current I ;; is
1mA. The curves correspond to different average values of the
critical current Ji,;5, namely Ji; = OmA, Ji;; = 0.5mA,
Ji,i; = 0.75mA and Ji;; = 1mA. The normal resistance R, is
12 equal for all the junctions.

with the lowest critical current, since it is related to
the partly broken pair-symmetry of the weak-links in
the intermediate state. It has no effect on the links in
the superconductive state, neither on those in the fully
resistive state.

Fig. 3 shows the curves of the resistive transi-
tions obtained with current-phase relation Ig ;;(¢;;) =
fl,ij sin(¢i;) + jl,ij cos(¢;;) for a two-dimensional 30 x
30 network. The curves correspond to different values
of the term jl,z-j. The values of the critical currents are
fl,ij = 1mA and JNLZ-]- ranging from 0 to 1mA. The stan-
dard deviation of the critical currents is Al,,, = 0.5mA.
Initially, the weak-links are in the superconductive state,
thus the network resistance is negligible. As temper-
ature increases, the weak-link with the lowest critical
current switches to the intermediate state and then to
the resistive state with the consequent onset of the term
jn,ij cos(n¢;;) and redistribution of the currents. One
can notice that the curves overlap at the beginning of the
transition, whereas become more separated when 7' —
T,., implying that the effect of the term jn,ij cos(neij;)
is more relevant as the transition approaches its end.
The amplification of the jmj cos(ng;;) effect, as the
resistance increases, means that jmj acts as modulation
of the resistance. The modulation effect due to jm] can
be noted at the level of each elementary transition step.

I'V. CONCLUSIONS

The nonsinusoidal current-phase relation has been
considered in the resistively shunted Josephson junction
model for describing the superconductive transition. By
solving a system of Kirchhoff equations for the array
of nonsinusoidal Josephson junctions, it is found that
additional cosine and sine terms modify the transition
curves by changing resistance and Josephson coupling.
The model might be relevant for Cooper pairs with d-
wave dominant over s-wave symmetry.

ACKNOWLEDGMENT

We gratefully acknowledge the Istituto Superiore per
le Telecomunicazioni M. Boella for financial support.

REFERENCES

Clarke, F. K. Wilhelm, Nature 453, 1031 (2008)

H. Van Der Wal et al., Science 290, 773 (2000)
Hilgenkamp et al., Nature 422, 50 (2003)

4] N. Bulaevskii et al.,Phys. Rev. Lett. 99, 057002 (2007)
[51 1. Marconi, Phys. Rev. Lett. 98, 047006 (2007)

[1] J.
C.
H.
L.
V.
[6] P. Orgiani et al., Phys. Rev. Lett. 98, 036401 (2007)
R.
A.
M
G.

(2]
(3]

[7] Fazio, H. van der Zant, Phys. Rep. 355, 235 (2001)
[8] Zazunov, N. Didier, F. W. J. Hekking, EPL 83, 47012 (2008)
[9]1 M. V. Fistul et al., Phys. Rev. Lett. 100, 086805 (2008)
[10] Refael et al., Phys. Rev. B 75, 014522 (2007)
[11] Y. M. Shukrinov et al., Phys. Rev. Lett. 98, 157001 (2007)
[12] L. S. Beloborodov et al., Rev. Mod. Phys 79, 469 (2007)
[13] S. Chakravarty et al., Phys. Rev. B 37, 3283 (1988)
[14] D. C. Harris et al., Phys. Rev. Lett. 67, 3606 (1991)
[15] W. Yu, D. Stroud, Phys. Rev. B 46, 14005 (1992)
[16] L. Ponta, A. Carbone, M. Gilli, P. Mazzetti, Phys. Rev. B 79,
134513 (2009)
A. Carbone, M. Gilli, P. Mazzetti, L. Ponta, Journal of Applied
Physics 108, 123916 (2010)
L. Ponta, A. Carbone, M. Gilli, P. Mazzetti, Supercond. Sci.
Technol. 24, 015006 (2011)
L. Ponta, A. Carbone, M. Gilli, P. Mazzetti, Proc. IEEE, TIC-
STH, 855 (2009)
B. D. Josephson, Phys. Lett. 1, 251 (1962); V. Ambegaokar, A.
Baratoff, Phys. Rev. Lett. 10, 486 (1963)
A. A. Golubov, M. Yu Kupriyanov, E. II’Ichev, Rev. Mod. Phys.
76, 411 (2004)
Y. Tanaka, S. Kashiwaya, Phys. Rev. B 56, 892 (1997)
N. Kopnin (ed) Theory of Nonequilibrium Superconductivity,
Clarendon Press, Oxford (2001)
E. V. Bezuglyi, A. S. Vasenko, V. S. Shumeiko, G. Wendin,
Phys. Rev. B 72, 014501 (2005)
A. Brinkman et al., Phys. Rev. B 68, 224513 (2003)
N. Argaman, Superlattices and Microstructures 25, 861 (1999)
D. R. Gulevich et al., Phys. Rev. B 80, 094509 (2009)
P. Binder et al., Phys. Rev. Lett. 84, 745 (2000); R. A. Pinto,
S. Flach, EPL 79, 66002 (2007)
M. Schuster, F. Pignatelli, A. V. Ustinov Phys. Rev. B 69,
094507 (2004)
L. O. Chua, Proceedings of the IEEE 91, 1830 (2003); L. O.
Chua, /EEE Transactions on Circuit Theory 18, 507 (1971); D.
B. Strukov, G. S. Snider, D. R. Stewart, R. S. Williams, Nature
453, 80 (2008)

(17]
(18]
(19]
(20]
(21]

(22]
(23]

[24]
(25]
(26]
(27]
(28]
(29]

(30]

IEEE CCECE 2011 - 000647





