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Introduction

Linear stability analysis of the 2D bluff-body wake

@ Stability analysis
e Hydrodynamics stability is important in different fields (aerodynam-
ics, oceanography, environmental sciences, etc);
e To understand the reasons for the breakdown of laminar flow;
e To predict the transition to turbulence.
@ Modal theory
e Flow asymptotically stable or unstable;
e Discrete spectrum (not complete for unbounded flows);
e Convective and absolute instability.
@ Initial-value problem
e Temporal evolution of arbitrary disturbances;
e Importance of the transient growth (e. g. by-pass transition);
e Aim to understand the cause of any possible instability in terms of
the underlying physics.
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Physical Problem
Base Flow

The two-dimensional bluff-body wake

@ Flow behind a circular cylinder:
= Steady, incompressible and viscous;

@ Approximation of 2D asymptotic Navier-Stokes expansions (Belan
& Tordella, Phys. Fluids, 2003), 20 < Re < 100.
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Tordella & Scarsoglio, Phys. Letters A, 2009.
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Physical Problem

Base Flow

The two-dimensional bluff-body wake
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Two-dimensional cylinder wake.
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Modal Theory

@ The linearized perturbative equation in terms of stream function

Y(x,y,t)is
V2 + (B VEW )iy + W, 8, V24 — (9, V2W )ty — W0, Vi) = wa
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Modal Theory

@ The linearized perturbative equation in terms of stream function

Y(x,y,t)is
V2 + (B VEW )iy + W, 8, V24 — (9, V2W )ty — W0, Vi) = wa

@ Normal mode hypothesis = (x, ¥, t) = p(x, y, t) e/(fex—col)
e ¢(x,y,t) complex eigenfunction;
e hy = ko + isp complex wavenumber (k, wavenumber, s, spatial
growth rate);
@ 0o = wo + ifp complex frequency (wo frequency, ry temporal growth
rate);
@ Convective instability: r; < 0 for all modes, sy < 0 for at least
one mode.

@ Absolute instability: ry > 0, dog/0hy = 0 for at least one mode.
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Stability analysis through multiscale approach

@ Slow variables: x; = ex, t; = ¢f, e = 1/Re.
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Stability analysis through multiscale approach

@ Slow variables: x; = ex, t; = ¢f, e = 1/Re.

@ Hypothesis: ¢(x,y,t) and ¥(x, y, t) are expansions in terms of e:
(ODE dependent on ¢g) + ¢ (ODE dependent on ¢, ¢1) + O(€?)

@ Order zero: homogeneous Orr-Sommerfeld equation
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Stability analysis through multiscale approach

@ Slow variables: x; = ex, t; = ¢f, e = 1/Re.
@ Hypothesis: ¢(x,y,t) and ¥(x, y, t) are expansions in terms of e:
(ODE dependent on ¢g) + ¢ (ODE dependent on ¢, ¢1) + O(€?)
@ Order zero: homogeneous Orr-Sommerfeld equation
Apo = a0Bpo A= (85 — h5)? — ihoReluo(8 — h§) — 97 o]
@o—0,lyl » 00 B=—iRe(d7 — h§)
dypo = 0, |y| = o0
= eigenfunctions ¢y and a discrete set of eigenvalues oq,.
@ First order: Non homogeneous Orr-Sommerfeld equation
Apy = ooBpi + Mpg M = [Re(zhoao — 3hBuy — B2up) + 4ihg] Ox,

@1 —0,lyl w00+ (Reup — 4ihg)d3, ,

dyp1 — 0,]y| > 00 +ihgRe [U1 (& —h) - 35“1] + Re(9] — h3)oy,

— Rev; (8] — h50y) + Redv10y
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Perturbative hypothesis: saddle point sequence

@ For fixed values of x and Re, the saddle points (hgs, ogs) of the
dispersion relation o¢ = oo(X; ho, Re) satisfy doo/0hy = 0;
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@ For fixed values of x and Re, the saddle points (hgs, ogs) of the
dispersion relation o¢ = oo(X; ho, Re) satisfy doo/0hy = 0;

Re = 35, x = 4. Level curves, wg =const (thin curves), rp =const (thick curves).
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Hydrodynamic Stability Transient and Long-Term Bel of Small 3D Perturbations
\ ility of long 3D w S
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of long 3D w

Global Pulsation

@ Comparison between present solution (accuracy Aw = 0.05), Ze-
bib’s numerical study (J. Eng. Math., 1987), Pier’s direct nhumeri-
cal simulations (J. Fluid Mech., 2002), Williamson’s experimental
results (Phys. Fluids, 1988).

