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Introduction

Vorticity dynamics and mixing are two phenomena strictly connected to each other.

In particular, the vortex stretching and tilting are an important mechanisms in the

turbulence dynamics and in the transport of a passive scalar in a turbulent flow.

The chaotic advection of the turbulent velocity field transports and entrains the

passive scalar. This phenomenon is an important process in many natural and en-

gineering contexts, like chemical mixing, combustion, and pollutant dispersal in

oceanography and atmospheric science. In all these situations, the prediction of

mixing and dispersion rates of a scalar contaminant is of great interest because of

the concern over the efficiency of mixing and combustion and environmental pol-

lution. Moreover, also the propagation of light and radio waves in the atmosphere

is influenced by the distribution of small scale temperature gradients and water

vapour concentration, which almost behave like a passively advected substance.

Although the concentration of a passive substance exhibits a complex behaviour

that shows some phenomenological parallels with the behaviour of the advecting

turbulent velocity field, the statistical properties of passive scalar concentration,

although strongly influenced by the Kolmogorov cascade phenomenology, are in

part decoupled from those of the underlying velocity field also in simple flows (1).

The passive substance in the presence of a mean concentration gradient is ad-

vected by eddies; the stretching and tilting of vortical structures entrain it and cor-

rugate the isosurphaces. The stretching and tilting turbulent phenomena are associ-

ated in part to the formation of the spatial and temporal internal scales. The vortex

stretching and tilting are a sort of amplification (positive/negative) and rotation of

the vorticity vector. Essentially the nonlinear inertial process continually reorga-

nizes the vorticity field by the strain rate (see for instance the monography by Ten-

nekes and Lumley (2); Tsinober (3)). To understand better this last phenomenon
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it is useful to study the statistics of the strain rate tensor and self-production of

enstrophy. In this study, the statistics of the enstrophy and of the alignment of the

strain rate tensor eigenvectors with respect to the vorticity are analyzed for differ-

ent scales range. The literature presents many examples of studies concerning the

important role of the stretching and tilting in many physical problems.

In turbulent wall flows, laboratory measurements of both the mean and the

r.m.s. of fluctuations of the stretching components across the two-dimensional

boundary layer have been reported by Andreapoulos and Honkan (2001) (4). In that

study, the normalized r.m.s values of the stretching components are very significant

throughout the boundary layer and reach values that are one order of magnitude

larger than the mean span-wise component (the only significant mean component,

however and only in the near wall region). The values observed for the r.m.s. of

the stretching range from 0.04, close to the wall, to about 0.004 in the outer part.

In a study concerning the structure and dynamics of vorticity and rate of strain

in incompressible homogeneous turbulence, Nomura and Post (1998),(5) demon-

strate the significance of both local dynamics (influence of local vorticity) and

spatial structure (influence through non-local pressure Hessian) in the interaction

of the vorticity and strain rate tensor. The behaviour of high-amplitude rotation-

dominated events cannot be solely represented by local dynamics due to the forma-

tion of distinct spatial structure. Instead, high-amplitude strain dominated regions

are predominantly generated by local dynamics. The associated structure is less

organized and more discontinuous than the one associated with rotation dominated

events. They conclude that non-local effects are significant in the dynamics of

small scale motion. This should be considered in the interpretation of single-point

statistics. Characterizations of small-scale turbulence should consider not only the

typical structures there present but also typical structure interactions. In this con-

text these authors discuss the radial distribution of the magnitude of the strain rate

tensor normalized on the enstrophy. In that work the maximum value of this mag-

nitude is found close to 0.2.

Statistical information from laboratory experiments on the stretching of field

lines can be found in (6). There, probability density functions of the logarithm

of the local stretching were obtained for several two-dimensional time-periodic

confined flows exhibiting chaotic advection. The stretching fields were observed

to be highly correlated in space, and the probability distributions were observed to
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be similar for different flows.

However, a few examples in literature can also be cited regarding direct results

for stretching-tilting statistics. For instance, experimental and numerical confirma-

tion has been found, recently, of the predominance of three dimensional turbulent

vortex stretching in the positive net enstrophy production. These aspects have been

extensively considered in the monography (3), where a number of statistical geo-

metrical details concerning the vortex alignment, compression, tilting, and folding

are outlined. Through two papers, Constantin, Procaccia and Segel (1995) (7),

Galanti, Procaccia and Segel (1996) (8) consider the stretching and its relationship

with the amplification of vorticity and the straightening of the vortex lines. They

show that the same stretching that amplifies the vorticity also tends to straighten

out the vortex lines. They also show that in well-aligned vortex tubes, the self-

stretching rate of the vorticity is proportional to the ratio of the vorticity and the

radius of curvature. In this context, ref. (8) gives statistics on the stretching and

vortex line curvature. Numerically this is seen as the appearance of high corre-

lations between the stretching and the straightness of the vortex lines. Regarding

to this issue, an important universal feature of fully developed turbulent flows is

the preferential alignment of vorticity along the eigen direction of the intermedi-

ate eigenvalue of the strain-rate tensor. A number of experimental and numerical

studies on this result are available (Tsinober, Kit and Dracos JFM (1992), (9),

Kholmyansky, Tsinober and S. Yorish PoF (2001), (10), Gulitski et al. JFM (2007

a,b,c), (11; 12; 13) and Chevillard et al. (2008), (14)). However, it should be no-

ticed that in the case of nonlocal strain rate, Hamlington, Schumacher and Dahm

(15), have observed a direct assessment of vorticity alignment with the most exten-

sional eigenvector by using data from highly resolved direct numerical simulations.

In this thesis, in an isotropic turbulence field simulated with Reλ = 280, (16),

I have considered statistics related to the intensity of the stretching term in the

equation for vorticity. I focus at stretched structures as filaments and sheets to dis-

entangle them, in order, to follow and better understand their evolution and detailed

dynamics.

A probe function, the ratio between the magnitude of the vortex stretching and

the enstrophy, is used to empirically and statistically measure the local activity

of the stretching phenomenon (see chapter 1). In the section 1.1 I describe the

probe function in terms of the alignment between the eigenvectors of the strain rate
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tensor and the vorticity. In the section 1.2 the survival probability of the probe

function is described. In addition, in the ection 1.3 I have used an anisotropic kind

of filter in the Fourier space, called cross filter, to study the various stretched struc-

tures. An isotropic filter is unable to carry out this job. To check the implication

of the filtering, I made reference to a nearly Gaussian field which approximates

the K41 turbulence structure. This field is obtained by randomizing the phase of

the Fourier transform using an uniform distribution. The randomized field is not

perfectly Gaussian, but is less intermittent and has a less intense energy transfer

than the associated Navier-Stokes one. Also it does not have preferential vorticity

alignment and shows a substantial insensibility to the filtering on the normalized

vortex stretching magnitude. In the section 1.4 I have analyzed the properties of

the survival function of the normalized stretching-tilting term by using the cross

filter acting directly on the velocity Fourier space. In this way I have qualitatively

highlighted aspects related to the role of the three-dimensional structures known

as blobs, sheets and filaments and their hypothetical Fourier counterparts. In this

study it is demonstrated that even if this geometrical asymmetry of the vortical

structures (sheets and filaments) do not affect the statistics of the stretching term,

large blobs lead stretching values to be more higher than the enstrophy ones. An

opposite situation occurs for compact blobs. The small (or large) scales dynamics

associated to compact (or large) blobs, affected by vorticity (or stretching and tilt-

ing) have influence also on to the passive substance transport in a turbulent flow.

Therefore, I have studied the passive scalar transport across an interface with a

mean scalar gradient (see chapter 2). The passive scalar is advected by velocity

field. The lines of constant scalar concentration undergo stretching and folding in

a spatially non-uniform flow velocity field. This leads to a progressive increase in

the local gradients of the scalar field which is ultimately blocked by the smoothing

action of molecular diffusion. The phenomenological picture of scalar transport

is undergoing a reinterpretation in last years as empirical evidence shows that lo-

cal isotropy, both at the inertial and dissipation scales, is violated, see the recent

reviews by Sreenivasan & Antonia (17), Shraiman & Siggia (1) and Warhaft (18).

The study of the the relation between the stretching-tilting and the vortic-

ity phenomena associated with large and small scales could give more informa-

tions about the small scales anisotropy theory: the classical view due to Taylor-

Kolmogorov of small-scale velocity and scalar fields in fully developed turbulence
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was that the small scales are not directly advected by large-scale conditions and

therefore must be locally isotropic. This view does not agree with measurements

of higher moments in turbulent flows with anisotropic or intermittent large-scale

motions or anisotropic forcing (19; 20; 1). In the case of an imposed mean scalar

gradient, experimental measurements and numerical simulations show that gra-

dients aligned with the imposed mean gradient are on average larger than those

perpendicular to the mean gradient (21; 22; 18). The data do not indicate that the

small scales tend to become isotropic as the Reynolds number increases.

Recent progress in the statistical description of passive scalar turbulence cen-

tred on the realization that anomalous scaling properties and the appearance of

coherent structures in the scalar field - well known characteristics of fluid turbu-

lence itself - occur even for a scalar advected by a simple random Gaussian velocity

field (23; 24; 25).

Moreover, dispersion usually occurs in time dependent inhomogeneous flows,

which present a much more complicate behaviour than homogeneous flows and

thus are beyond the reach of analytical models or, in most cases, even numerical

simulations. A simple inhomogeneous time dependent situation that can be numer-

ically analyzed is a shear-free mixing layer. The mixing is an important test field

to highlight some non-trivial aspects of the scalar transport (1; 26; 27).

In this work the turbulent transport of passive scalars across an interface which

is represented by a thin region with a steep mean scalar gradient is studied. The

interface separates two isotropic turbulent fields and the mean scalar gradient is set

in the interface. I have mainly considered the case of the field that transports (in-

deed the velocity field) formed by one high kinetic energy turbulent isotropic field

left to convectively diffuse into a lower energy one. In this shearfree velocity field

the region where the two turbulences interact is preceded by a highly intermittent

thin layer that propagates into the low energy region, see (28; 29; 30; 31). It should

be noticed that this particular fluctuation field features a compression of the fluid

filaments normal to the interface, that is along the direction of the mean gradient

of both the scalar and kinetic energy fields. This is accompanied by the stretching

of the fluid filaments parallel to the interface and is signature of the small scale

anisotropy (30). It should be noticed that local compression in the straining mo-

tion is also a feature associated to the ramp and cliff structure of the scalar field

observed in the case of an imposed mean scalar gradient in anisotropic turbulent
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like flow field (25; 18; 32).

The system considered is an initial value problem where the initial step of tur-

bulent energy and passive scalar is observed to evolve. The study is carried out by

means of the direct numerical simulation of the Navier-Sokes equations together

with the advective-diffusive equations for the passive scalar. I have considered

various physical system formed by different initial energy and integral scales gra-

dient conditions. In particular, in the inhomogeneous turbulent field, as an initial

energy gradient is present at interface, the presence of the interaction zone offers

the way to carry out numerical measurements of the long-term temporal turbulent

diffusivity. From the kinematical point of view, the basic characteristics of this

experiment are thus i) the simple inhomogeneity of the underlying velocity field

which produces an intense anisotropy in a thin region, ii) the presence of a high

intermittent velocity region ahead of the interaction layer between the two fields

and iii) the straining compression normal to the interface and aligned to the local

turbulent energy and scalar gradients.

The study of the passive scalar transport, allows to observe two main aspects.

First, the difference in structure (doubling of the high intermittency layer) and in

intensity of the intermittency of an inhomogeneous and thus anisotropic passive

scalar field with respect to that of the field that transports. Secondly, to highlight

and quantify, at least in part, the difference between the more studied homogeneous

configuration and a simple inhomogeneous context not affected by the complica-

cies associated to the production of turbulent energy by a mean shear.

In studies where the interface detection was successfully carried out, see for in-

stance the experiment by Westerweel et al. (33) on submerged water jets, the focus

was made on the boundary entrainment quantification and on discontinuities in the

mean axial velocity and mean scalar and on singularity in the mean vorticity at the

interface. However, a posteriori I think that a second analysis of the Westerweel et

al. data (33) can show the existence of a double intermittent layer.

In a another experiment, Ma and Warhaft (34) studied the statistical evolution

of the temperature field in a thermal mixing layer, by generating a temperature

step in a grid turbulence using the ’mandoline’ and the ’toaster’ heaters. The data

simulated in this work are compared with that experimental ones.

The computational method and the initial condition construction in presence of

an energy gradient, are described in section 2.1 of the chapter 2. In the sections
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2.2, 2.2.1 and 2.2.2, I observe the passive scalar turbulent transport in two and three

dimensions by means of one-point eulerian statistics, which comprehend the first

four moments of the passive scalar concentration and the skewness and kurtosis of

the passive scalar derivative. I compare the transport in two and three dimensional

turbulence at a moderate Reynolds number: the integral scale Reynolds number is

up about 3500 in both cases which corresponds to a Taylor microscale Reynolds

number up to 250. In section 2.2.3 I show that the doubled intermittency layer can

be generated by simple transversal wave perturbations of the initial interface sepa-

rating the two fluctuation velocity and passive scalar fields. The waves are simply

superimposed which shows that the nonlinear coupling in the transport field in not

necessary to produce a doubled layer where high values of passive scalar moments

and passive scalar derivatives moments can be measured. In section 2.2.4 I have

analyzed the influence of the initial condition on to the statistics of the energy

and passive scalars at large scale for two-dimensional mixing. In the last sec-

tion (2.2.5), the passive scalar and energy one-point eulerian spectra in the mixing

layer are described in two-dimension and in three-dimensions. In the chapter 3,

an application of the passive scalar transport to an atmospheric flow is shown. A

turbulent self-diffusion/advection of water vapour at clear a air/clouds interface in

presence of a local perturbation of the atmospheric standard temperature gradient

is described. Profiles of high moments and thickness of mixing layer at differ-

ent stratification intensities with stable perturbation for velocity and passive scalar

field are shown. In a passive scalar laboratory experiment which has a very similar

configuration studied here, Jayesh & Warhafh (35), this field feature was not no-

ticed, but there are evidences that the double intermittent layers was present. The

focus of this experiment was put on the evolution of a stably stratified interface,

with strong turbulence below and quiescent air above. Though the physics is dif-

ferent because of the density stratification, by observing figures 16 and 17 therein,

which contain third order mixed velocity-temperature moments also for rather low

Richardson numbers, one can see that these distributions show similar trend to the

intermittency statistics presented in this study (figures 7 and 8, left panels). Some

results of this experiment are compared with my observations. In the section 3.1,

the physical system simulated is described. In the section 3.2, the mathematical

formulation with the Boussinesq approximation is introduced and in the section

3.3 I have qualitatively tested the numerical code used to compute the simulation.
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In the section 3.4 the statistical properties of the velocity and passive scalar fields

observed at interface in presence of a stable local perturbation, are shown. Here

I described how the buoyancy force influences the statistics of the passive scalars

transported across the interface.

