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Introduzione

La turbolenza è un fenomeno che si verifica molto frequentemente in natura ed è per
questo materia di studio da diversi secoli. I flussi turbolenti trovano applicazione
in diversi campi industriali, dal settore aerospaziale alla meteorologia, dall’impiego
nell’ambito di combustioni e reazioni chimiche agli studi in emodinamica cardiovas-
colare. Per avere un’idea di come la turbolenza è presente nella vita di tutti i giorni,
basta osservare la scia prodotta da un nuotatore o il fumo di una sigaretta.

L’esperienza comune permette di identificarne le caratteristiche comuni, su tutte
l’instazionarietà, l’irregolarità e la caoticità del moto. La turbolenza è strettamente
correlata agli alti numeri di Reynolds ed è un fenomeno continuo tipicamente tridi-
mensionale. È collegata alle fluttuazioni di velocità che avvengono su un’ampio
intervallo di lunghezze di eccitazione e su vaste scale temporali nello spazio fisico:
analogamente saranno ampi gli spettri nello spazio dei numeri d’onda.

Esperimenti e simulazioni numeriche sono condotte parallelamente con lo scopo
di comprenderne la fisica ed analizzarne le diverse proprietà. Soprattutto negli ultimi
anni, l’evoluzione nel settore tecnologico e l’incremento nelle potenze di macchina
disponibili, delle velocità di elaborazione e calcolo e delle capacità archiviazione dati
hanno portato a un interesse crescente nella Fluidodinamica Computazionale (CFD).
I campi di moto turbolenti vengono simulati risolvendo le equazioni di governo di
Navier-Stokes, in forma diretta o con delle modifiche volte o ad evidenziarne degli
aspetti particolari o a ridurne i costi computazionali, ovviamente a patto che non
vengano perse informazioni o variata la fisica del problema in esame. In più, lo
sviluppo di software di visualizzazione di dati scientifici rappresenta un ulteriore
strumento per studiare la turbolenza visivamente e capirne la dinamica.

Il soggetto di questo lavoro di tesi è il seguente: un campo di moto cubico 10243

di turbolenza omogenea isotropa è analizzato in un preciso istante temporale. È
il risultato di una Simulazione Numerica Diretta (DNS), che consente di risolvere
tutte le scale turbolente. L’accuratezza dovuta ad uno schema risolutivo molto
accurato permette di studiare in modo preciso e dettagliato questo campo di moto
teorico ideale. Qui, le statistiche su ogni quantità sono indipendenti dalla posizione,
e traslazioni e/o rotazioni non hanno e↵etto: nella turbolenza isotropa, le proprietà



medie possono essere considerate indipendenti dall’orientamento nello spazio. Tutte
le variabili, siano esse scalari (come per il modulo della vorticità, l’energia cinetica
media, l’enstrofia) o vettoriali (come la velocità o la vorticità stessa) sono visualizzate
per mezzo di tecniche volume rendering o grafici pseudocolor e iso-superficie.

Inoltre, è introdotta una nuova funzione locale del campo di moto che tiene
contro degli e↵etti del termine di allungamento-rotazione dei vortici dall’equazione
di Helmholtz per la vorticità. Il valore scalare di Stretching-Tilting Normalizzato
nst(x) è dato dal rapporto tra il termine |! ·rU| ed il quadrato del modulo della
vorticità |!|2, valore pari al doppio dell’enstrofia calcolata in quel punto.

Dei filtri agenti nello spazio dei numeri d’onda sono realizzati su misura, per
isolare dal campo di riferimento le strutture di piccola e media dimensione. Alcuni
campi filtrati sono confrontati con quello di riferimento, per mezzo di visualizzazioni
ottenute con il software open source VisIt e attraverso analisi prettamente statistiche.
I codici di processing e post-processing utilizzati sono scritti in linguaggio Fortran.

Lo schema della discussione segue dei punti chiave. Nel primo capitolo sono
presentati gli strumenti necessari allo studio e alla comprensione della turbolenza.
Vengono richiamate le equazioni della fluidodinamica di Navier-Stokes e dei concetti
alla base dell’analisi statistica. Si parla di scale integrali, di correlazioni e funzioni
di correlazione, e di analisi spettrale, con particolare attenzione al caso teorico di
turbolenza omogenea isotropa. È proposta una particolare suddivisione delle vari-
abili istantanee del campo di moto, il cui contributo medio è separato da quello
fluttuante.