0.8r

0.61
w

0.47x =a.64 A Zebib (1987)
O Pier (2002)
0.2+ O Wiliamson (1988)
—— present solution
- present solution * Aw
%0 45 60 Re 75 90 105

Tordella, Scarsoglio & Belan, Phys. Fluids, 2006.
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ty of long 3D waves

Hydrodynamic Stability

Initial-value Problem Formulation

@ Linear three-dimensional perturbative equations in terms of veloc-
ity and vorticity (Criminale & Drazin, Stud. Applied Math., 1990);

@ Base flow parametric in x and Re = U(y; xo, Re);

@ Laplace-Fourier transform in x and z directions, o complex, ~ real;

a = longitudinal wavenumber
y = transversal wavenumber
¢ = angle of obliquity
k = polar wavenumber
o, = spatial damping rate
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rbative equations

@ Perturbative linearized system:

PN
g—y‘; - (K- a + 2iaraj)V =T
or , RUu. a1 0T A
e (ior — Oli)(WV - un+ Re[8T/2 — (K = af + 2iara;)f]
A& . N adu, 1 9% . A
% = —(iar — aj)Usy — I’yd—y + %[ 8y2y — (K = &2 + 2iara)dy)
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nal r the stability of long 3D S

rbative equations

@ Perturbative linearized system:

o
g—y‘; - (K% - a + 2iaraj)V =T

ar , AU, . 1 82fF , .

o = (or— ai)(WV —ufy+ Re[a? — (k2 — &2 + 2iara)l]
G ) . du, 1 8 . .
% = —(lor —aj)Uy — I'yd—y + %[ 8y2y — (K% — a,? + 2iaraj)ly)

The transversal velocity and vorticity components are ¥ and @,
respectively, [ is defined as I = 9,&, — O,0x.
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Perturbative equations

@ Perturbative linearized system:

PN
g—y‘; - (K- a + 2iaraj)V =T
or , RUu. a1 0T A
e (ior — Oli)(WV - un+ Re[8T/2 — (K = af + 2iara;)f]
A& . N adu, 1 9% . N
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The transversal velocity and vorticity components are ¥ and @,
respectively, [ is defined as I = 8y, — 9,y.
@ Initial conditions:
e &y(0,y)=0;
o (0,y)=e’sin(y) or 1(0,y)=e " cos(y);
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Perturbative equations

@ Perturbative linearized system:

PN
g—y‘; - (K- a + 2iaraj)V =T
or , RUu. a1 0T A
e (ior — Oli)(WV - un+ Re[8T/2 — (K = af + 2iara;)f]
A& . N adu, 1 9% . N
% = —(iar — aj)Usy — I’yd—y + %[ 8y2y — (K = &2 + 2iara)dy)

The transversal velocity and vorticity components are ¥ and @,
respectively, [ is defined as I = 8y, — 9,y.
@ Initial conditions:
e &y(0,y)=0;
o (0,y)=e’sin(y) or 1(0,y)=e " cos(y);
@ Boundary conditions: (&, ¥, W) — 0 as y — oo.

S. Scarsoglio CSElab, ETH Zurich



Hydrodynamic Stability Transient and Long- Term Behavior of Small 3D Perturbations
M nal stability of long 3!

Measure of the Growth

@ Kinetic energy density e:

11 N N
etio) = g5 (|u|2 |2 + |i#[2)dy
11 W2 112 4210 + 2y )ay
= [0 w
22yd\a2+w2| ay K Y
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nal r the stability of long 3D S

Measure of the Growth

@ Kinetic energy density e:

11
i) = 55 (|u|2+|v\2+\w\ )y
1 'V” 2 2
= —— + a + V|I© + |
2M()gﬂz'/ | 02 + 2217 + &y 2)ay

@ Amplification factor G:

e(t; o, )

N )
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Measure of the Growth

@ Temporal growth rate r (Lasseigne et al., J. Fluid Mech., 1999):

r(ta,v) = 7/og\e(2t;ta,7)|’ t>0
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Hydrodynamic Stability

Measure of the Growth

@ Temporal growth rate r (Lasseigne et al., J. Fluid Mech., 1999):

r(ta,v) = 7/og\e(2t;ta,7)|’ t>0

@ Angular frequency (pulsation) w (Whitham, 1974):

w(t;a,y) = dfTﬂ ¢ time phase
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Exploratory Analysis of the Transient Dynamics
Effect of the angle of obliquity

Scarsoglio, Tordella & Criminale, Stud. Applied Math., 2009.