Concluding remarks are made in chapter 4.
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Chapter 1

Vorticity dynamics in isotropic
turbulence

Many aspects of the behavior of turbulent fields have been associated to the for-

mation of the internal scales: the onset of instability, vorticity intensification or

damping, production and dissipation or the three-dimensionalization of the flow

field (36; 37; 38; 2; 39). In the standard picture of turbulence, the energy cascade

to smaller scales is interpreted in terms of the stretching of vortices due to the inter-

action with similar eddy size (see for example (40)). A number of statistical details

on the stretching phenomenon and the closely related enstrophy production can be

found in the monography by Tsinober (2001, see in particular Chapter 6, (3)).

Although the important physical role of these inertial phenomena is recog-

nized, the literature does not often include statistical information on quantities

such as the magnitude or the components of ω ·∇U. For instance, in a letter to

Nature (2003) dedicated to the measurements of intense rotation and dissipation

in turbulent flows, Zeff et al. (41) observe that the understanding of the temporal

interactions between stretching and vorticity is crucial to the science of extreme

events in turbulence. However, the statistics presented there concern dissipation

and enstrophy and not directly stretching. The literature more often includes sta-

tistical information concerning other gradient quantities such as the strain rate or

the rate-of-rotation tensors, and, in particular, their fundamental constituents: the

longitudinal or transverse velocity derivatives. Statistics on the skewness and flat-

ness factors of the velocity derivative have been considered in a number of labo-
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ratory and numerical studies. For instance, Batchelor and Townsend in 1949 (42),

through the study of the oscillograms of the velocity derivatives, showed that the

energy associated with large wave numbers is very unevenly distributed in space.

More recently it has been shown how velocity derivatives increase monotonically

with the Reynolds number, see e.g. (9), (43), and the reviews by Sreenivasan and

Antonia (1997) (17) and Ishihara, Gotoh and Kaneda (2009) (44). In particular,

Ishihara et al. (45), considering one-point statistics of velocity gradients and Eu-

lerian and Lagrangian accelerations analyzed the data from high-resolution direct

numerical simulations (DNS) of turbulence in a periodic box, with up to 40963

grid points, and found for these gradients an algebraic dependence on Reλ. I will

include in this chapter statistical information about the vortex stretching and tilting

at differents scales and vortex structrures.

1.1 Geometrical aspects of the vorticity

In an incompressible flow the evolution of the vorticity is governed by the Helmotz

equation,

Dω

Dt
+ω ·∇U = ν∇

2
ω (1.1)

where U is the velocity field, and ω = ∇×U is the vorticity vector.

A key concept is the ability of the vorticity field to be stretched and rotated by

the strain rate tensor. The time rotation of the vorticity due to this phenomenon is

equal to ωiSi j. This last term, by using the decomposition of the gradient

∇U = S+V (1.2)

and considering that

Vi j =
1
2
(∂ jUi−∂iU j) =−1

2
εi jkωk (1.3)

with V the anti symmetric term of the velocity gradient and

V ·ω =−1
2

εi jkωkωk = 0 (1.4)

is equal to the left-hand side of eq 1.1,
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ω ·∇U = ωiSi j (1.5)

The stretching generates a positive net enstrophy production, because

{ωiω jSi j}> 0

The nonlinear interaction between vorticity ω j and the rate of the strain ten-

sor Si j characterizes the 3D dynamics of turbulence. One of the most basic phe-

nomenon is the predominant vortex stretching, which is manifested in positive net

entrophy production. The three-dimensional turbulence depends strongly on the

geometry of the velocity derivatives field and not only on the interaction between

vorticity ωi and strain rate tensor Si j. In fact it is possible to proof that the vor-

tex stretching is strictly related to the alignment of the vorticity vector ωi and the

eigen-vector of the rate strain tensor Si j. Dynamics and structure turbulence is

characterized by various kind of alignments and it manifests in important and sim-

ple geometrical characteristics. As it is possible to see in the next paragraphs, there

is a net difference between the geometrical statistics for a isotropic turbulence and

a random Gaussian velocity field. Another aspect of the three-dimensionality of

the turbulence is the vortex tilting, which is characterized by the rate of change

of vorticity direction. In this work I want to study the influence of the enstrophy,

related to the stretching, on the statistics of various scales and vortex structures

of turbulence (46). Therefore since the stretching term plays an important role in

the enstrophy production, in the previous definition the normalization by |ω|2 was

adopted.

Therefore it could be convenient to introduce a normalized vortex stretching

term by dividing 1.5 by ω2 :

|ω ·∇U|
|ω2|

= [
ω2

i s2
i cos(eω,ei)2

|ω2
i |

]
1
2 (1.6)

here (ei,eω) describes the alignments between the eigenvectors of Si j, denoted

ei, and the direction of the vorticity eω. If the eigen-values λi of Si j are normalized

by the strain rate tensor norm |S|, it is possible to write the normalized vortex

stretching in term of alignments:

|ω ·∇U|
|ω2|

=
|S|
|ω|

[s2
i cos(eω,ei)]

1
2 (1.7)
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where Si = λi/|S| are the dimensionless eigenvalues of the strain rate tensor

Si j.

1.2 The normalized stretching-tilting function

To describes the phenomena by the inertial nonlinear non convective part of the

vorticity transport equation, let us introduce a local measure of the process of three-

dimensional inner scales formation by means of the normalized vortex stretching,

called here normalized stretching-tilting function,

f (x, t) =
|ω ·∇U|
|ω|2

(x, t) =
|ωi j ·Si, j|
|ω|2

(x, t). (1.8)

The numerator, the so called stretching-tilting term of the vorticity equation,

is zero in two-dimensional flows. In three-dimensional fields, it is commonly be-

lieved to be responsible for the transfer of the kinetic energy from larger to smaller

scales (positive or extensional stretching) and viceversa (negative or compressional

stretching).

According to definition (1), f depends on the local instantaneous velocity and

vorticity fields. In this study, I leave aside the peculiarity associated to the convec-

tive forcing and focus on the action of the fluctuation field only. For simplicity, I

consider here the fluctuation of an homogeneous isotropic turbulent field (16).

The properties of the function f have been evaluated in an incompressible ho-

mogeneous and isotropic steady turbulent flow. This will allow to study the relation

between the various scales, vortex structures and statistics of f .

To this aim, I have used a dataset from a DNS (Direct Numerical Simulation) of

10243 resolution grid point of an isotropic Navier-Stokes forced field at Reynolds

Reλ = 280 (16). Each instant in the simulation is statistically equivalent, and pro-

vides a statistical set of a little more than 109 elements. I considered the statistics

that were obtained averaging over the full domain in one instant. As physical refer-

ence field, I have considered a water flow field with Reλ = 280, |u|rms = 0.09 m/sec,

ν = 0.96× 10−6 m2/sec (kinematic water viscosity at 23 oC), Taylor micro-scale

λ = 3mm and integral scale l = 56 mm.

The field has been slightly modified in order to filter out instantaneous effects

of the forcing at the two larger scales (47). The resolved part of the energy spectrum
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Figure 1.1: Compensated 3D energy spectrum of one time instant of
the turbulent isotropic field here considered. Open access database
http://mp0806.cineca.it/icfd.php. Navier-Stokes direct numerical simulation in a
box with a discretization of 10243, Reλ = 280. See e.g. Biferale L. et al. Physics
of Fluids, 17(2), 021701/1-4 (2005).

extends up to k ∼ 330 . The −5/3 inertial range extends from k ∼ 4 to k ∼ 40,

see the compensated version of the three-dimensional spectrum in figure 1.1. The

higher wave-numbers, which are affected by the aliasing error, are not shown.

The range of values attained by f (x) is wide. Values as high as a few hundreds

were observed at a sparse spatial points. In order to read the typical values of f (x),

I study its survival function. By denoting F(s) = P( f (x) ≤ s) the cumulative dis-

tribution function (cdf) of f (x), the survival function is defined as the complement

to 1 of the cdf,

S(s) = P( f (x) > s) = 1−F(s). (1.9)

For each threshold s, S(s) describes the probability that f (x) is greater than

values s.

It has been found that, when f (x) is evaluated on a well resolved isotropic

turbulent field, the probability that f > 2 is very small (of order 10−3) (48), see

figure 1.2.
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Figure 1.2: Survival probability of the normalized stretching-tilting function in a
fully resolved isotropic 3D turbulent field (P( f (x)≥ s), Reλ = 280. Unfiltered ve-
locity field. The dashed vertical line indicates the value of f where the probability
density function is maximum.
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1.3 Anisotropic filters

By means of suitable convolutions, the application of filters to the velocity field

allows to study the behavior of the function f (x) in relation to the different tur-

bulence scale ranges. This analysis is carried out using two spectral filters, a high

pass and a band-stop filter. To focus in an empirical way on the three principal kind

of geometrical structures observed in turbulence, similar to filaments, sheets and

blobs, I use here a highly anisotropic kind of filter, which is less traditional than

the axisymmetric-type filter. In figure 1.3, a graphical two-dimensional schema of

the filtering in the wave number plane k1,k2 can be seen.

The first filter used is a sort of a cross high-pass filter, which removes most of

the large anisotropic structures (sheets and filaments) and all the large blob struc-

tures (see figure 1.3, part in blue). From the Fourier point of view, this means that

the structures whose wave-vector has at least one small component are filtered out.

In others words it affects all wave-numbers that, along any possible direction, have

at least one component under a certain threshold kMIN .

k1 < kMIN or k2 < kMIN or k3 < kMIN .

The representation of this high-pass filter, ghp, can be given by a function of

the kind (28)

ghp(k) = ∏i φ(ki;kMIN)
1

1+ e−(ki−kMIN) (1.10)

The second filter used is a band-stop filter. This filter can be obtained by reducing

the contribution of a variable band (see 1.3, part in red) if

kMIN < k1 < kMAX or kMIN < k2 < kMAX or

kMIN < k3 < kMAX .
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Figure 1.3: Schema in the wave number plane k1, k2 of the anisotropic filter here
named as CROSS filter. Top panel: filtering regions. The blue region corresponds
to the high-pass filter, therefore the wave-numbers under a certain threshold are
partially removed, see eq. 1.10. The red region corresponds to the band-stop filter,
therefore the wave-numbers inside a range are cut, see eq. 1.12. Bottom panel:
schema of the vortex structures filtered by means the various filtering regions. Each
green enumerate point in the filtering regions corresponds to one schematic filtered
vortex structure represented below in green parallelpipeds. The transparent yellow
region is the overlapping area in which both two filters remove the same structures.
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This yields the filter function gbs

gbs(k) = ∏
i

φ(ki;kMIN ,kMAX), (1.11)

φ(ki;k0) =
1

1+ e−(ki−k0)
,

φ(ki;kMIN ,kMAX) = [1−φ(ki;kMIN)]+φ(ki;kMAX)

This filter is efficient to remove part of the inertial small and dissipative ranges.

In particular for kMAX → ∞, the band width can be extended to obtain a low

pass filtering.

Both filters remove structures with different shapes (similar to blobs, sheets and

filaments). The cross high pass filter is used here to remove most of the large scales,

while the cross band-stop is used to remove most of the small structures.(28).

To check the implication of the filtering analysis, I have quantified for each es-

timator, considered in this chapter, an approximately Gaussian reference velocity

field which has a near K41 structure (49; 50). The phase-randomization proce-

dure eliminates asymmetry (skewness) and limits intermittency in the raw data and

produces a new, low intermittent, near-Gaussian dataset with the same spectra as

for the natural NS field. This is obtained by randomizing the phase of the veloc-

ity field Fourier transform uniformly between 0 and 2π and keeping the amplitude

unchanged, while respecting the periodicity. This synthetic field shows granular

structures and it preserves the same averaged energy of the physical velocity field

(see figure 1.4 ).

I have compared some statistical features of randomized and physical fields.

In particular I focus now on a few statistical properties of ω·∇U
|ω|2 for the physical

field and randomized field. The PDF of one component of this vector (which are

statistically equivalent, since the field is isotropic), is compared with the random-

ized field and Gaussian model, shown in figure 1.5. Symmetry with the vertical

axis is expected because of isotropy; the skewness, for the physical field, is in fact

approximately 10−2 as the randomized field. However, their distributions can not

be approximated with a Gaussian function. In fact, the skewness and kurtosis of

the physical field are far from the randomized field ones and from the Gaussian

value, respectively 0 and 3. Statistics of the components of the velocity, normal-

ized vortex stretching and vorticity vectors are in table 1.1
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Mean Variance Stand.Dev. Skewness Kurtosis

Velocity physical field −3.37×10−6 1 1 5.25×10−2 3.08
random field −1.40×10−6 0.978 0.989 2.21×10−2 3.03

fi(x)
physical field −1.88×10−4 8.963×10−2 0.299 −4.81×10−2 8.76
random field −2.23×10−4 0.193 0.439 6.59×10−3 7.14

Vorticity physical field −1.57×10−3 3.42×102 18.49 −7.02×10−2 9.67
random field 3.82×10−4 2.63×102 15.4 3.55×10−4 3.06

Table 1.1: Statistics of the components of the velocity, vorticity and normalized
vortex stretching vectors. Reλ = 280, number of grid points 10243. The compu-
tational box is 2π wide and the longitudinal correlation length is 1.4. The veloc-
ity is normalized on its standard deviation. The randomization is carried out on
the velocity field. The small decrease from 1 to 0.989 of the standard deviation
for the randomized velocity field measures the numerical accuracy of the phase-
randomization procedure.

Figure 1.4: Left panel: visualization of one component of the velocity field in a
section of 10242 parallel to a face of the domain (Navier-Stokes direct numerical
simulation in a box with a discretization of 10243 , Reλ = 280. See e.g. Biferale
L. et al. Physics of Fluids, 17(2), 021701/1-4 (2005). Right panel: visualization of
the one component of the velocity randomized field in the same section showed in
the left panel.
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Figure 1.5: PDF of the components of the vector ω ·∇u/|ω2|. Comparison of
the unfiltered physical field (red crosses, S =−4.8110×10−2, K = 8.76 , variance
= 8.9610× 10−2) with the Gaussian model (green line, S = 0, K = 3, variance
= 8.963× 10−2), and with the randomized field (blue crosses, S = 6.59× 10−3,
K = 7.14, variance= 0.193). The PDF’s are normalized on the standard deviation
σ.
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Figure 1.6: Survival probability of the normalized stretching-tilting function of
the unfiltered of the isotropic turbulent field (red line) , of the corresponding ran-
domized field (dashed green line), of the large scales cross filtered (squares) and
the high pass cross filter of the randomized field (squares) and band cut filter of the
randomized field (triangles).

To test the filter, on to the randomized field, I have chosen, for the high pass

filter, a 0-20 range filtering and, for the band-stop filter, a 30-150 range filtering. In

figure 1.6 it is possible to see the effect of the filter on to the probe function f (x)

compared with the physical unfiltered case. Both two filters changes the values

of the f (x) survival probability of the randomized field and NS (Navier-Stokes)

field. In particular the high pass filter lower this values, while the band-stop filter

increases them with different and smaller intensity.
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1.4 Properties of the survival function of the normalized
stretching-tilting term: analysis on the anisotropically
filtered field

Using the first filter, by varying the value of the threshold, kMIN , I have filtered the

NS and randomized velocity field, for various filtering scales ranges. The survival

probability distributions of the probe function f (x) for different physical filtered

field (0− 10,0− 20,0− 40) are compared in figure 1.7 . The first filtering (0-

10) affects the energy-containing range, while the other two (0-20 and 0-40) also

include a part of the inertial range, which is visible in figure 1.1.