Il secondo capitolo presenta lo stato dell’arte nel campo della Fluidodinamica
Computazionale: si focalizza l’attenzione sulla tecnica della Simulazione Numerica
Diretta, presentandone pregi e limiti (con riferimento alla proporzionalità diretta
tra costi numerici e numeri di Reynolds). Quindi è proposto un accenno alle altre
tecniche di calcolo (RANS e LES). Di seguito sono descritte le tecniche di visualiz-
zazione di dati scientifici ed è fornito un breve compendio sulle caratteristiche del
software VisIt.

Il cubo di Turbolenza Omogenea Isotropa è studiato nel dettaglio nel capitolo
3. Inizialmente sono presentati i campi di velocità, poi quelli di vorticità, energia
cinetica ed enstrofia, ricavati dai primi con semplici operazioni di processing. Segue
il calcolo delle correlazioni e lo studio degli spettri unidimensionali di velocità e
vorticità. Le ultime pagine del capitolo sono dedicate allo studio dello stretching-
tilting normalizzato, del quale si studiano la distribuzione cumulativa e la funzione
densità di probabilità, prima di raccoglierne le statistiche relative ai momenti di
ordine n (valore atteso, varianza, skewness e kurtosis).

I filtri descritti nel capitolo 4 agiscono nello spazio dei numeri d’onda. Sono
concepiti per isolare dal campo originale completamente risolto le strutture vorticose
unidimensionali (con il filtro FILAMENT), bidimensionali (con il filtro SHEET) e



tridimensionali (con il filtro SPHERE). Il filtro CROSS invece è progettato con
l’obiettivo di filtrare tutti gli eddies aventi almeno una dimensione rilevante, quindi
unisce gli e↵etti dei tre filtri di cui sopra. Successivamente, sono apportate delle
varianti a questi filtri, imponendo delle restrizioni (SPHERE threshold e conical
SHEET), tramite un controllo sui valori limite nello spazio di Fourier.

Il confronto tra il campo di riferimento e quelli ottenuti dal filtraggio spettrale
è l’argomento del quinto capitolo. Inizialmente sono proposti dei confronti grafici
relativi alle immagini ricavate con VisIt, quindi alcuni particolari trend evidenziati
vengono confermati da un’analisi puramente quantitativa delle statistiche sulle vari-
abili. Nel dettaglio, l’attenzione è rivolta allo studio della funzione scalare nst(x),
vista come un criterio di localizzazione delle piccole scale della turbolenza.

Il capitolo 6 riguarda le conclusioni ed i commenti al lavoro di tesi. È fatto un
breve accenno alle possibili applicazioni e agli sviluppi futuri dello studio e della
caratterizzazione della funzione di stretching-tilting normalizzato.

Infine, in Appendice A sono proposti dei richiami sull’analisi di Fourier. In-
oltre sono riportate le istruzioni salienti dei codici Fortran che sono stati sviluppati
nell’ambito del lavoro di tesi: quelli generici in Appendice B e quelli relativi al
filtraggio in Appendice C.
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Abstract

This thesis describes the behaviour and the main features of homogeneous isotropic
turbulence by means of statistical analysis on a reference field and visualisation tools.
A 10243 DNS is investigated and its statistics are compared with the properties of
modified fields resulting from the application of ad hoc filters acting on the wave-
vector space, in order to understand the relevance of the smallest and medium scales.

Vector variables such as velocity and vorticity and scalar quantities such as mean
kinetic energy, enstrophy and vorticity magnitude are evaluated. Moreover a new
function nst is proposed with the aim of describing the connection between the
vortex stretching-twisting term in Navier-Stokes equations and the vorticity in each
point of the computational domain.

Source codes in Fortran programming language provide processed data for a
mathematical study of the flow field. Otherwise, the open source visualisation soft-
ware VisIt Visualisation Tool allows a graphical analysis of scientific results.
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List of symbols

Bold symbols

u velocity fluctuation vector: u = (u1,u2,u3)
U instantaneous velocity vector: U = (U1,U2,U3)
! vorticity fluctuation vector: ! = (!1,!2,!3)
⌦ instantaneous vorticity vector: ⌦ = (⌦1,⌦2,⌦3)

Upper-case Roman

Cp constant pressure specific heat capacity
Cv constant volume specific heat capacity
E total internal energy: E = e+ uiui/2
H total internal enthalpy: H = e+ p/⇢+ uiui/2 = h+ p/⇢
Kn Knudsen number: Kn = �/L
Ma Mach number: Ma = U/a
Ni number of discretised spatial cells along i-direction
Nt number of time steps
NTOT total number of discretised spatial cells
R molar gas constant
Rij vorticity tensor
Re Reynolds number: Re = ⇢UL/µ
Rij rate-of-rotation tensor: Rij =

1
2 (Ui,j � Uj,i)

Sij rate-of-strain tensor: Sij =
1
2 (Ui,j + Uj,i)