S. Scarsoglio CSElab, ETH Zurich




-Term Behavior of Small 3D

Hydrodynamic Stability
r th bility of long 3D

Exploratory Analysis of the Transient Dynamics

Effect of the symmetry of the perturbation

10* . : 10
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_ I
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for the stability of long 3D

Exploratory Analysis of the Transient Dynamics

Effect of the symmetry of the perturbation

4
- ’ 10
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3D Visualization
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Exploratory Analysis of the Transient Dynamics

Effect of the wavenumber

Re=100 ai:0.0l @=3/81
weon, X0=6.5 asym
k=0.5
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Multi r thi bility of long 3D

Exploratory Analysis of the Transient Dynamics

Effect of the spatial damping rate («;) and the number of oscillations ()

10 . 10"

- Re=50 k=0.9
0=0.15 =2

10° x0=14 asym

G <
- -
100 - ”,d" e
N e
1072 i —
10 20 ¢ 30 40 50 10 0 20 40 t 60 80 100
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Comparison with modal analysis and laboratory data

Angular frequency and temporal growth rate, a; = 0.05, ¢

25 25
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Scarsoglio, Tordella & Criminale, ETC XllI, 2009.
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Mu tiscale anal ysls for the stability of long 3D waves

Full linear problem

@ Linearized 3D equations and Laplace-Fourier transform (x, z);
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Hydrodynamic Stability D d 3eha Small 3D Perturbations
of long 3D waves

Full linear problem

@ Linearized 3D equations and Laplace-Fourier transform (x, z);
@ Base flow parametric in x and Re = (U(y; xo, Re), V(y; X0, Re));
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Hydrodynamic Stability D 2 Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Full linear problem

@ Linearized 3D equations and Laplace-Fourier transform (x, z);
@ Base flow parametric in x and Re = (U(y; xo, Re), V(y; X0, Re));

v k% — o2 + 2ik V="
a2 (k® — af + 2ikcos(¢)ai)V =
or A e

oo R N
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Hydrodynamic Stability 1 Behavior of Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Full linear problem

@ Linearized 3D equations and Laplace-Fourier transform (x, z);
@ Base flow parametric in x and Re = (U(y; xo, Re), V(y; X0, Re));

0 k% — o2 + 2ik V="
a2 (k* — of + 2ikcos(p)a;)V =
or & e e

% = GI' + HV + K&,

o . .

aity = LLUy+MV

e G = G(y; xo, k, ¢, aj, Re), and similarly H, K, L and M, are ordi-
nary differential operators.
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Hydrodynamic Stability E 3 Small 3D Perturbations
Mu tiscale anal ysls for the stability of long 3D waves

Multiple scales hypothesis

@ Regular perturbation scheme, k <« 1:

Vo= U+kh+K+---,
= |ﬁo+kﬁ1+k2|ﬁ2+"',
Oy = L@y0+k@y1 +k2£:)y2+"~ .
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Hydrodynamic Stability D d 3eha Small 3D Perturbations
of long 3D waves

Multiple scales hypothesis
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Hydrodynamic Stability D d 3eha Small 3D Perturbations
of long 3D waves

Multiple scales hypothesis

@ Regular perturbation scheme, k <« 1:

Vo= U+kh+K+---,
= |ﬁ0+kﬁ1+k2|ﬁ2+"',
Oy = L@y0+k@y1 +k2£:)y2+"~ .

@ Temporal scales: t, 7 = kt, T = k?t;
@ Spatial scales: y, Y = ky.
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Hydrodynamic Stability E 3 Small 3D Perturbations
Mu tiscale anal ysls for the stability of long 3D waves

Multiple scales equations up to O(k)

@ Order O(1)

0% on o

Tyz—FOZ,-Vo = ro
oo . .
— —Golo—Hyy, = 0
ot ol 0 oVvVo

Oy R

SR Loy = 0
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Small 3D Perturbations
of long 3D waves

@ Order O(1)

0% on o

Tyz—FOZ,-Vo = ro
oo . .
— —Golo—Hyy, = 0
ot ol 0 oVvVo

Oy R

SR Loy = 0

where Gy = Gy(¥; X0, ¢, i, Re) and similarly for Hy and Ly.
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Hydrodynamic Stability e C Behavior of Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Multiple scales equations up to O(k)

@ Order O(k)

82 o _ o PP
-~ + a?iy = 6y6Y + 2icos(¢)aily + 1
of of
8; Gor1 — Hyn = 80 +G1F0+H1V0+K1Wy0
OOy 1 R 8w 0
87}; _ Lowy1 = 8}/ —+ L1Wy() + M1 VO

S. Scarsoglio CSElab, ETH Zurich



Hydrodynamic Stability e Behavior of Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Multiple scales equations up to O(k)