The plots in figure 5 have coherent behavior. The survival function S for the

0−10 filtering is slightly below the values of the distribution of the unfiltered tur-

bulence. This trend is confirmed by the other two filtering, and the reduction grows

as the threshold kMIN increases. The high-pass filter has the effect of decreasing

the statistical values taken by f (x) in the domain. The wider the filtered range, the

higher the effect on f .

It is possible to say that when I reduce the weight of the large-scale structures

(layers, filaments or blobs), the local stretching-tilting intensity decreases with re-

spect to the vorticity magnitude. On average, the values of f (x) go down. The

wider the range affected, the lower the probability value becomes. This suggests

that the large scales contribute more to the stretching-tilting (the numerator of f )

than to the magnitude of the vorticity fluctuation (the denominator of f ). It should

be noted that this trend is consistent with the results in (15). This consistency also

includes results relevant to the behavior of the stretching fluctuation and of the vor-

ticity magnitude in boundary layer turbulence, see figures 6 and 9 in (4). For the

wider range 0− 40, a decrease of 30% in the cumulative probability is observed

for a stretching-tilting of about one half of the local vorticity. The decrease goes

up to 80% when statistically the stretching-tilting has the same magnitude of the

vorticity, that is f is close to 1, see figure 1.7.

Using the second filter, I have removed vortex structures in various ranges of

inertial, small and dissipative scales of the turbulent field.

The different bands are 10− 40 (large scale inertial filtering), 40− 70 (inter-

mediate scale inertial filtering), 70−100 (small scale inertial filtering), 100−130
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Figure 1.7: Survival probability of the normalized stretching-tilting function in a
high pass filtered isotropic turbulent field. CROSS filter, see the blue region in
figure 1.3. Left panel: linear-linear plot . Right panel: linear-log plot. comparison
between the randomized field, randomized filtered (0− 20) field and the Navier
Stokes homogeneous and isotropic field (unfiltered and high pass filtered)

Figure 1.8: Survival probability of the normalized stretching-tilting function in a
band cut filtered isotropic turbulent field. CROSS filter, see the red region in figure
1.3 . Left panel: linear-linear plot. Right panel: Linear-log plot. Comparison
between the randomized field, randomized filtered (30−150) field and the Navier
Stokes homogeneous and isotropic field (unfiltered and band cut filtere)
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Figure 1.9: PDF’s of the normalized stretching-tilting function. Left panel: high
pass filtered isotropic turbulent field, the randomized unfiltered field and the ran-
domized filtered 30-150 field. Right panel: band cut filtered isotropic turbulent
field, the randomized unfiltered field and the randomized filtered 30-150 field.

(near dissipative), 30−150 (intermediate-inertial/small scale filtering), 150−330

(dissipative scale filtering).

All this filtered ranges induce the same effects for s < 1: a slight increase in

the survival probability. Once again all the filtered ranges induce the same ef-

fects: for s < 1/2, a slight increase of about 20% in the survival probability. For

higher values, 0.5 < s < 2, the most effective result is obtained filtering over the

intermediate-inertial/small scale range, 30 < k < 150. In this case, an increase of

about 60% is observed for s = 1 and of about 80% for s = 1.5

This highlights the fact that the structures of the inertial range contribute more

to the intensity of the vorticity field than to stretching and tilting. The general

trend is almost inverted with respect to the case of the high pass filtered turbulence

(compare the 0-40 and 10-40 results in figures 4 and 5, respectively) and this can

be confirmed, with slight differences, as long as I enlarge the amplitude of the

filtering band to get closer to the dissipative range. Finally, moving toward the

dissipative range (150 < k < 330), the band-stop filter becomes a sort of low-pass

filter. By filtering these wave numbers, although I have removed the contribution

of the highest wave-numbers, see figure 1.1, the effect in the survival distribution

is negligible and, since not graphically perceptible, has not been plotted in figure

1.8.

The figure 1.5 shows the PDF’s of the f for the two filters used associated to the
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NS field and to randomized field. They shows a quite similar trend to the survival

probability of f

To see the effect of the filters on the vortical structures, I have visualized the

vorticity magnitude in two ways. The first is a volume rendering of the surfaces

where one of the vorticity components is close to the root mean square value,

see figure 1.10. The instantaneous field I am considering is homogeneous and

isotropic, so all the components are statistically alike and it suffices to observe

one component only. In panel (a) the unfiltered field is visualized and a com-

plex picture made of an elongated, thick, sleeve-like structures which are enfolded

and twisted can be seen. In panel (b) the structures with at least one wavenum-

ber component below 20 are smoothed out, see equation (1.10). One here sees a

more sparse distribution of mostly elongated and nearly flat structures with a much

shorter length with respect to panel (a). The mutual folding and twisting seems

reduced. This image is related to the survival distribution in figure 5, where a

depression of stretching-tilting over the vorticity magnitude is reported for ratio

values above 0.3. Panel (c) shows the band-stop filtered field for the 30-150 filter-

ing range. Here basically, most of the inertial and larger dissipative structures are

removed. It is interesting to observe that the surface is much more corrugated that

in panel (a), which leaves a definitive view of the small scale above wavenumber

150. Some of these structures are elongated, others are globular. The image does

not discourage the idea that the large and the very small scales directly interact.

This image is related to the survival probability distribution in fig 1.8, indeed, to

an increasing of the survival probability of f (x). Finally, in panel (d) one sees

the structures that have all the three wavenumbers components in the range 0 - 30.

Here, large unruffled structures which are mainly globular can be seen. The images

in panel (c) and (d) represent instances of the statistical situation described in fig-

ure 6, where the survival ratio of the stretching and vorticity intensities is enhanced

with respect to the natural situation. Thus, it seems that the absence of a part of the

inertial range amplifies the stretching-tilting process. It should also be noted that

the spatial density of the vortex structures is distributed in almost the same way in

all the panels, though the density levels are different.

I have observed also the filters effect on to the vorticity randomized field. I

have plotted the vorticity of the random velocity field and I have observed a sim-

ilar behaviour of the NS field case: the high pass filter removes most of the large
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Figure 1.10: Three dimensional visualization of the surfaces of one vorticity com-
ponent which has the value equal to 17.5 at Reλ = 280. Panel (a): unfiltered field;
panel(b): the wave number range 0-20 is filtered out by using the high-pass cross
filter, panel (c): the wave number range 30−150 is filtered out by using the band-
stop cross filter; panel (d): the wave number range 30−∞ is filtered out by using
the low-pass cross filter, i.e. by letting kMIN → ∞, see figure 1.3. The visualization
shows a 2563 portion of the numerical field simulated on a 10243 point grid. The
field is visualized by means of VisIt (https://wci.llnl.gov/codes/visit/).
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Figure 1.11: Visualization of one vorticity component of the randomized unfiltered
field. Section parallel to one face of the computational box (Reλ = 280), with 10243

grid domain points.

Figure 1.12: Visualization of one vorticity component of the randomized filtered
field. Section parallel to one face of the computational box (Reλ = 280), with 10243

grid domain points.(on the left 0-20 cross filtered field; on the right 30-150 cross
filtered field)
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granular structures (see figure 1.11) , while the band-cut filter removes most of the

smaller granular structures (1.12).

We have tried to visualize the filtering effect also by means of contour plots and

pseudo color imaging of the vorticity magnitude in a flat section of the 10243 f ield,

see figure 1.13. Here, the lines in the images in the left column are the contours

of iso-surfaces of the vorticity magnitude. Starting from the top, one sees the

unfiltered field, the high pass filtered field (the wavenumbers above 20 are kept),

the 30−150 band-stop, and the low pass filtered field (the range 30− is removed).

In the enlarged views in the central and right columns, the pseudocolor plots are

richer in information. Where the larger scales are removed, panels (e) and (f), the

survival probability of intense stretching is reduced. The range of variation for the

vorticity magnitude is very large, the root mean square value is about seven times

smaller than the maximum value. When only the large scales are left, panels (m)

and (n), the rms value is about one third of the maximum value and the stretching

is enhanced. When the inertial scales are removed, the large scale appears to be

wrapped by the small scales. The big dipoles are surrounded by thin wavy-like

sheets and the small scales are attached to the large ones. In this situation it is not

possible to neglect their direct interaction. In regions where a large scale is missing,

the small scales are also missing. Viceversa, in the case the small scales had been

sparsely distributed in regions where the large scales are not present and would not

have surrounded the large structures in regions where the latter are present, a low

level of direct interaction between the largest and the smallest scales could have

been inferred.

1.5 Vorticity alignement for small and large scales

Not only the magnitude vorticity and strain, but also the geometry of the field of

the velocity derivatives influence the dynamical aspects of the three-dimensional

turbulence. To better understand this aspects and the visualization in relation to

the ani-so-tro-pic filtering here used, I have considered the alignment between the

eigenvectors of the strain rate tensor and the direction of the vorticity (left panel).

Function f in fact, see equation (1), can also be written as f (x) = |S|
|ω| [s

2
i (ei ·eω)2]1/2

where |S| is the magnitude of the strain rate tensor, si are the eigenvalues of the

strain rate tensor Si j normalized by |S|, si = λi/|S|, and (ei · eω) describe the align-
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Figure 1.13: Visualization of the vorticity magnitude in a section parallel to one
face of the computational box (Reλ = 280), with 10243 grid domain points. First
row (a,b,c): unfiltered field. Second row (e,f,g): the wave number range 0-20 is
filtered out by using the high-pass cross filter. Third row (g,h,i): the wave number
range 30-150 is filtered out by using the band-stop cross filter. Fourth row (l,m,n)
the wave number range 30−∞ is filtered out by using the low-pass cross filter. It
is possible to see: in the first column (a,d,g,l) the vorticity magnitude countour-
plots of the entire 10243 grid domain. In the second and third column (b,e,h,m
and c,f,i,n) Pseudocolor plots of a 2563 portion of the grid (black box in the pre-
vious column) are shown. In the third column the range of magnitude values in
between 10 and 30 is visualized to show the details of the part of the field where
the vorticity is below its rms value. The part above the rms is in fact visualized
in the central column, where all the range of values is included. The Pseudocolor
method maps the data values of a scalar variable to color. The plot then draws
the colors onto the computational mesh. The field is visualized by means of VisIt
(https://wci.llnl.gov/codes/visit/)

.
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ments between the eigenvectors of Si j, denoted ei, and the direction of the vorticity

eω. Figure 1.14 shows the probability density function of these alignments in the

reference unfiltered field and in two filtered cases described in this work: the 0-

20 high pass filter, see equation 1.10 and the 30-150 band-stop filter, see equation

1.12 The figure 1.14, shows the alignment of the isotropic turbulence compared

with the randomized one. It is possible to observe an uniform alignment distri-

bution of the unfiltered randomized field, while the two filters tend to break this

alignment uniformity. For the NS field, I observe that the typical trend of align-

ments is not fully spoiled by the filtering. In both filtering cases, eigenvector 2

reduces its alignment, while eigenvector 3 reduces its misalignment. Conversely,

eigenvector 1 instead shows a different behavior. In the band-stop filtering case

(large scale dominate) eigenvector 1 slightly increases the alignment. In the high-

pass filtering, eigenvector 1 reduces the alignment that becomes statistically equal

to that of the eigenvector 3. The situation for the randomized case is represented in

the right panel of figure 1.14. While for the unfiltered case the pdf is perfectly flat,

the filtering modifies the distribution a little only. The variations in fact are just 1-2

% than those observed in the natural field. Furthermore, there is not a significant

difference between the high pass and the band-stop filtering. Eigenvector 2 shows

a slightly higher probability of alignment which respect to the eigenvectors 1 and

3, that behave in much the same way.

This is confirmed, see table 1.2 by considering the ratio among the field aver-

aged strain rate tensor eigenvalues and related component of the enstrophy produc-

tion, < σi > / < σtot >, where < ·> is the average over all the computational do-

main (10243 grid point box), σi = ω2λicos2(eω,ei) and σtot =< ∑i ω2λicos2(eω,ei)>.

All filters increase the gap between the eigenvalue < λ1 > and < λ2 > and the gap

between < λ2 > and < λ3 >. In all the three cases the filtering reduces the average

values of the largest and intermediate eigenvalue, < λ1 > and < λ2 >. However,

when the large scales are missing, eigenvalues 1 and 3 are very close in modulus.

This filtering (0-20) tends to leave small asymmetric structures (similar to sheets

and filaments) as it can be seen, in particular, in figure 1.10 panel b. In fact, in

this figure most of the small structures seems to be flattened. The enstrophy pro-

duction seems to have similar behavior. All the filtering range used increases the

normalized enstrophy production components (σ1 and σ3) and reduces σ2 (see ta-

ble 1.2). In particular, the inertial and dissipative scales has normalized enstrophy
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Table 1.2: Normalized strain rate tensor eigenvalues and normalized enstrophy
production computed in the unfiltered and the filtered field

production values higher than the ones associated to the large and large/dissipative

scales.

At this point, let us consider the dual nature of the structures similar to filaments

and sheets, as regards their inclusion in the categories of the small and large scales.

As it can be seen before (equations 1.10-1.12 and figure 1.10), the high pass-filter is

used better to remove most of the large scales, while the band-cut filter is efficient

to remove most of the small scales. In particular, both two filters remove structures

characterized by different asymmetric structures (similar to sheets and filaments),

but the high pass filter is more efficient to remove large ones, while the band-cut

filter could be used better to remove small asymmetric structures and, also, part of

the large asymmetric structures (as the ones belong to the overlapping region in the

schema of the figure 1.3). Of course, the number of the asymmetric large structures

removed by the high pass filter is larger than the one removed by the band-cut

filter. Moreover the high-pass filter removes all the symmetric large structure (large

blobs), that have all the three wavenumbers lower a threshold, and the band-stop

filter removes all the symmetric small structures (small blobs), that have all the

three wave-numbers included in a range. Consequently blobs non ambiguously

belong either to the large scale range or to the intermediate-small scale range. The
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Figure 1.14: PDF’s of the cosine of the angle between vorticity (ω), and the eigen-
vector, ei, of the rate of strain tensor (Si j). The red lines refer to unfiltered field; the
green lines refer to the wave number range 0-20 filtered out by using the high-pass
cross filter; the blue lines refer to the wave number range 30-150 filtered out by
using the band-stop cross filter.

different behavior shown in figures 1.7 and 1.8 could be therefore mainly due to

the blob contributions, and, since the variation in the cumulative distributions is

opposite and almost of the same magnitude, it could be possible to deduce that

the partial removal of the background asymmetric structures similar to filaments

and sheets, which is always done regardless of the filter typology (high pass, band

pass, low pass,..), could not be statistically relevant. In other words, it appears

reasonable to conclude that until a better way to select and remove anisotropic

structures similar to filaments and sheets is found, first order statistical modification

associated to their presence/absence will not be clearly seen.

