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Noise-induced pattern formation

@ Patterns are widely present in natural dynamical systems:
= environmental processes (e.g. dryland and riparian vegeta-
tion), hydrodynamic systems (e.g. Rayleigh-Bénard convection),
biochemical systems, etc;

@ The study of patterns offers useful information on the underlying
processes causing changes of the system;

@ Deterministic models have been studied for quite a long time with
several applications to different fields (Turing, Philos. Trans. R.
Soc. London, 1952; Cross & Hohenberg, Rev. Mod. Phys., 1993;
Murray, 2002; Borgogno et al., Rev. Geophys., 2009);

@ Stochastic Mechanisms: patterns can emerge as a result of noisy
fluctuations.
= An increase of the noise can produce a more regular be-
haviour (counterintuitive!).
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Stochastic Modeling

Spatiotemporal Dynamics

Stochastic differential equations

Temporal evolution of the state variable ¢ at any point r = (x, y):
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Stochastic Modeling

Spatiotemporal Dynamics

Stochastic differential equations

Temporal evolution of the state variable ¢ at any point r = (x, y):

% = £(¢) + 9()&(r. 1) + DL[g]

@ f(¢): local dynamics (in the absence of spatial interactions with
other points of the domain);

@ g(#)¢&: noise component, where ¢ is a zero-mean Gaussian white
(in space and time) noise with intensity s;

@ DL[¢]: spatial coupling. L represents the Laplacian (V2) or the
Swift-Hohemberg (V2+-k2)? coupling (ko is the selected wavenum-
ber). D is the strength of the spatial coupling.
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Swift-| patial coupling

Additive Noise ~
Lapla oupling

Stochastic Model: Steady and Periodic Patterns

O —ap e DV + Ko
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Additive Noise
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0,50,100. a= —1,D =10, s = 1, kg = 1, 128x128 pixels, periodic BCs.
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g spatial coupling
coupling

Additive Noise

t=10,50,100. a= —1,D =10, s = 1, kg = 1, 128x128 pixels, periodic BCs.

@ The deterministic dynamics (¢ = 0) show transient patterns.
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Swift-Hohemberg spatial coupling
Laplacian spatial coupling

Additive Noise

Stochastic Model: Steady and Periodic Patterns
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Two-dimensional power spectrum (logarithmic scale), t = 100.
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Swift-Hohemberg spatial coupling

Additive Noise q q
Laplacian spatial coupling

Stochastic Model: Steady and Multiscale Patterns
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Swift-Hohemberg c
Laplacian spatial coupling

Additive Noise

Stochastic Model: Steady and Multiscale Patterns

oo 5
ﬁ7a¢>+£+Dng5

t =0,200,400. a= —0.1, D =10, s = 10, 128x128 pixels, periodic BCs.
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Swift-Hohemberg spatial coupling
Laplacian spatial coupling

Additive Noise

Stochastic Model: Steady and Multiscale Patterns

oo 2
ﬁ7a¢>+£+Dng5

t =0,200,400. a= —0.1, D =10, s = 10, 128x128 pixels, periodic BCs.

@ The deterministic dynamics (¢ = 0) are unable to generate any | -
type of pattern. -
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Swift-Hohemberg spatial coupling
Laplacian spatial coupling

Additive Noise

Stochastic Model: Steady and Multiscale Patterns
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Two-dimensional power spectrum (logarithmic scale), t = 400.
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Swift-Hohemberg spatial coupling

Additive Noise q q
Laplacian spatial coupling

Stochastic Model: Comparison with Vegetation Pattern

%:a¢+§+u+Dv2¢
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Swift-Hoher

Additive Noise o
Laplacian spatial coupling

Stochastic Model: Comparison with Vegetation Pattern

%:a¢+§+u+DV2¢

T AL Jaew

(left) Aerial photograph of vegetation pattern in New Mexico (34°47°N, 108°21’0) and
(right) numerical simulation at t = 100, a= —1, D = 80, s = 2, u = 0.1. Google Earth
imagery © Google Inc. Used with permission.

Scarsoglio, Laio, Ridolfi & D’Odorico, submitted to Phys. Rev. Lett.




Swift-Hohemberg Pattern-forming spatial coupling

. . . Laplacian spatial coupling
Multiplicative Noise aplacian spatial coupling

Stochastic Model: Transient and Periodic Patterns
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Swift-Hohemberg Pattern-forming spatial coupling

Multiplicative Noise

Stochastic Model: Transient and Periodic Patterns

op = 0~ ¢+ 06~ D(V? + K50
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t=0,1,10. D=15,s = 1, 128x128 pixels, periodic BCs.
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Swift-Hohemberg Pattern-forming spatial coupling

. . . Laplacian spatial coupling
Multiplicative Noise aplacian spatial coupling

Stochastic Model: Steady and Periodic Patterns
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Swift-Hohemberg Pattern-forming spatial coupling
Multiplicative Noise pnscabpstaicotping

Stochastic Model: Steady and Periodic Patterns

t=0,10,100. D = 15, s = 5, 128x128 pixels, periodic BCs.
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Swift-Hohemberg Pattern-forming spatial coupling
Laplacian spatial coupling

Multiplicative Noise

Stochastic Model: Steady and Periodic Patterns
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(left) Two-dimensional power spectrum and (right) pdf, { = 100. D = 15, s = 5.
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Swift-Hohemberg Pattern-forming spatial coupling
Laplacian spatial coupling

Multiplicative Noise

Stochastic Model: Steady and Periodic Patterns
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(left) Two-dimensional power spectrum and (right) pdf, { = 100. D = 15, s = 5.

@ The deterministic dynamics (¢ = 0) show periodic and transient
patterns.
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Swift-Hohemberg ern-forming spatial coupling

Multiplicative Noise Lk Seelil @

Stochastic Model: Transient and Multiscale Patterns

0
O = o+ 9t + DV
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| coupling

Multiplicative Noise

Stochastic Model: Transient and Multiscale Patterns

0
O = o+ 9t + DV

t=0,10,40. D = 20, s = 4, 128x128 pixels, periodic BCs.
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Swift-Hohemberg Pattern-forming spatial coupling

Multiplicative Noise Laplacian spatial coupling

Stochastic Model: Transient and Multiscale Patterns

Phase Transition
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(left) Two-dimensional power spectrum and (right) pdf, t = 40. D = 20, s = 4.
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Swift-Hohemberg Pattern-forming spatial coupling

Multiplicative Noise Laplacian spatial coupling

Stochastic Model: Transient and Multiscale Patterns

Phase Transition
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(left) Two-dimensional power spectrum and (right) pdf, t = 40. D = 20, s = 4.

@ The deterministic dynamics (¢ = 0) do not show any kind of pat-
tern.
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Conclusions

Conclusions

@ Completely noise-induced spatial pattern formation;
@ Important role of additive noise:
e Steady periodic patterns with Swift-Hohemberg spatial coupling;
e Steady multiscale patterns with Laplacian spatial coupling:
@ Mathematically simple model with Laplacian diffusive term
= distribution of vegetated sites in semi-arid environments.
e Asymptotic analytical expressions of the pdf and the power spec-
trum;
@ For high enough multiplicative noise intensity, spatial coupling ex-
ploits the short-term instability:
e Steady periodic patterns with Swift-Hohemberg spatial coupling;
e Transient multiscale patterns and phase transition with Laplacian
spatial coupling.
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