@ Order O(k)

78201 + afiy = "1 i +f
ay2 =255y ivo+ T4
or R . of
87;760r17H0V1 = aO+G1r0+H1V0+K1QJy0
oo 1 ~ aw 0
87}; —Lowyr = 8}/ + L1&yo + My

where Gy = Gy(y, Y, X0, ¢, v, Re) and similarly for H;, Ky, Ly and
M;.
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Hydrodynamic Stability Transient and Long-Term Behay f Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Multiscale and full problem results
Effect of o;; and k

40 0.85
Re=50 k=0.03 ¢=174 XO=12 O(1) multiscale
30 q Re=100 0 x =27 a=0.2
a=0.4 =004 08 T % i
o1 — --- symmetric input
G 20 1ororst | TSR
full problem — --- o
10 i
asymmetric input Py 07
oFfe e mm s T P S R
0 3 10 15 20 "™ 20 40 , 60 80 100

Scarsoglio, Tordella & Criminale, Phys. Rev. E, 2010.
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Hydrodynamic Stability ient and Lung‘rT m Bet r of Small 3D Perturbations

Multiscale analysis for the stability of long 3D waves

Multiscale and full problem results

Effect of the symmetry of the perturbation

0.5
Re100 k=002 (p::'{,% Re=100 k=0.02 ¢=72
%,=10 ©=0.08 ‘,;‘
“’
10" o ] x,=10 a=0.08 e
G R r 0.2 ’—::__;_.--'
xo‘ O(1) full problem P R
”/ sym —— —_— ‘," O(1) full problem
1000 .7 asym--- R N sym- o —— —
3 ‘ ‘ ‘ . asym =t -t
0 5 10 15 20 _O'JO 50 100 t 150 200 250

t
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Hydrodynamic Stability ong avior of Small 3D Perturbations
Multiscale analysis for the stability of long 3D waves

Asymptotic state

@ Temporal asymptotic values of the angular frequency w and the
temporal growth rate r.

1.4 35
® (=001 Re=100 ¢=ri4 x,=10 W k=001 Re=100 g=ri4 x=10
11 1 O sym full problem
O sym full problem A asym full problem
A asym full problem 2 O sym multiscale O(1)
w 0.8f O O sym multiscale O(1) ¢ 1 A asym multiscale O(1)
A asym multiscale O(1)
® & a 1@
0.5 o | @ ) )
0 o © a @ 2
%% 02 o 04 0.6 % 02 a 04 0.6
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General Aspects and Motivation

Results
Power-law decay of the energy spectrum

Energy spectrum and linear stability analysis

@ Variety of the transient linear dynamics = Understand how the
energy spectrum behaves and compare it with the developed tur-
bulent state;
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General Aspects and Motivation

Results
Power-law decay of the energy spectrum

Energy spectrum and linear stability analysis

@ Variety of the transient linear dynamics = Understand how the
energy spectrum behaves and compare it with the developed tur-
bulent state;

@ We consider the state that precedes the onset of instabilities
= the system is stable but subject to small 3D perturbations:

e To understand how spectral representation can effectively highlight
the nonlinear interaction among different scales;

e To quantify the degree of generality on the value of the exponent of
the inertial range;

@ The set of small 3D perturbations:

e Includes all the processes of the perturbative Navier-Stokes equa-
tions (linearized convective transport, molecular diffusion, linearized
vortical stretching);

e Leaves aside the nonlinear interaction among the different scales.

S. Scarsoglio CSElab, ETH Zurich



General Aspects and Motivation

Results
Power-law decay of the energy spectrum el

Spectral analysis through initial-value problem

@ The perturbative evolution is ruled out by the initial-value prob-
lem associated to the Navier-Stokes linearized formulation;

S. Scarsoglio CSElab, ETH Zurich



General Aspects and Motivation

Results
Power-law decay of the energy spectrum i

Spectral analysis through initial-value problem

@ The perturbative evolution is ruled out by the initial-value prob-
lem associated to the Navier-Stokes linearized formulation;
@ We propose an experimental approach — based on the numerical

determination of a large number of perturbations — to approximate
the general perturbation solution of a Navier-Stokes field;

S. Scarsoglio CSElab, ETH Zurich



General Aspects and Motivation

Results
Power-law decay of the energy spectrum i

Spectral analysis through initial-value problem

@ The perturbative evolution is ruled out by the initial-value prob-
lem associated to the Navier-Stokes linearized formulation;

@ We propose an experimental approach — based on the numerical
determination of a large number of perturbations — to approximate
the general perturbation solution of a Navier-Stokes field;