Lastly, it is interesting to observe that box filtering small scales modifies the

stretching statistics to a great extent. A field filtered in such a way shows a finite

probability of having more than twice the amount of stretching/tilting compared to

the enstrophy (48; 51). In the context of the Large Eddy Simulation methodology,

where this kind of filtering is commonly used, it is possible to deduce that, when

a fluctuating field shows such a feature, the field is unresolved. As a consequence,

it is possible to build a criterion that locates the regions of the field where the

inclusion of a subgrid term in the governing equations is advisable (see also (52)).
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In particular, the idea to use survival functions came from an attempt to apply

the normalized vortex stretching function to predict when and where to use the

sub-grid model in supersonic turbulent fields. We observed that the box filtering

typical of LES was modifying the survival distribution in a way that suggested

the possibility to guess whether in a computational spatial volume small scales

are present or not It can be noted that the probability of having f (x) ≥ s in the

resolved turbulent fields there considered (HIT, jets, channel flow) is always lower

than that of the corresponding box volume filtered fields. The values increase when

the resolution is reduced. For all the resolutions analyzed, the difference between

the probabilities in the filtered and in the fully resolved turbulence is maximum

for s about 0.5, while their ratio goes to ∞ for s→ ∞, see, in particular, the figure

1(a,b) in (51). This suggested the introduction of a computational threshold so

that, when f assumes larger values, the vortex stretching-tilting properties of the

unresolved field can be considered artificially large and thus the simulation should

benefit from the local activation of a subgrid scale term in the motion equation. In

(52), it is shown that this selective LES modifies the dynamic properties of the flow

to a lesser extent with respect to the classical LES. In particular, the prediction of

the enstrophy, mean velocity and density distributions and that of the energy and

density spectra are substantially improved.

1.6 Vorticity alignement for large scales in an inhomege-
nous turbulence

I have studied also some aspects of geometrical statistics in an inhomegenous tur-

bulent flow at large scales. I have considered a domain composed by 5122×1024

grid points at Reλ = 50, with an intial energy ratio between the two regions equal

to 6.6, simulated by a fully resolved Direct Numerical Simulation. The following

results are referred at t/τ = 1,5 in the mixing layer and in the homogeneous region.

They proof that the geometrical statistics of the turbulence are not affected by the

non-homogeneity of the velocity field. In fact the statistics are the same in the ho-

mogeneous and in inhomegenous regions for this simulation. In the figures 1.6 it

is possible to see the pdf of the cosine of the angle between the vorticity and the

first eigenvector, ei, and the pdf of the rms of the eigenvalue in the homogeneous
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Figure 1.15: PDF’s of the cosine of the angle between vorticity (ω), and the eigen-
vector, e1, of the rate of strain tensor (Si j) (left panel) and PDF’s of the root mean
square eigenvalue < λi >1/2 of strain tensor (Si j) (right panel) for the 1024×5122

grid points domain at Reλ = 50 for the unfiltered field. The red line refer to the
homogeneous region; the blue points refer to the mixing layer.

and in inhomegenous regions. The statistics are very close and it is not possible

to see any statistical difference. I can infer that, at least, for this maximum energy

ratio (equal to 6.6), this type of statistics is not sensitive to highlight the difference

between the two regions for eigenvalues and alignement statistics. I have showed,

in the previous figures, for simplicity, only the first component of the alignement,

but this behaviour is present also for the other two alignement components, in fact

also for the other two components the difference in statistics does not exist.
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Chapter 2

Turbulence effects on passive
scalars mixing

A passive scalar is a contaminant in a fluid flow that exerts no dynamical effects on

the fluid flow. The vorticity dynamics determines the structures of a turbulent flow

and, thus, how a passive scalar is transported and dispersed. In this work I have

studied the three-dimensional and two-dimensional passive scalar mixing across an

interface which is represented by a steep mean scalar gradient. The mixing layer

is generated at interface of two isotropic turbulent fields. I have analyzed several

cases with different energy gradient, passive scalar gradient or integral scales .

2.1 Physical problem

The Navier-Stokes equations for an incompressible fluid have been solved in a

parallelepiped domain together with the advection-diffusion equation for a passive

scalar,

∂θ

∂t
+u j

∂θ

∂x j
= κ∇

2
θ (2.1)

where θ is the passive scalar concentration, u j is the velocity field and κ is the

diffusivity of the passive scalar. Figure 2.1 shows a schematic diagram of the flow

configuration and the coordinate system used.

In the initial condition, two isotropic fields are separated by a thin layer which

is as thick as the correlation length `. From a numerical point of view, the flow
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Figure 2.1: Scheme of the flow, showing the coordinate system and the flow con-
figuration. Due to the use of periodic boundary conditions, two mixing layers are
included in the computational domain along the x direction, which is the direction
where the inhomogeneity takes places. The dashed lines indicate the central part
of the domain where results are presented. The flow is homogeneous in the other
two directions y1 and y2. L is the domain size in x direction, equal to 4π in dimen-
sional form. As a reference dimensional field, we considered the following set of
data: domain size L = 4,1 m, kinematic viscosity 1.5× 10−5 m2/s, integral scale
` = 1.0× 10−1 m and turbulent kinetic energy E1 = 5.0× 10−4 J/kg (Reλ = 45),
integral scale ` = 1.18× 10−1 m and turbulent kinetic energy E1 = 4.8× 10−2

J/kg (Reλ = 150),integral scale ` = 1.34× 10−1 m and turbulent kinetic energy
E1 = 1.3×10−1 J/kg (Reλ = 250); energy ratio E1/E2 = 6.7 for all Reynolds num-
bers. The initial conditions for the velocity are generated by a linear matching of
two homogeneous and isotropic fields over a thickness ∆, see equation (2.2), while
the initial mean scalar distribution is a discontinuity smoothed enough to avoid the
Gibbs phenomenon, as in equation (2.3).
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is assumed to be contained in a parallelepiped (or a rectangle in two dimensions)

and periodic boundary conditions are applied to all the spatial directions. The

coordinate system is chosen with the x axis along the direction of the kinetic energy

gradient, axis y1 and y2 along the homogeneous directions. The initial condition is

obtained by matching two homogeneous and isotropic fields with the same integral

scale but with a different turbulent kinetic energy as in (28; 29). In practice, the

initial condition is generated as

ui = u(1)
i p(x)

1
2 +u(2)

i (1− p(x))
1
2 ,

where u(1)
i and u(2)

i are two homogeneous and isotropic velocity fields with turbu-

lent kinetic energies equal to E1 and E2, respectively. The weighting function p(x),

defined as

p(x) =
1
2

[
1+ tanha

x
L

tanha
x−L/2

L
tanha

x−L
L

]
, (2.2)

have been chosen to allow a smooth transition between the two regions (in equation

2.2 L is the domain size in the x direction and a is a constant, which is chosen in

order to have an initial transition layer that is no larger than the integral scale.

The resulting field is then made divergence-free by a standard projection onto a

solenoidal space. These operations ensure the continuity of the flow across the

whole domain. For further details on this procedure, see (28) and (29).

In this section, I consider the interaction of two flows with the same integral

scale and different turbulent kinetic energy, so I choose u(2)
i = u(1)

i /E1/2, where

E = E1/E2 is the imposed initial kinetic energy ratio.

A description of how the presence of different integral scales can influence the

turbulent kinetic energy diffusion can be found in (28; 31).

In order to analyze the diffusion of the passive scalar interface across the tur-

bulent kinetic energy gradient, the passive scalar is introduced in the low kinetic

energy region of the flow at t = 0. To avoid the Gibbs phenomenon, the disconti-

nuity is replaced by a sufficiently smooth transition. The initial condition for the

passive scalar θ is thus defined via the same matching function as

θ(x,yi) =
1
2

[
1− tanh2a

x
L

tanh2a
x−L/2

L
tanh2a

x−L
L

]
, (2.3)

By using equation (2.3) (53) (54), the passive scalar interface is smoothed on a
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length which is about half the initial integral scale. No passive scalar fluctuation is

introduced: the passive scalar concentration is initially uniform in the two isotropic

regions, θ = 0 in the high energy region and θ = 1 in the low energy region. Passive

scalar variance will be generated by the underlying turbulent flow, see figure 2.2.

The mass, momentum and and the passive scalar transport equation are solved

by using a dealiased pseudospectral Fourier-Galerkin spatial discretization coupled

with a fourth order Runge-Kutta explicit time integration. The size of the dimen-

sionless computational domain is 4π× (2π)2 in the three-dimensional simulations.

The domain used in the two-dimensional simulation has the same aspect ratio: it is

4π× 2π. For further details on the numerical technique and the initial conditions

generation, see (55; 28; 56).

I have carried out a numerical experiments with an imposed initial turbulent ki-

netic energy ratio of 6.7 in both two and three dimensions. In the three-dimensional

simulations, I Have performed two experiments in which the higher energy turbu-

lent field u(1)
i has an initial Taylor microscale Reynolds number equal to 45, 150

and 250.

The domain is discretized with 256× 1282 grid points in the simulation at

Reλ = 45, with 1200× 6002 grid points in the simulation at Reλ = 150 and with

2048× 10242 in the simulation at Reλ = 250. The two dimensional simulations

use a 4096×2048 grid for an initial integral scale Reynolds number equal to about

3000.

As first investigation of the passive scalar transport in a shearless energy mix-

ing, the Schmidt number Sc = κ/ν is assumed to be equal to one in all the simula-

tions. Schmidt numbers of order one are typical of many transport phenomena in

air, from small temperature fluctuations to water vapour transport, (57).

About 20 initial eddy turnover times have been simulated in two dimensions

and ten initial eddy turnover times in three dimensions. I have estimated that, due

to the mixing layer growth, the two separate homogeneous and isotropic regions

will be destroyed by their interaction after about 30-35 initial eddy turnover times.

Directions y1 and y2 in this flow configuration remain statistically homogeneous

during the decay, so that all the statistics can be computed as plane averages in

these directions. Moreover, in two dimensions I Have enlarge our statistical sample

by ensemble averaging also on fifty repetitions of the simulation with different but

statistically equivalent initial conditions.
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Figure 2.2: Visualization of the scalar field in a plane within the central part of the
computational domain – the dashed region in figure 2.1. The high turbulent energy
velocity field is on the left of each image. The three different instants correspond,
from left to right, to t/τ = 1,5,10, respectively. τ is the initial eddy turnover time
of the high energy region. The three-dimensional simulation has an initial Rλ equal
to 150 and 250 in the high energy isotropic region and 60, 100 in the low energy
region. The initial value of the energy ratio of the two interacting isotropic tur-
bulence is 6.7. The insets show the concentration along few lines in the direction
parallel to the mean gradient at t/τ = 1.38



Figure 2.3: Comparison between a laboratory visualization by Jayesh & Warhaft
(from (35), (figure on the left) and present simulation (figure on the right): (a)
Smoke-wire (streaklines) visualization of the shearless mixing layer without ther-
mal stratification, wind tunnel experiment, side view at a distance from the grid
equivalent to our time evolution at t/τ ≈ 9. The flow is from top to bottom and
Reλ = 130 (35). The energy ratio can be estimated as of order 102 because the
turbulence level in the part of the flow out of the grid (on the right in this picture)
has a ratio velocity rms/mean velocity less than 0.25%. It should be noted that this
visualization is not exactly the equivalent of the one in panel (b). In fact, the equiv-
alent view would have been a tunnel cross section at a constant x. (b) Pseudocolor
of the passive scalar concentration along the mixing layer in a central portion of
the domain at t/τ = 10, initial Reλ = 150, the initial energy ratio is equal to 6.7.
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Table 2.1: Passive scalar gradient and instantaneous Reynolds number for all the
simulations: Reλ = u′λ/ν, Re` = u′`/ν, where λ is the Taylor microscale and ` the
integral scale.

3D Mixing 2D Mixing
Run Reλ = 45 Run Reλ = 150 Run Reλ = 250

Grid 1282×256 6002×1200 10242×2048 2048×4096
t/τ Reλ ∇θ [m−1] Reλ ∇θ [m−1] Reλ ∇θ [m−1] Re` ∇θ [m−1]
0 45 7.51 150 7.65 250 8.49 3076 13.50
1 40 3.11 136 3.12 231 2.85 4762 4.44
5 34 1.20 120 1.32 199 1.25 10200 1.21

10 32 0.80 110 0.92 185 0.89 16297 0.71

2.2 Passive scalar transport across the interface

The initial conditions, discussed in the section 2.1, for the velocity field produce

a kinetic energy gradient in the direction of inhomogeneity (x) as already shown

in many experiments (e.g. (58; 28; 30)). Outside this inhomogeneous region, the

kinetic energy shows a power law decay, with exponent approximately equal to

-1.2, for both Reλ = 150 and Reλ = 250 in three dimensions, while no significant

energy decay is observed in two dimensions due to the inverse cascade. In both

cases, the initially imposed energy ratio between the two homogeneous regions is

almost preserved during the time evolution of the flow.

In all flow configurations, the velocity mixing layer was observed to be highly

intermittent and the velocity fluctuations in the x direction have large skewness

and kurtosis, see (58; 28; 29). Across the mixing the second, third and fourth

velocity moments collapse using a single lengthscale, the mixing width ∆E , con-

ventionally defined as the distance between the points with normalized energy

(E(x, t)−E2(t))/(E1(t)−E2(t)) equal to 0.75 and 0.25. In this paper, Ifocus on

the passive scalar dispersion through the shearless mixing layer. For the velocity

statistics refer to (58; 28; 29).

As it has been already observed, one-point statistics of the velocity fluctuations

along the inhomogeneous direction indicate the presence of a high intermittent

layer which is shifted with respect to the centre of the mixing region toward the

lower energy flow (58; 28; 29). This is marked by a single large peak of both the

skewness and the kurtosis. The intensity of the intermittency and the penetration

of this layer are controlled by the kinetic energy gradient and, when present, by
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Figure 2.4: Visualization of the isosurfaces θ = 0.1 and θ = 0.5 of the scalar field
at t/τ = 4, where τ is the initial eddy turnover time of the high energy turbulence)
in a portion of the domain – one quarter of each dimension is shown – in the three
dimensional mixing at Reλ = 250. The low energy turbulence is on the left of each
image, the grey plane in the background is the initial position of the interface.
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Figure 2.5: Mean scalar profiles inside the mixing layer: (a) two dimensional flow,
(b) three dimensional flow. The initial energy ratio E1/E2 is equal to 6.7 in both
cases. L is the domain size in the x direction and xc the centre of the mixing layer.
The dashed horizontal lines indicates θ = 0.25 and θ = 0.75.

the integral scale gradient. The Reynolds number has a minor effect on the large-

scale velocity intermittency but has a major impact on the level of small scale

intermittency (30).

The main results of this work is that, in contrast with the velocity transport

case, the scalar field is characterized by the presence of the two intermittent fronts

which are located at the sides of the interaction region between the two isotropic

fields. These fronts can be identified by the peaks of the spatial distributions of

the higher order moments of both the scalar field and its derivatives. These two

layers delimit a high scalar variance region which is generated by the the temporal

smoothing of the initial steep scalar gradient, which Iidentify as our initial thin

interface.

2.2.1 Mean scalar diffusion and mixing growth

A visualization of the time evolution of the passive scalar concentration at three

different instants is shown in figure 2.2. The passive scalar interface, which initially

separates the low energy region with passive scalar concentration θ = 1 (on the

right of the figures) from the high energy region with passive scalar concentration

θ = 0, is spread by turbulent eddies and a passive scalar mixing region with high

variance is generated. Scalar concentration isosurfaces are highly corrugated by

the advecting velocity eddies as can be seen in figure 2.4, which shows the two

42



10-1

100

101

102

10-1 100 101 102

t/τ

∆
θ/
ℓ,
∆

E
/ℓ

kinetic energy
scalar with E1/E2 = 1
scalar with E1/E2 = 6.6

0.68 ± 0.05

(a) 2D mixing

100

10-1 100 101

t/τ

∆
θ/
ℓ,
∆

E
/ℓ

Reλ = 150: kin. energy, Ref.[30]
Reλ = 150: scalar, E1/E2 = 1
Reλ = 150: scalar

kin. energy
scalar

0.46 ± 0.05

0.5 ± 0.05

lab.exp.,Ref.[59,60]:

(b) 3D mixing

Figure 2.6: Interaction layer thickness, normalized with the initial integral scale `.
The scalar layer thickness ∆θ is defined as the distance between the points where
θ is equal to 0.25 and 0.75. The energy layer thickness is defined as the distance
between the points where the normalized turbulent kinetic energy (E−E2)/(E1−
E2) is equal to 0.25 and 0.75 as in (29). The exponents of the power law fitting
of the scalar thickness growth are indicated. The accuracy of the exponents is
about 10%. The same mixing length growth can be observed in the absence of
the kinetic energy gradient (E1/E2 = 1). Experimental data are from the wind
tunnel experiments by (58) and (59) with E1/E2 = 7. It should be noted that in this
last work the authors propose an exponent of 0.34 for the final stage of the scalar
dispersion.
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Figure 2.7: (a,c) Scalar variance in the simulations in two and three dimensions.
(b,d) Scalar flow u′θ′ in the simulations in two and three dimensions. The ar-
rows indicate the scalar and energy flow directions. The initial energy ratio is
E1/E2 = 6.7 in all simulations; ∆θ is the passive scalar mixing thickness which
increases in time as shown in figure 2.6. According to our estimate, for the three-
dimensional, ∆θ ∼ t0.5 at Reλ = 250, (e) scalar flux and (f) third order mixed mo-
ment: comparison between the present simulation with an initial Reynolds number
Reλ = 150 and laboratory data by (35) at Reλ = 130 obtained in a shearless mixng
in presence of a mild stable temperature stratification (the direction of the grav-
itational acceleration is indicated by the arrow). In the considered measurement
stations x/M = 32 and the Richardson is equal to 0.77.
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surfaces where the passive scalar concentration is half of the maximum value (blue

surface) and where the passive scalar is quite absent and its concentration is only

10% of the maximum value (yellow surface). These two surfaces are very similar,

no difference in the corrugation structures visualized can be evidenced. From the

inspection of the visualization images in figure 2.2, it should be noted that one

cannot deduce the direction of the scalar flow.

In figure 2.2, the insets shows the concentration distribution along a direction

normal to the interface (but aligned with the mean scalar gradient). In the central

part of the distributions, some resemblance can be seen with the features called

ramp-and-cliff, firstly noticed by Holzer & Siggia (25). These features are consid-

ered due to the presence of large scale straining motions with the direction of com-

pression appreciatively aligned with the mean scalar gradient. A situation which is

also met in the present shearless mixing.

The width of the mixing region can be measured by considering the mean pas-

sive scalar distributions (figure 2.5). The passive scalar mixing layer thickness ∆θ

is defined, in analogy with the energy layer thickness ∆E , as the distance between

the points with means passive scalar θ equal to 0.75 and 0.25.

After an initial transient of about one eddy-turnover time, the time evolutions

of these interaction widths follow a trend similar to those observed for the self-

diffusion of the velocity field with the same dimensionality, and a stage of evolution

with a power law scaling of the scalar mixing thickness is reached in both two and

three dimensions. However, the time scaling of the growth of the interaction width

is superdiffusive in two dimensions (∆θ∼ t0.7), while it is very slightly subdiffusive

in three dimensions (∆θ ∼ t0.46 at Reλ = 150 and ∆θ ∼ t0.5 at Reλ = 250), see

figure 2.6. Superdiffusive dispersion seems to be characteristic of two dimensional

flows as observed in (60). As opposed to three-dimensional turbulence, in two

dimensions vortices tend to live much more than their turnover time thus enhancing

the transport.

The same mixing growth can be observed in the absence of the kinetic energy

gradient (that is, E1/E2 = 1) and thus the mixing width does not seem to be influ-

enced by the presence of the energy gradient.

The three dimensional simulations show a fair agreement with the wind tunnel

experiments on the scalar diffusion from a linear source in a shearless mixing (35),

in particular considering the evolution, after an initial transient, of the scalar and
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kinetic energy interaction layers thickness normalized with the integral scale `, see

figure 2.6. The agreement is better for higher Reλ values. An other similarity can

be found in the asymmetry of the flux, that decays rapidly in the low energy region

as in (35; 59), see figure 2.7 (d - f)

2.2.2 Statistics

A mixed region with high passive scalar variance is immediately generated in the

centre of the interaction layer. In the three-dimensional flow, the passive scalar

variance reaches its maximum after less than one eddy turnover time and, after

that, it slowly decreases. In the following 10 eddy turnover times, about 20% of

the variance present at t/τ = 1 is lost. In two dimensions, the passive scalar flow is

almost twice as large and the initial variance generation last longer: the maximum

is attained later and is about 50% higher. Notwithstanding the presence of the

energy gradient, the mean passive scalar and passive scalar variance profiles are

almost symmetric, see figures 2.5 and 2.7.

The presence of the turbulent energy gradient is instead felt on the distribution

of higher order moments as the passive scalar skewness and kurtosis shown in

figures 2.8 and in the scalar flux shown in figure 2.7.

In the central region the values of S and K tend to the ones of a gaussian dis-

tribution (S = 0, K = 3), while on the mixing edges they present two peaks. This

means that, in contrast with the velocity field in which there is only one intermit-

tent layer (28; 29), the third and fourth order moments show the presence of two

intermittent fronts at the border of the mixing region, see figure 2.8, panels (a -

h). It’s interisting to observe that, through the normalization of the x coordinate

with the mixing layer thickness ∆θ, for different time scales and also at different

Reλ such peaks quite collapse in the same position (empirical indication of a quite

self-similarity). In fact, this behavior can be observed also with very different Reλ.

Data from Ma and Warhaft (61) with low Reλ (≈ 30), without kinetic energy gra-

dient show the presence of those two intermittent front in the same position of the

normalized coordinate, see figure 2.8, panels (c - d).

Intermittent fronts (highly non-gaussian regions, with large values of S and K)

are associated to the presence of inhomogeneity in the scalar field, in particular

where the scalar gradient quickly changes and assumes high values. This is related

46



-8

-6

-4

-2

 0

 2

 4

 6

 8

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

S
θ

t/τ
1
5

10
20

scalar flow

energy flow

(a) 2D mixing

 0

 10

 20

 30

 40

 50

 60

 70

 80

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

K
θ

t/τ
1
5

10
20

scalar flow

energy flow

(b) 2D mixing

-8

-6

-4

-2

 0

 2

 4

 6

 8

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

S
θ

t/τ = 1
5

10
12.5

Reλ = 150 250

scalar flow

energy flow

Ref.[62]

(c) 3D mixing

 0

 20

 40

 60

 80

 100

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

K
θ

t/τ = 1
5

10
12.5

Reλ = 150 250

scalar flow

energy flow

Ref.[62]

(d) 3D mixing

-1

 0

 1

 2

 3

 4

 5

 6

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

S
∂
θ′
/∂

x

t/τ
1
5

10
20

scalar flow
energy flow

(e) 2D mixing

 0

 5

 10

 15

 20

 25

 30

 35

 40

 45

 50

-3 -2 -1  0  1  2  3

(x− xc)/∆θ

K
∂
θ′
/∂

x

t/τ
1
5

10
20

scalar flow

energy flow

(f) 2D mixing

-1

 0

 1

 2

 3

 4

 5

 6

-3 -2 -1  0  1  2  3

replacements

(x− xc)/∆θ

S
∂
θ′
/∂

x

t/τ = 1
5

10
12.5

scalar flow

energy flow

Reλ = 150 250

Ref.[27]
Ref.[63]

(Reλ = 46)

(g) 3D mixing

 0

 10

 20

 30

 40

 50

 60

 70

 80

-3 -2 -1  0  1  2  3

replacements

(x− xc)/∆θ

K
∂
θ′
/∂

x

t/τ = 1
5

10
12.5

scalar flow

energy flow

Reλ = 150 250

Ref.[27]
Ref.[63]

(Reλ = 46)

(h) 3D mixing

Figure 2.8: (a,c) Passive scalar skewness distribution and (b,d) passive scalar kur-
tosis distributions. (e,f) Skewness and (g,h) kurtosis distributions of the derivative
of the passive scalar fluctuation in the inhomogeneous direction x. All the simula-
tions have an initial energy ratio E1/E2 = 6.7. The vertical dashed lines indicate
the position of the maximum of intermittence at the end of the simulation. The
arrows indicate the passive scalar and energy flow directions which are opposite in
this simulations. Leaving aside the sign, the distributions remain unchanged when
the passive scalar mean gradient is concurrent with the energy gradient. Symbols
in parts (c) and (d) are from the thermal mixing in grid experiments by (61) at
Reλ = 32.7: � mandoline heater, x/M = 62.4, � toaster heater, x/M = 62.4, •
toaster heater, x/M = 82.4. The Taylor microscale of the homogeneous flow com-
parison data in parts (g,h) is equal to 140 and 240 in the data by (26) and to 46 in
the data by (62).
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to the formation of an interface with crests and troughs shown in both figure 2.2,

and in following figure 2.11, where the formation of this kind of interface will

be discussed in an extremely simplified case, see section 2.2.1 for details. The

existence of a kinetic energy gradient is instead responsible of the asymmetries in

the distributions of S and K.

In the firsts eddy turnover times the intermittency at the edges of the mixing

layer is very intense, and then decreases as the physical system decays: the in-

omogeneity intensity decreases, as the same occurs at the field that transports the

scalar. As a conseguenge not only the intermittency levels decrease, but also the

scalar flow tends to disapear, see figure 2.7 panels (b - d). In three dimensions,

because of the faster energy decay, the intermittency reduction is evident, above all

when the Reλ = 150. In this case, the peaks in the distributions of skewness and

kurtosis present the same levels in two and three dimensions after about one eddy

turnover time but, after ten eddy turnover times, in two dimensions the peaks of

skewness and kurtosis are twice as high.

A second effect more evident in two dimension is the different depth of pene-

tration: after about 5 initial eddy turnover times the depth of penetration is about

2∆θ in the high energy region and about ∆θ in the low energy region.

48



-1

 0

 1

 2

 3

 4

 5

-3 -2 -1  0  1  2  3

(x − xc)/∆θ

S
∂
θ′
/∂

x,
S
∂
θ′
/∂
y

t/τ = 1
2.5

5

∂θ′/∂x ∂θ′/∂y

Ref.[26]
Ref.[11]

(a)

 0

 20

 40

 60

 80

 100

 120

-3 -2 -1  0  1  2  3

replacements

(x − xc)/∆θ

K
∂
θ′
/∂

x,
K
∂
θ′
/∂
y

t/τ = 1
5

10

∂θ′/∂x ∂θ′/∂y

Ref.[26]
Ref.[11]

(Reλ = 46)

(b)

Figure 2.10: Comparison between the skewness and kurtosis of the passive scalar
derivatives ∂θ/∂x and ∂θ/∂y1 in the directions parallel and normal to the energy
gradient in the three dimensional mixing at Reλ = 250. All present simulations
have an initial energy ratio E1/E2 = 6.7. The homogeneous flow data by (26) have
a Taylor microscale Reynolds number equal to 240, the data by (62) have a Taylor
microscale Reynolds number equal to 46.

Intermittency is not limited to large scale passive scalar fluctuations, but is

quickly spread to small scale fluctuations, as can be inferred from the skewness and

kurtosis of the passive scalar derivative in the inhomogeneous direction x, which

are shown in figure 2.8(e-h). Two peaks of large intermittency can be seen in

correspondence of the two intermittent fronts since t/τ = 1. However, their time

evolution is different from the one seen for large scale passive scalar fluctuations:

the peaks always decay in time, but now small scale intermittency lasts longer in the

three dimensional case. Because the inverse cascade dramatically removes energy

from the small scales, in two dimensions the peak of the derivative skewness in

the front facing the high energy region has almost vanished after ten eddy turnover

times while in the front facing the low energy side it is about half the one present

in three dimensions.

The transient scalar derivative moments levels obtained in the two fronts are

much higher than the ones observed in isotropic turbulence with a uniform mean

scalar gradient at similar Reynolds numbers. For example, Donzis and Yeung (26)

in their numerical simulations obtained a scalar skewness equal to 1.39 at Reλ =

140 and 1.34 at Reλ = 240 with a normalized mean scalar gradient equal to 1. In

our experiment, where also the initial mean scalar gradient across the interface was
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set equal to 1, between t = 1τ and t = 5τ, Iobserve a skewness which is in the range

4 - 5.5 at Reλ = 250 and between 3 - 5.7 at Reλ = 150. An even greater departure

can be observed in the derivative kurtosis, whose extreme values can be twice

the values in homogeneous turbulence as shown in figure 2.9, where our data are

compared with the set of data with derivative parallel to the mean gradient which

are included in figure 3 of the review by Warhaft (18), as well as in (62; 64; 26),

see also table 2.1.

In a laboratory experiment of a decaying grid turbulence with a uniform scalar

gradient at Reλ = 580, Warhaft (18) and Mydlarski and Warhaft (22) found a pas-

sive scalar derivative kurtosis close to 20 in the presence of a mean passive scalar

gradient equal to about 3.6 K/m (temperature field) after about one eddy turn over

time.

The difference becomes more marked as the Reynolds number increases. The

intermittency of the two fronts is enhanced by a Reynolds number increment in

a way similar to the linear dependence of the intermittency of temperature fluc-

tuations as a function of the Reynolds number observed in a Rayleigh-Bernard

convection (65). This could be a general property of scalar transport. Schumacher

observed that the probability density function of the magnitude of the passive scalar

gradient increases with the Reynolds number in numerical simulations at moderate

Reynolds number (66). A higher Reynolds number enables the passive scalar to

be more efficiently stirred on all scales leading to an increase of scalar fluctuations

and derivative moments.

Simulations in absence of a turbulent energy gradient (i.e., E1/E2 = 1), not

shown in the figures, do not show the asymmetry in the position of the scalar inter-

mittent fronts even if the thickness of the mixing layer follows the same temporal

growth.