@ We determine the exponent of the energy spectrum of arbitrary
longitudinal and transversal perturbations and we compare it with
the well-known -5/3 Kolmogorov power-law scaling:

S. Scarsoglio CSElab, ETH Zurich



General Aspects and Motivation

Results
Power-law decay of the energy spectrum i

Spectral analysis through initial-value problem

@ The perturbative evolution is ruled out by the initial-value prob-
lem associated to the Navier-Stokes linearized formulation;

@ We propose an experimental approach — based on the numerical
determination of a large number of perturbations — to approximate
the general perturbation solution of a Navier-Stokes field;

@ We determine the exponent of the energy spectrum of arbitrary
longitudinal and transversal perturbations and we compare it with
the well-known -5/3 Kolmogorov power-law scaling:

e The difference is large = quantitative measure of the nonlinear in-
teraction in spectral terms;

S. Scarsoglio CSElab, ETH Zurich



General Aspects and Motivation

Results
Power-law decay of the energy spectrum i

Spectral analysis through initial-value problem

@ The perturbative evolution is ruled out by the initial-value prob-
lem associated to the Navier-Stokes linearized formulation;

@ We propose an experimental approach — based on the numerical
determination of a large number of perturbations — to approximate
the general perturbation solution of a Navier-Stokes field;

@ We determine the exponent of the energy spectrum of arbitrary
longitudinal and transversal perturbations and we compare it with
the well-known -5/3 Kolmogorov power-law scaling:

e The difference is large = quantitative measure of the nonlinear in-
teraction in spectral terms;

e The difference is small = higher degree of universality on the value
of the exponent of the inertial range, not necessarily associated to
the nonlinear interaction.

Scarsoglio & Tordella, AFMC17, 2010.
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Power-law decay of the energy spectrum

Energy Spectrum

@ Perturbation energy normalized over the value at t = 0 = G(k);

@ The energy spectrum is computed at the asymptotic state, since
it can widely vary during the transient:

e dG(t)/dt = Cs (= 10~*) for stable perturbations;
e dG(t)/dt = C, (= 10™*) for unstable perturbations.

@ Stable (Re = 30) and unstable (Re = 100) configurations = Far
from the turbulent state;

@ Intermediate (xo = 10) and far (xo = 50) field configurations;
@ ke€[05,500],aj=0,and ¢ =0,7/4,7/2;
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Power-law decay of the energy spectrum

Energy Spectrum

@ Perturbation energy normalized over the value at t = 0 = G(k);

@ The energy spectrum is computed at the asymptotic state, since
it can widely vary during the transient:

e dG(t)/dt = Cs (= 10~*) for stable perturbations;
e dG(t)/dt = C, (= 10™*) for unstable perturbations.

@ Stable (Re = 30) and unstable (Re = 100) configurations = Far
from the turbulent state;

@ Intermediate (xo = 10) and far (xo = 50) field configurations;
@ k€[0.5,500], ¢ =0,and ¢ =0,7/4,7/2;
@ Symmetric and asymmetric initial conditions.
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General Asp
Power-law decay of the energy spectrum Results

Unstable configurations
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Scarsoglio, De Santi & Tordella, ETC XI/II, 2011.
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General Asp
Results

Power-law decay of the energy spectrum

Unstable configurations
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Scarsoglio, De Santi & Tordella, ETC XI/II, 2011.

S. Scarsoglio CSElab, ETH Zurich



General Asp

Power-law decay of the energy spectrum Results

Stable configurations
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General Asp

Power-law decay of the energy spectrum Results

Stable configurations
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General Asp
Results

Power-law decay of the energy spectrum

Stable configurations
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Conclusions

Conclusions

@ Synthetic perturbation hypothesis leading to absolute instability
pockets in the intermediate wake (Re = 50, 100);

@ Exploratory analysis of the transient dynamics;

@ Asymptotic good agreement with numerical and experimental data;
= Quite rich description of the wake stability.

@ The energy spectrum of intermediate waves decays with the same
exponent observed for fully developed turbulent flows, where the
nonlinear interaction is considered dominant;

@ The —5/3 power-law scaling of inertial waves seems to be a gen-
eral dynamical property of the Navier-Stokes solutions, which en-
compasses the nonlinear interaction.
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Conclusions

Next Steps

@ Energy spectrum of the plane Poiseuille flow;
@ Initial-value problem for the cross flow boundary layer (U(y), W(y));

-15 15

@ Analytical solution of multiscaling O(1) for k — 0.
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Conclusions

Next Steps

@ Short wavelength results (movie).
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