The passive scalar derivative in the directions normal to the kinetic energy and

passive scalar gradients (directions parallel to the mixing) shows a slightly reduced

level of intermittency in the two fronts but a much reduced asymmetry in its prob-

ability density function as its skewness is lower as shown in 2.10. That is, the

passive scalar derivative in the homogeneous direction normal to the mixing pro-

cess is much less affected by the energy and passive scalar gradients. The Reynolds

number and the energy gradient both influence the passive scalar intermittency at

small scales (18).
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2.2.3 Intermittency generated by linear wave perturbations of the in-
terface

Is the generation of a double layer of intermittently specific of a turbulent velocity

transport? To answer this question Ihave considered a simple two-dimesional situ-

ation where the deformation of the interface, represented by the heaviside function,

is due by a single wave with given wave number and frequency. In so doing, the

effects of multiple interacting scales on the scalar transport and interface modifica-

tion will be disregarded. I considered simple velocity waves

ui = u0 sin(kx j−ωt). (2.4)

and verified that only velocity normal to the interface and oscillating in space along

a direction parallel to the interface produce an undulating interface.

With reference to the system configuration in figure 2.11, the perturbation ef-

fective in undulating the initially planar scalar interface is u = u0 sin(ky−ωt).

Beginning of the process, Iassume that the molecular diffusion is negligible in

the direction parallel to the interface, that is ∂2ϑ/∂y2 can be neglected with respect

to ∂2ϑ/∂x2. It can then be shown that equation (1) has the analytical solution

ϑ(x,y, t) =
1
2

(
1+ erf

(
x−

R t
0 u(y, t ′)dt ′√

2κt

))
(2.5)

where κ = Scν is the scalar diffusivity. In 2.11, two visualizations of the scalar

concentration field from an initially flat interface can be seen. The scalar fields are

obtained from two numerical simulation, a first one (panel b) where the velocity

field is just u = u0 sin(ky−ωt) and a second one (panel c) where a second wave

v = v0 sin(kx−ωt) is added. This second wave becomes effective in modifying the

interface since the instant where the projection of the interface profile along the x

direction is no more negligible.

In absense of diffusion, the advection of an interface by a wave like the one rep-

resented in 2.11 panel (b) leads to the black/white configuration where, at any given

distance x from the initial position of the interface, the fraction of space where

ϑ = 1 (flow from right) is p(x) and the fraction of space where ϑ = 0 (flow from

left) is 1− p(x). In this situation the mean scalar concentration is ϑ = p and the

scalar moments can be easily computed as ϑ′n = p(1− p)[(1− p)n−1− (−p)n−1].
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Figure 2.11: Scalar advection by a wave perturbation: (a) initial scalar concen-
tration, (b) scalar concentration obtained at t/τ = 1 with the flow field given by
equation (2.4), (c) scalar concentration at t/τ = 1 with u = u0 sin(ky−ωt) and
v = u0 sin(kx−ωt) (k = 8, u0 = 1) k = 2, Re = u0(2π/k)/ν = 1420, (d) one-
dimensional sections showing the concentration cliffs, (e-f) skewness obtained
from the simple wave model: (e) time evolution for a shear wave with wavenumber
k = 2 (Re = 5654), (f) data at t/τ = 0.5 for different wavenumbers.
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The scalar variance is maximum in the centre and the modulus of all normalized

moments increases with the distance from the centre. In presence of diffusion, the

situation is as depicted in figure 2.11 for the simple shear wave represented in panel

(b). Diffusion smooths out the interface discontinuity and reduces large deviations

from the mean value, thus limiting the maximum skewness and kurtosis. This ef-

fects is much more visible at higher wavenumbers which have a lower effective

Reynolds number.

One could expect that the cumulative effect of many basic eddy patterns with

different scale (wavenumber) could lead to a fractal corrugation of the surface with

higher intermittency. As shown in (67) for two-dimensional turbulence, the distri-

bution of the isoscalar contours length has been found to be fractal at scales larger

than the pumping but soon become smooth at smaller scale. I think that even such

a simple linear model may provide a generic kinematic picture of the scalar in-

terface and of the formation of a double layer where high moments of the scalar

oscillation peak. Holzer & Siggia (25) simulated the mixing of a scalar with an im-

posed mean gradient in an isotropic turbulent-like flow field and observed that the

scalar field has a ramp-cliff structure, i.e. regions of well-mixed fluid with a nearly

constant scalar concentration bounded by steep cliffs. The ramp-clift structures

are positioned approximately perpendicular to the mean gradient and the visualiza-

tions suggest that the clifts are generated by large-scale straining motions with the

direction of compression approximately aligned with the mean scalar gradient. In

panel (d) of figure 2.11, one can see that even in this extremely simplified situation

a shadow of ramp-cliff behaviour appears.

2.2.4 Initial energy and passive scalar gradient effects on the passive
scalar intermittency in two-dimensional mixing

In this section I have analyzed the asymmetry of the intermittency fronts at large

scales in a two dimensional turbulent mixing at Reλ = 50. I have studied several

cases with different initial conditions for velocity and passive scalar fields. The

following results are averaged by over 100 simulations. This study aims to show

some peculiar features of the intermittency fronts symmetry in the mixing layer as a

function of the energy and passive scalar gradients. Table 2.2 shows the parameters

of the simulations which have been carried out. The computational domain is a
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Table 2.2: Initial condition of energy ratio, passive scalar gradient and integral
scales ratio for all two-dimensional simulations. The Schmidt number is equal to
1. The Reλ of the high energy region is equal to 50.

Run E1/E2 `/`2 ∇θ

R1 6.6 1 0.0161
R2 1 3 0.0161
R3 6.6 3 0.0161
R4 0.15 3 0.0161
R5 1 1 0.1667
R∗6 6.6 1 0.0161

∗ simulation which uses hyperviscosity

4π× 2π rectangle which has been discretized with 1024× 512 grid points. The

initial width of the interface is set to one fifth of the initial integral scale of the high

energy turbulent flow. In these simulations the passive scalar is present in the high

energy region, if the energy gradient exists, in which its concentration is set equal

to one, and it is absent in the low energy region: this passive scalar configuration

is opposite to the case described in the previous section.

As already cited in the section 2.2.2, the velocity field presents a different be-

haviour from the passive scalar one. In particular there is always one intermittency

front for the velocity field whose intermittency intensity is very different from the

one measured from the passive scalar for all simulations carried out. I have ana-

lyzed the intensity asymmetry of the intermittency for all simulation carried out.

The intermittency fronts shows different behaviour for the cases analyzed.

When the initial passive scalar gradients is very steep, already at t/τ = 0.5, two

fronts with high skewness are quickly generated at the edges of the interface, de-

spite that the mixing is still at the beginning (see figure 2.12, panel a). Similar

fronts are observed also in the section 2.2 for the intermittency generated by a lin-

ear wave perturbation. On the other hand, when the initial passive scalar gradient

is smoother, indeed one order magnitude lower, there is a gradual growth which

last till t/τ = 3, after this transient the skewness tends to a minimum value. The

corresponding three-dimensional simulation with the same two-dimensional phys-

ical initial conditions (see fig. 2.12, panel b) seems to have a similar behaviour

but there is a decrease of the intermittency. However, for the three-dimensional

case, the stable asymptotic intermittency level reached is replaced by a slower re-
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Table 2.3: Instantaneous energy and passive scalar gradient for the various two-
dimensional simulation at low Reynolds number. The initial conditions are as de-
scribed in the table 2.2

t/τ E1 E2 E1/E2 −∇E −∇θ ∇E/∇θ

Run 1
0.5 1.738 1.250 ·10−1 1.391 ·101 6.723 ·10−2 1.562 ·10−2 0.23
1.5 1.557 1.040 ·10−1 1.497 ·101 3.158 ·10−2 8.621 ·10−3 0.27
3 1.411 8.700 ·10−2 1.623 ·101 1.948 ·10−2 6.173 ·10−3 0.32

Run 2
0.5 1.727 6.852 ·10−1 2.520 1.679 ·10−2 1.643 ·10−2 0.98
1.5 1.533 4.102 ·10−1 3.737 1.234 ·10−2 9.259 ·10−3 0.75
3 1.345 3.256 ·10−1 4.132 7.337 ·10−3 6.494 ·10−3 0.88

Run 3
0.5 1.734 1.060 ·10−1 1.636 ·101 9.045 ·10−2 1.613 ·10−2 0.18
1.5 1.525 5.400 ·10−2 2.823 ·101 3.770 ·10−2 1.000 ·10−2 0.27
3 1.366 3.400 ·10−2 4.017 ·101 2.184 ·10−2 7.692 ·10−3 0.35

Run 4
0.5 2.181 ·10−1 5.672 ·10−1 3.846 ·10−1 −5.722 ·10−2 1.314 ·10−2 −0.23
1.5 1.869 ·10−1 3.409 ·10−1 5.482 ·10−1 −2.169 ·10−2 1.220 ·10−2 −0.56
3 1.689 ·10−1 2.570 ·10−1 6.530 ·10−1 −1.189 ·10−2 6.859 ·10−3 −0.58

duction. As already observed, this could be due to the energy decay present in the

three-dimensional case higher than the two-dimensional one.

The initial energy gradient is responsible for the intensity and spatial asymme-

try of the passive scalar intermittency when the passive scalar gradient is not very

steep. This threshold is estimate by calculating the maximum value of ∇θ/∇E at

which the asymmetry steel exists as the turbulence develops and the front with high

intensity moves towards the high energy region if an energy gradient exists. In fact

the ratio ∇E/∇θ increases as the turbulence develops (see table 2.12, the Reλ and

the asymmetry decrease. Moreover the energy gradient causes the intermittency

asymmetry and the passive scalar gradient modulate its intensity. I can assume for

this simulations that the intermittency threshold could be approximatively 0.88.

A small integral scale gradient (indeed for an adimensional value of 0.667 in

these simulations, see figure 2.13b) is not a sufficient condition to generate a sig-

nificant asymmetry of the intermittency intensity of the passive scalar and the in-

termittency of the velocity field at least in the first few wddy turn over times. In the

figures 2.13 one can see that the asymmetry is more accentuated in run R3 (panel c)
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(a) 2D mixing (b) 3D mixing

Figure 2.12: Passive scalar skewness distributions in the mixing layer for two dif-
ferent initial passive scalar gradients. (a) Two-dimensional turbulence, R1 sim-
ulation with an initial ∇E = 0.134. Dashed line shows data from an initial ∇θ

equals to 0.0161, continuous line shows data with a steeper passive scalar gradi-
ent (∇θ = 0.1667) . (b) Three-dimensional skewness profile with initial condition:
(E1/E2 = 6.6, ∇θ = 0.0161, `1/`2 = 1, ∇E = 0.0373 and REλ = 50.

than in the runs R1 (panel a) and R2 (panel b). This is due to the fact that the energy

and integral scale gradients are concurrent in the run R3, while, in the other two

cases, only the energy gradient or integral scale gradient are present, respectively,

in run R1 or in run R2. In fact, only one kind of initial gradient is present in run R2

(indeed the energy gradient in run R1 and the integral scale gradient). Moreover,

as the mixing develops, the energy gradients of the R2 case becomes comparable

to the R1 and R3 ones even tough these last ones remain greater than in the R2 case

(see table 2.3). The minor effect of the presence of a small initial integral scale

gradient on to the passive scalar level intermittency in these simulations are high-

lighted by the R4 case. In this simulation the integral scale gradient and the energy

gradient are opposite. Also in this situation it is possible to observe an asymmetry

of the intensity intermittency similar to the R1 case one: the higher intermittency

front moves towards the high energy region. In particular, the initially non concur-

rent ∇` and ∇E lead to a faster time decease. This explains why the initial intensity

asymmetry of the intermittency in the R4 case is smaller than the R1 case one (see

figure 2.13, panels a,d). Therefore, a small ∇` amplifies or reduces (respectively

as it is concurrent or opposite to ∇E) the effect of the presence of an initial energy

gradient and has a smaller influence in absence of an initial ∇E. It is also pos-
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sible, to observe that ∇` has a major effect only on to the velocity intermittency

intensity. In fact, opposite initial ∇` and ∇E (case R4), make the skewness of the

velocity to have a different behaviour with respect to the uniform scale situation

(case R1). In fact, the single peak of the intermittency velocity reaches its absolute

maximum value, already, at t/τ = 0.5. This value is quite stable till t/τ = 3 (see

figure 2.12, panel d), while, in the R1 case, the velocity intermittency increases

between t/τ = 0.5 and t/τ = 3. This is due to the fact that the energy gradient in

R4 decreases faster than in the R1 (see table 2.3).

I have observed a different intermittency intensity for the passive scalar and

velocity field. In fact, despite the energy gradient is higher than the passive scalar

one in all simulation (see table 2.2), the intermittency velocity is smaller than the

passive scalar one. This gap always increases in all simulations, with an initial

∇θ = 0.0161, as the mixing develops, since at t/τ = 1.5 (see fig. 2.12 panel 1,2,3,4)

and decreases in the case of a steeper passive scalar gradient, indeed ∇θ = 0.1667

(see fig. 2.12 panel 5).

Most studies in two-dimensional turbulence make use of hyperviscosity. This

method which aims to reduce the diffusivity of the flow extending the inertial range

to most of the resolved scales can have an impact on the flow statistics. Therefore

I have analyzed also the hyperviscosity influence on to the passive scalar intermit-

tency. It produces, at the borders of the mixing layer, higher intermittency inten-

sity than the normal viscosity case (see figures 2.13 panel (a) and panel (f)). The

passive scalar intermittency increases according to the intermittency generated by

linear wave perturbation and amplified by a smaller viscosity (see figure 2.11f) and

so, the hyperviscosity amplifies the intermittency growth of the passive scalar. I

have measured a 30% of an average increment of the intensity intermittency with

respect to the R1 case one. I have measured the intensity asymmetry of intermit-

tency for R1 case. The intensity asymmetry of the intermittency fronts Smin
θ

and

Smax
θ

, can be quantitative measured by introducing a function ψ defined as:

ψθ =
Smax

θ
−|Smin

θ
|

Smax
θ

+ |Smin
θ
|

(2.6)

This intensity asymmetry decreases as the mixing proceeds in a way quite sim-

ilar to the ∇E does (see figure 2.16 panel a,b). The intensity asymmetry of the

passive scalar intermittency is strictly associated to the asymmetry of the variance
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and flux of the passive scalar (see figure 2.15)

As expected from the results presented in the section 2.3.1, for higher Reλ,

the front with higher intensity, facing toward the higher energy regions, penetrates

much more than the one with lower intensity facing toward the lower energy region.

I have measured this spatial asymmetry, χθ, of the passive scalar intermittency

fronts in the R1 simulation. This spatial asymmetry has been defined as the spatial

distance between the positions of the skewness values at the two intermittency

fronts, Xmin
θ

and Xmax
θ

(see fig. 2.14),

χθ =
Xmax

θ
−|Xmin

θ
|

Xmax
θ

+ |Xmin
θ
|

(2.7)

As the mixing starts and evolves, χθ decreases and tends to an asymptotic value

of about 0.27. I have observed that both the scalar variance and the scalar flux are

shifted in a direction opposite to the energy gradient (see figure 2.15. Note that the

variance and the flux of the passive scalar, normalized on to their maximum value,

are self-similar. Their asymmetry is already generated at t/τ = 0.5 and it decreases

as the mixing develops. This is strictly related to the penetration asymmetry of the

intermittency fronts in the homogeneous regions. The spatial asymmetry increases

as the mixing starts and develops.

The velocity intermittency penetrates in the lower energy region. After some eddy

turnover time, it penetrates less than the passive scalar does. I can measure its

shift χu as the spatial difference between the position of the absolute maximum

skewness value Xmax and the center of the domain Xc(see fig.2.16,

χu = |Xmax−Xc| (2.8)

By using a power law fit of these asymmetry measures, I have obtained a decay

exponent equal to about−0.67±0.05 for the passive scalar intermittency, while the

energy gradient decays with a power law exponent equal to −0.69± 0.05. These

are almost equal, respectively, to the thickness mixing layer growth described in the

section 2.2.1 (see figure 2.6). This suggests that the scalar intermittency asymmetry

is strictly connected to the presence of an energy inhomogeneity.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.13: Passive scalar and velocity skewness profiles along the inhomoge-
neous direction for different simulation and with different initial conditions: (a)
run R1, ∇E = 6.6, `1/`2 = 1, ∇θ = 0.0161; (b) run R2, ∇E = 1, `1/`2 = 3,
∇θ = 0.0161; (c) run R3, ∇E = 6.6, l1/l2 = 3, ∇θ = 0.0161; (d) run R4, ∇E = 0.15,
l1/l2 = 3, ∇θ = 0.0161; (e) run as R4 but with ∇θ = 0.1667; (f) run R6 (as R1 but
with hyperviscosity).
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Figure 2.14: Passive scalar and velocity field skewness along the inhomogeneous
direction for a two dimensional mixing, respect to the mixing layer center xcm, with
initial ∇θ = 0.1667. (a) as R1 simulation but with ∇θ = 0.1667. (b) R5 simulation.

Figure 2.15: Passive scalar variance (panel a ) and passive scalar flux (panel b) pro-
files along the inhomogeneous direction. The passive scalar variance and flux are
normalized by their maximum values. The higher variance and flux are localized
in the high energy region.
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Figure 2.16: Temporal evolution for run R1 case in the first three time scales. (a)
Temporal evolution of the two skewness peaks in the mixing layer panel. (b) Time
evolution of the energy gradient and asymmetry of the intensity of the passive
scalar intermittency. (c) Spatial asymmetry of the passive scalar intermittency po-
sitions in the mixing layer. (d) Shift of the velocity field intermittency front towards
the low energy region.
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Figure 2.17: Compensated passive scalar one-dimensional spectra in the centre of
the mixing layer in two (part a) and three dimensions (parts b and c). The black
dashed lines reproduce, at one instant, the compensated one-dimensional velocity
spectrum in the same position. All spectra have been computed by integrating over
the homogeneous directions yi. All the simulations have an initial energy ratio
E1/E2 = 6.7
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Figure 2.18: Compensated passive scalar one-dimensional spectra in the centre of
the mixing layer in three dimensions. The black dashed lines reproduce, at one
instant, the compensated one-dimensional velocity spectrum in the same position.
All spectra have been computed by integrating over the homogeneous directions
yi. All the simulations have an initial energy ratio E1/E2 = 6.7

2.2.5 Passive scalar spectra across the mixing

In this last section, Idescribe briefly here the spectral behaviour of the two and

three-dimensional passive scalar trasient transport across the interface bewteen two

isotropic turbulences. This is in comparison with the velocity field. In three di-

mensiosn the velocity field undergoes an intense energy cascade. However, in this

study Iconsider turbulence mixings in temporal decay. This circumstance is com-

plex because the forward cascade in temporal decay is concomitant with the small

scale disappearance due to dissipation. In the ten time scales Iobserve in this set

of simulations, the turbulent energy decays of more than the 90% (dE/dt ∼ t−1.2

(68). The inertial range is reduced in width, see fig. 2.18. In two dimension, the

dynamics is more complex as the inverse energy cascade is accompanied by the

forward enstrophy cascade. In 10 time scales, the total energy decay is still mild:

14% for a global Reynolds number of about 3000 (2048× 4096 resolution). I are

thus observing the early part of the transient decay.

The situation is the following. After a few eddy turnover times, in the central

part of the mixing layer, between the two intermittent fronts, the passive scalar

fluctuations tend to a slow varying state. As shown in figure 2.7(a,c), the variance

in the centre of the mixing region decays very slowly even in the three-dimensional

flow, which has a relevant kinetic energy decay of the underlying flow (see (29)).
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In figure 2.18, compensated one-dimensional passive scalar spectra in the centre

of the mixing layer are shown. They show a full range of scales just after one

eddy turnover time. The spectra in figure 2.18 have been compensated by their

inertial range exponents. In the three dimensions, the inertial range scaling k−5/3

has been used, (69). The inertial range seems to be wider for the passive scalar

fluctuations than for the velocity fluctuations, a feature already observed (70). In

two dimensions, the passive scalar exponent in the inertial range at the end of

the transient is about −1.7, which is roughly one half of the −3 exponent of the

velocity field and is far from the k−1 inertial range scaling of homogeneous and

statistically stationary flows (see, e.g., (71; 72; 73)). In three dimensions, the

difference between passive scalar and velocity exponents is very mild and both

tend to approach the homogeneous turbulence scaling. However, the passive scalar

spectrum seems to show a wider inertial range region, a feature which has been

observed also in homogeneous flows at moderate Reynolds numbers, see (74).

I observe, that for the present three dimensional fields the inertial range scaling

exponent for the velocity field is lower than the one of the passive scalar field as

previously noted by (74; 75). In particular, in homogeneous isotropic turbulence at

Reλ = 250, (74) found inertial range exponents equal to 1.58 and 1.62 for velocity

and passive scalar fields, respectively. In the present three dimensional numerical

experiment, the centre of the mixing layer is characterized by the emerging of

an inertial range where the exponents can be estimated as 1.5 (for the velocity

field) and 1.62 (for the passive scalar field) at Reλ = 250. Following Danaila &

Antonia (74) and Lee et al. (70), Ihave tried to obtain a relation between the spectral

exponent of the scalar and velocity fields. With comparison with the estimations by

these authors, mθ = 5/6+mu/2, where m is the modulus of the spectral exponents,

Ifound out mθ = 0.57 + 0.67mu. The constant accuracy is 0.57±0.11 and 0.67±
0.07.

As general observation, Imay say that the spectra of the passive scalar fluctua-

tions seems to be have an asymptotic behaviour in the mixing region. As the front

move towards to the homogeneous regions, the passive scalar spectra increases

and its exponent tends to−5/3 (see figure 2.19). This -5/3 regime is anyway in ba-

sic agreement with studies on passive scalar transport in homogeneous flows. For

example, it has been found that such regime appears even in homogeneous shear

flows for wavenumbers higher than the crossover shear wavenumber (76).
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Figure 2.19: Compensated passive scalar one-dimensional spectra at a fixed posi-
tion (x−xc)/`(0) = 1.5 (x = xc +1.5`(0)). During the transient, the mixing reaches
this position, so that the normalized positions (x− xc)/∆θ is about 1.5, 1.25, 0.5
and 0.25 for t/τ equal to 0,1,5,10 respectively in the three dimensional mixing at
Reλ = 250. `(0) is the initial integral scale. All simulations have an initial energy
ratio E1/E2 = 6.7
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The situation is different for the two dimensional field, because in this case

the spectral exponent inside the transient mixing changes little, mu = −3± 0.2.

Reynolds effects here are not visible. For the scalar field, instead, the situation is

opposite, the exponent variation is large, from mθ =−2.7 at t/τ = 0.5 to mθ =−1.7

at t/τ = 10. Once again, the passive scalar field differs substantially from the trans-

port carrier. I have here a situation partly similar to what observed by Bos et al.

(71), see fig.4 therein. In that paper, where HIT forced at small wavenumbers is

considered (forward enstrophy cascade), the scalar spectrum shows to be substan-

tially smaller than the velocity one (-1 againts -3). On this respect, Ishould point

out that the inhomogeneity and anisotropy effects may limit the decrease of scalar

spectral exponent with respect to the velocity exponent. Furthermore, a priori I do

not know the length of the transient. It is possible that we are still inside the early

part of the transient where the forward cascade has not had time to settle on the

asymptotic state. This aspect needs to be considered more in depth with further

dedicated experiments.
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Chapter 3

Application to an atmospheric
flow: passive scalars transport
across clean-air/clouds interface

Turbulence plays an important role in the mixing and transport in the atmosphere,

as in the clouds dynamics. Clouds has typical Re` in the range 106− 108. There

are mechanism of turbulence in the clouds which are not still understood. In this

chapter I analyze the dynamics of the turbulence at a cloud interface by mean of

Direct numerical Simulation.

In fact the spectra range of this simulation corresponds to the highest wave-

numbers experimental spectra of a typical atmospheric turbulence. This set of

simulations can not describe the dynamics of turbulence inside a full cloud, but it

aims to represent the local dynamics at small-intermediate scales. A comparison

between the wave numbers range I simulated and in situ measurements is given in

figure 3

3.1 Physical system simulated

A turbulent mixing like the one which can occur at the interface between cloud and

dry air is simulated by solving the Navier Stokes equations, assuming the Boussi-

nesq approximations. Water vapor is seen as a passive scalar. Some important

aspects of cloud dynamics, like droplet evaporation/condensation are not consid-
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Figure 3.1: Kinetic energy spectra. In field data measured in the atmosphere at
various altitudes in presence of different levels of stratification [Biona et al. (77),
Katul et al. (78), Lothon et al. (79), Radkevic (80)] and comparison with present
simulations.
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ered in this study. I assume a temperature profile T defined as:

T = T0 +T ′′+T ′ (3.1)

where T0 is reference temperature, T ′′ is the background temperature profile and

T ′ is the local perturbation. The temperature profiles used in this study are shown

in the figure 3.1. I simulate a small box which is 6 m high in the vertical direction.

Clear air and the cloud are seen as homogeneous turbulent flows with different tur-

bulent kinetic energy. The integral scale is uniform and equal to 0.3 m. The initial

smooth interface is as thick as the integral scale. The numerical initial condition

described in the chapter 2, section 2.1, are applied to this physical system simu-

lated. Two isotropic turbulent fields are separated by an interface which is thick as

the integral scale ` = 0.3 m. The water vapor present in a typical cloud, at about

1000 m above the sea level, is the passive scalar initially and uniformly introduced

in the low energy field of the present simulation. In the dry air turbulent region the

passive scalar is not present and it has a lower energy (see figure 3.1. The mixing

is analyzed in the cloud-dry air interfaces in a stable temperature profile.

The main initial condition are shown in the figure 3.1 and summarized by

means the following assumptions:

• the energy ration is set equal to 6.7 and the layer of clouds presents a higher

kinetic energy than clean air (see figure 3.3).

• the thickness of the interface is above 0.3 [m] high.

• water vapour acts like a passive scalar.

• clouds are situated at around 1000 m high above the sea level.

3.2 Mathematical formulation

To account for the vertical stratification, the Boussinesq approximation are applied

to the Navier Stokes equations. For an incompressible fluid the Boussinesq ap-

proximations are based on the following hypotesis:

• density variations can be neglected in the governing equations except in the

buoyancy force.
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Figure 3.2: Left panel: initial temperature profile of the simulation. The black
line is the temperature fluctuations profile T ′(x, t). The red line is the background
temperature profile, T ′′ for a temperature gradient equal to 0.0065 K/m and the
blue line is the general temperature profile T (x) = T ′(x, t)+ T ′′(x3) (left). Right
panel: schema of the temperature profiles representation of the physical problem
studied. In the green circle area Lz is one size of the domain simulated and ∆θ is
the mixing layer thickness. The black line from the ground to the cloud represents
the standard atmosphere temperature profile.

Figure 3.3: Configuration for the cases of top mixing. Gray area indicate the pres-
ence of water vapour in the initial conditions.
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• density fluctuations due to the convection result principally from the thermal

effects.

The first assumption simplifies the momentum equation to:

Du
Dt

=−−∇(p/ρ0)+ν∇
2u+ f (3.2)

with u, ν and f are, respectively, the velocity field, viscosity coefficient, exter-

nal force per unit of mass and p is the pressure defined as:

p = p′(x3)+ p′′(x, t) (3.3)

where p′ is the linear pressure vertical profile and p′′ is the local pressure per-

turbatio.

The body force f is the Bouyancy term which depends on the gravity acceler-

ation g = ge3 and on the mass density fluctuations ρ′.

f =−(ρ′/ρ0)ge3 (3.4)

According to the second assumption, ρ linearly depends on the temperature T

of the fluid only:

ρ = ρ0[1−α(T −T0)] (3.5)

where T0 is a reference temperature, ρ is the density at T0 and α is the volume

expansion coefficient.

By using 3.4 and 3.5 equations in 3.8, the momentum equation is:

Du
Dt

=−∇(
p

ρ0
+gx3)+ν∇

2−α(T0−T )g (3.6)

where x3 is the altitude. We assume that the general temperature T can be

decomposed in three component:

T = T0 +T ′(x, t)+T ′′(x3) (3.7)

where T ′(x, t) is the local temperature perturbation and T ′′(x3) = Gx3 is the

background linear temperature profile (for the standard atmosphere the temperature
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gradient G = dT ′′/dx3 is equal to G0 = 0.0065 K/m).

Therefore the momentum equation is:

Du
Dt

=−∇(
p

ρ0
+gx3)+ν∇

2u+α(Gx3 +T ′)g (3.8)

This equation can be written in terms of the Brunt-Väisälä term, N2, which

is the frequency at which a vertically fluid particle oscillates when subject to an

infinitesimal perturbation in a stable atmosphere. It s defined as:

N2 =−g
ρ

∂ρ

∂x3
= αg

dT ′′

dx3
= αgG (3.9)

The stratification is stable when N2 > 0, that is, when the density decreases

with the altitude according to the Boussinesq approximations. By using the Brunt-

Väisälä term, the momentum equation can be written as

Du
Dt

=−∇(
p
ρ

+gx3−
1
2

N2x3
2)+ν∇

2u+N2 T ′

G
i3 (3.10)

The energy equation written in term of absolute temperature is:

DT
Dt

= k∇
2T (3.11)

Substituting the equation 3.7 in 3.11:

DT
Dt

= k∇
2[T ′(x, t)+T (x3)] = k(∇2T ′(x, t))+Gu3 (3.12)

therefore,
DT ′

Dt
= k∇

2T ′(x, t)−Gu3 (3.13)

In this thesis, the equations 3.10 and 3.13 are used for the simulation. The

stability condition is analyzed.

3.3 Validation of the numerical code

To qualitatively test the code, I have compared the simulated data with the experi-

mental data measured by Jayesh and Warhaft in a wind tunnel experiment (35). In

their experiment, they have considered a turbulent mixing between two region with
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Table 3.1: Data calculated by using the experimental data of Jayesh and Warhaft
(35). This data are calculated by using the following relations: ` = 1.0132M2,
L = 10l, Reλ = (16Rel)0.5, λ = Reλ/urms, η = ν0.75`0.25u0.75

rms .

Reλ [m] l [mm] λ [mm] η [mm] ν [m2/sec]
250 4.052 ·10−2 4.9 0.21 1.67 ·10−5

different kinetic energy and temperature (see figure 3.4). The velocity fluctuations

were generated by forcing a flow into grid with different mesh size M1 = 3.175

mm and M2 = 12.6 mm.

The grid mesh in the upper region grants a very low level of turbulent energy

(in fact, energy in this region can be assumed almost equal to zero).

z

x

y

U

M1 Hot

Cold U T(z) k(z) θ'2(z)

Mixing or
interfacial layer

Strong, large scale turbulence

Weak, small scale turbulence

Composite grid

M2

Figure 3.4: Experiment configuration

In order to replicate the experiment with my code, I have considered the exper-

imental data at x/M2 = 12 as initial condition (where x is the direction of the mean

flow, normal to the grid). The table in figure 3.1 describes the data of the Jayesh

and Warhaft experiment used in this study. I can compare this experimental data

with this simulation ones.

The comparisons between computational and experimental measure of the tem-

perature flux statistics are shown in the figures 3.5. I have considered the flux mea-

sured by (35) at two downstream locations, at x/M2 = 32, with negligible stratifi-

cation, and at x/M2 = 146 in a stably stratified region where the flux has reversed

sign in the weak turbulence region (see figure 3.4). The heat flux, the derivative
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of the heat flux and the flux of the heat flux for the experimental data and for this

simulation are plotted in figures 3.5. The profiles seems to have a good qualitative

agreement with the simulation ones. Apart of the different intensities of the peaks,

the trend of the simulation profiles seems to be confirmed by the experimental data.

3.4 Analysis of the results

In this section the influence of the value of the atmospheric temperature and gra-

dient and a strong temperature gradient will be analyzed. In fact, the statistics

of velocity fields and of the two scalars fields (temperature fluctuations and water

vapour concentration at large scales) in a stable configuration will be compared at

different intensity of stratification G (2G0,30G0,100G0,500G0,5000G0) with G0

is the lapse ratio of the standard atmosphere. A single case of unstable stratification

at G =−100G0 is also shown. It is possible to consider an atmospheric stratifica-

tion only at G = G0 or G = 2G0. The higher stratification (G > 2G0) is possible

achieved in particular laboratory experiments. Therefore, the application of this

model to an atmospheric case can be associated only for small scales (order of 1

m) of the atmospheric turbulence for G = G0 or G = 2G0 since higher temperature

gradients than 2G0 do not correspond to standard atmospheric conditions.

3.4.1 Large scales velocity field analysis

The root mean square of the velocity field normal to the interface shows a peculiar

profile when the stratification is high (indeed at G > 500G0): an energy hole gen-

erates in the mixing layer (see figure 3.6). Higher the stratification deeper the hole.

This hole increases (see figure 3.6) as the mixing proceeds. A qualitative measure-

ments of this energy hole is described in the figure 3.8. In this figure it is possible

to define, for G = 5000G0, at t/τ w 4 a time threshold after which an energy hole

generates and increases in time. This threshold increases as the stratification de-

creases. Indeed, for a stratification of G = 500G0, the time scales threshold is at

about 6 eddy-turnover times.

The integral scale and the energy thickness of the mixing layer present different

behavior as the mixing develops and with different intensity of the stratification.

For very high stratification intensity (indeed for G = 5000G0), the energy thick-
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Figure 3.5: Comparison of the flow statistics among Jayesh and Warhaft experi-
ments and simulations with Reλ = 250 ). Jayesh and Warhaft data (left) are re-
ferred at x/M2 = 32 with a Ri = 0.8, where Ri is the Richardson number (dashed
line) and x/M2 = 148 with Ri = 63(solid line). The flow simulated (on the right)
are referred to a Ri = 0.11 at 30G0 case (dashed line) and to Ri = 18.2 for 5000G0
case (solid line). In the panel (a) and (b) mean temperature flux are measured at
t/τ = 2.5, while in the rest of the panels derivative of temperature flux and flux of
temperature flux are measures at t/τ = 3.2.
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Figure 3.6: Comparison of the root mean square of the vertical fluctuations u3,
normal to the mixing interface, at different level of stratification at t/τ = 4 (left)
and at t/τ = 8 (right). Velocity are normalized with the mean of the third velocity
field component, u2

3, in the homogeneous turbulent region (outside mixing).

ness dramatically decreases after about t/τ = 4.5. This is due to the fact that two

energy gradient generates. The energy thickness measured is referred to the high

energy one. The t/τ threshold, at which the energy thickness of the mixing layer

decreases, depends on the intensity stratification: the higher stratification the lower

this threshold is (see figure 3.7 left panel). This behavior is similar to the temporal

evolution of the integral scale in the mixing region (see figure 3.7, right panel). For

low stratification (indeed minor than G = 5000G0) the integral scale grows as the

stratified case one. But for greater stratification than G = 5000G0, after t/τ = 1, it

increases slower and at about t/τ = 4.5, it starts to decreases. This decreasing is

due to the fact that ∆E is defined for a positive energy gradient (∇E > 0). Therefore

when the enery hole is generated I have measure the energy thickness for the for

the velocity inhomogeneity towards the high energy region.

As in the not stratified field, this case presents a similar intermittency behaviour

when the stratification is low (indeed G < 5000 at t/τ = 4). Instead, as the stratifi-

cation is higher and mixing proceeds, two intermittency fronts generate, increases

in intensity and move towards the isotropic fields. In this particular study, at t/τ = 4

for G = 5000G0 the vertical velocity field skewness profile presents two peaks op-

posite in sign and lower than the single peak value of the minor stratification ones.

At t/τ = 4 the skewness of the vertical velocity field with G = 2G0 decreases of

about 40% as the the turbulent is stratified with G = 500G0. When the two fronts

76



 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0.55

 0  2  4  6  8  10

t/τ

ℓ
[m

]

2G
30G

100G
500G

5000G
−100G

(a)

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0.55

 0.6

 0  2  4  6  8  10  12

t/τ

∆
E

[m
]

2G0
30G0

100G0
500G0

5000G0
−100G0

(b)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 0  2  4  6  8  10  12

t/τ

∆
T
[m

] 2G0
30G0

100G0
500G0

5000G0
−100G0

(c)

Figure 3.7: Integral scales (a), energy (b) and temperature (c) thickness in the mix-
ing interface for different stratification intensities. In apnel (b) the ∇E is measured
for ∆E > 0.
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generate at G = 5000G the maximum value skewness decreases of about 70%. As

the mixing proceeds, the single peak value skewness at G = 30G0 decreases and the

two skewness values of the fronts for G = 5000G0 increases (see figure 3.9 (b)).

At t/τ = 8, for G = 500G0, two skewness peaks generate with a lower intensity

than the higher stratification case (indeed G = 5000G0). The kurtosis have a quite

different behaviour: two high peaks generate only at t/τ = 8 and for G = 5000G0.

3.4.2 Large scales passive scalar analysis

Concerning the transport of the passive scalars, the physical and statistical be-

haviour has some peculiar behaviour. They show, in some aspects, a different

behaviour respect to the unfiltered case as the stratification is important. The de-

velopment of the mixing layer is inhibited by the Buoyancy force. The temperature
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thickness decreases as the stratification increases (see figure 3.7 High stratification

has important influence also on to the scalars transport. The intensity of the high in-

termittency fronts decreases more rapidly when the stratification level is elevated.

In figure 3.10 it is possible to see at different level of stratification the variance

and mean temperature profiles along the inhomogenous directions at t/τ = 4 and

t/τ = 8.

The stratification is characterized by two fronts of intermittency of the temper-

ature in the mixing layer. Their intensity are asymmetric. In fact the skewness and

kurtosis fronts towards the high energy region are minor than the ones towards the

low energy region (see figure 3.11).

The stratification inhibits the mixing as the temperature gradient increases. The

passive scalar transported by the velocity field shows a peculiar behavior respect to

the not stratified case described in the previous chapter. The passive scalar variance

shows a skewed profile towards the high energy region and the skewness and the

kurtosis are higher in the low energy region. When the stratification is high (indeed

for G = 5000G0) the intensity intermittency of the both decreases. The stratifica-

tion seems to inhibit the penetration of the asymmetric penetretion of the scalars

intermittency front towards the homogeneous regions: it tends to make them more

symmetric

In particular they are quite symmetric in space. The high stratification reduces the

passive scalar variance and the intermittency intensity, in fact the skewness inten-

sity of the fronts at G = 5000G0 at t/τ = 4 decreases of about 70% and the kurtosis

of about 84% (see figure 3.12).
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normalized by the temperature initial thickness at t/τ = 4 (left panels) and t/τ = 8
(right panels). The yellow line in the temperature variance plot refers to the unsta-
ble case.
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Figure 3.11: Comparison of the temperature fluctuations skewness and kurtosis at
different stratification intensity along the inhomogenous direction, at t/τ = 4 (left
panels) and at t/τ = 8 (right panels).
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Figure 3.12: Comparison of the mean, variance, skewness and kurtosis water
vapour at different stratification intensity along the inhomogenous direction, at
t/τ = 4 (left panels) and at t/τ = 8 (right panels).
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Chapter 4

Conclusions

To summarize, two different physical system of turbulence have been studied:

the first system is a homogeneous turbulence flow in absence of passive scalar

at Reλ = 280 and the second is an inhomogeneous turbulent flow in presence of

passive scalars at different Reλ. For the first system I carried out a set of statistical

information about the stretching and tilting intensity of vortical structures normal-

ized by the enstrophy, f (x) = |ω·∇U|
|ω|2 (x). In the latter I have collected a set on

numerical experiments dealing with the transport of a passive scalar through the

interaction layer between two decaying homogeneous turbulent flows with differ-

ent initial energy and passive scalars conditions.

For the first case, a very small probability of having a larger stretching/tilting of

intensity than the double of the square of the vorticity magnitude have been found

. Then, if compact structures (blobs) in the inertial range are filtered out, it can be

seen that the probability of having higher f than a given threshold s increases by

20% at s = 0.5, and by 60-70% at s = 1.0. If, on the other hand, larger blobs are

filtered, an opposite situation occurs. The unfiltered field is thus a separatrix for

the cumulative probability function. This behavior - high fluctuation vorticity mag-

nitude → low stretching, and viceversa - agrees with general aspects highlighted

by a number of laboratory and numerical analysis, (6; 15) also in near wall turbu-

lent flow configurations(9). The present observations need to be associated to the

non discriminating effect of filtering on filaments and sheets, which is due to their

specific nature that cannot be reconciled inside either a category of small or large

scales. It has also been shown that a high intermittency is associated to f , whose
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kurtosis is as high as 55.

The probability density function of the alignments between the strain rate eigen-

vectors and the vorticity is in part modified by the anisotropic filtering here inves-

tigated. In particular, I observe that, though the standard trend of alignments is

not fully spoiled, eigenvector 2 reduces its alignment, while eigenvector 3 reduces

its misalignment. Conversely eigenvector 1 shows a different behaviour. In the

band stop filtering case (large scale dominate) eigenvector 1 slightly increases the

alignment. In the high pass filtering case (inertial scales dominate), eigenvector 1

reduces the alignment that becomes statistically equal to that of the eigenvector 3.

This is confirmed by considering the mutual ratio among the averaged strain rate

eigenvalues and related components of the enstrophy production. Both filters in-

crease the gap between the most extensional eigenvalue < λ1 > and the intermedi-

ate one < λ2 > and the gap between this last < λ2 > and the contractile eigenvalue

< λ3 >. However, when the large scales are missing, the modulus of eigenvalues

1 and 3 become nearly equal, similar to the modulus of the related components of

the enstrophy production.

For the second physical system I have analyzed, by means of one-point statis-

tics and spectra, the evolution of the passive scalar in an inhomogeneous turbu-

lence. We have carried out a set on numerical experiments on the transport of a

passive scalar through the interfacial layer separating two decaying isotropic turbu-

lent flows with different or equal levels of kinetic energy. This system is a shearless

mixing, possibly the simplest inhomogeneous turbulent flow because of the lack of

a mean flow and thus no generation of turbulent energy. The system has a high

degree of generality, since it is unsteady, inhomogeneous and anisotropic.

We have compared the advection of the scalar field in two and three dimen-

sions. The evolution of the passive scalar field has been analyzed by means of

one-point statistics and spectra computations.

The main conclusions are the following. The diffusion length of the scalar, ∆θ,

follows closely the temporal evolution of the self-diffusion of the velocity field,

∆E . In two dimensions the growth is faster: ∆E ∼ ∆θ ∼ t0.68±0.05, while in three

dimensions ∆E ∼ ∆θ ∼ t0.48±0.05. At equal times in the transient, the scalar flow is

about twice as large in two dimensions than in three dimensions. Also the scalar

variance in the centre of the mixed layer is 50% higher in two dimensions.

An important observation concerns the presence of two scalar intermittent fronts
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which appear at the sides of the mixed region. The intermittency levels of the fronts

is initially high and gradually decays in time. In all simulations, the fronts move

away from the initial position of the interface. The front on the high energy side

of the mixing penetrates deeper into it. This asymmetry is milder in the three-

dimensional case.

The intermittency is not limited to the large scales, but involves also the small

scale. In two dimensions, the small scale intermittency decay is fast. In three di-

mensions, the decay is slower and the kurtosis values are sensibly higher. The large

scale intermittency is less affected by dimensionality issues, though the kurtosis is

higher in three-dimensions.

To understand the formation of the double intermittent layer, I carried out an

analysis based on simple wavy perturbations of the interface. The formation of the

bilayer is once again observed and is promoted by undulations which are normal to

the interface and propagate along it. Since in this case the flow field is linear and

may contain only one spatial and one temporal scale, I may infer the bilayer for-

mation is a general dynamic characteristic. Thus, it is not specific to the turbulent

transport.

Peculiar features are carried out analyzing the effects of the initial energy and pas-

sive scalar condition on to the asymmetry of intermittency at large scales. In partic-

ular in two dimensions the time evolution of the energy gradient and of the intensity

asymmetry of the intermittency of the passive scalar, seem to have, respectively, the

same decay exponent of the thickness ∆θ and ∆E .

In the centre of the shearfree mixing layer, in three dimensions, the passive

scalar and velocity spectra both show an inertial range with an exponent close to

−5/3. The passive scalar exponent is found to be always a bit larger then the energy

exponent, in agreement to previous laboratory experiments in grid turbulence.

In two dimensions, the inertial range energy scaling is close to k−3, while the

passive scalar tends to k−1.7. At the end of the transient evolution in both cases I

observed (10 time scales), I found an exponent value which is closer to the three

dimensional k−5/3 forward cascade than to the two dimensional k−1 Batchelor’s

scaling.

The application of this method to the water vapour transported across clean-

air/clouds interface in presence of a stable local perturbation of the atmospheric

standard temperature gradient has been produced other interesting and peculiar re-
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sults. The stratification has a relevant influence on to the passive scalar transport

as it has high values (indeed for ∇T > 5000G0), else it does not produce any dif-

ference as compared with the unstratified case. We can deduce that in atmosphere,

with standard condition, at the interface between clean-air and clouds the stratifi-

cation does not have a relevant importance for the physical and statistics feature

analysed in this work.
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