T temperature
U instantaneous velocity along x -direction
V instantaneous velocity along y-direction
W instantaneous velocity along z -direction
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Lower-case Roman

a speed of sound in the medium: a =
p
�RT =

p

�p/⇢
e internal energy
h enthalpy: h = e+ p/⇢
k thermal conductivity
l curve
` integral scale
`0 large eddies length scale
`S Smagorinsky length scale
p pressure
q heat flux
s curvilinear coordinate
t time (temporal quantity)
u velocity fluctuation along x -direction
v velocity fluctuation along y-direction
w velocity fluctuation along z -direction

Upper-case Greek

� circulation
�t time step
�x grid spacing
⌦ vorticity
⌦x instantaneous vorticity along x -direction
⌦y instantaneous vorticity along y-direction
⌦z instantaneous vorticity along z -direction

Lower-case Greek

� adiabatic index or isentropic expansion factor: � = Cp/Cv

� Kronecker delta
✏ijk Levi-Civita symbol
� molecular mean free path
⇣ enstrophy
µ dynamic viscosity
⌫ kinematic viscosity: ⌫ = µ/⇢
⇢ density
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� standard deviation
!x vorticity fluctuation along x -direction
!y vorticity fluctuation along y-direction
!z vorticity fluctuation along z -direction

Subscript

(·),i partial derivation with respect to i -th
(·)B SPHERE/BLOB filter
(·)C CROSS filter
(·)F FILAMENT filter
(·)i i -th component of vector
(·)LL longitudinal direction
(·)NN normal or binormal direction
(·)S SHEET filter

Superscript

(·)bp band-pass filter
(·)c conical filter
(·)hp high-pass filter
(·)o original filter
(·)s stretching transformation
(·)t tilting/twisting transformation
(·)th threshold filter

Abbreviations

CDF Cumulative Distribution Function
CFD Computational Fluid Dynamics
CFL Courant-Friedrichs-Lewy number
DES Detached-Eddy Simulation
DNS Direct Numerical Simulation
HIT Homogeneous Isotropic Turbulence
HWA Hot-Wire Anemometry
LDA Laser Doppler Anemometry
LES Large-Eddy Simulation
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NS Navier-Stokes
nst Normalized Stretching/Tilting
PDF Probability Density Function
PIV Particle Image Velocimetry
PTV Particle Tracking Velocimetry
RANS Reynolds-Averaged Navier-Stokes Simulation
URANS Unsteady Reynolds-Averaged Navier-Stokes Simulation
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Introduction

Most of the flows occurring in nature and in industrial applications are turbulent.
We face turbulence in the wake generated by a flying body, both it be a simple
flapping wing bird or a supersonic airplane. We identify it in the motion of the
water flow around a pier in a river or in the ascensional motion of the smoke from
a cigarette. We even create it when mixing together milk and chocolate in a cup or
when swimming in a pool. Turbulent processes grant for the mixing of air and fuel
in the engines.

The observation of fluid turbulent flows is a daily common experience identified
by unsteady, irregular and apparently chaotic motion. Randomness of fluidic struc-
tures is a characteristic of all turbulent flows, therefore statistic methods are often
preferred to deterministic ones. Turbulence is directly connected to velocity fluc-
tuations, occurring over a wide range of excited length and time scales in physical
space: that leads to broadband spectra in the wave number space [1].

Both experimental and numerical investigations are carried out in order to under-
stand the behaviour of turbulent flows. Mainly in the last decades, the performance
enhancement in computer technology, together with an exponential expansion in
computer machines loading and storing data capabilities, managed an increased
interest in Computational Fluid Dynamics. Turbulent flow fields are simulated by
resolving direct or modified Navier-Stokes governing equation and visualisation soft-
wares are developed to visually examine the properties of turbulence and graphically
illustrate its features.

The subject of this work is the following. A 10243 cubical domain of homogeneous
isotropic turbulence (HIT) is analysed at a fixed point in time. This is the result
of a Direct Numerical Simulation, by which all the scales in turbulent motion are
resolved. The accuracy ensured by the high spatial resolution scheme provides with
the appropriate instruments to compute the characteristic structures of the flow
field. In this model the main functions such as velocity, vorticity or energy are
independent of position, and translation or rotations have no e↵ect on the statistics
evaluated over the target domain: all the averaged properties of isotropic turbulence
can also be assumed independent of orientation. Velocity, energy and enstrophy
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fields, vorticity vectors and magnitude are visualised by means of an accurate volume
rendering technique. The new defined scalar variable nst(x) representing the ratio
between the stretching-twisting term in the Navier-Stokes equations and the squared
modulus of vorticity are calculated in each computational grid point then subjected
to statistical processing.

Brand new ad hoc filters acting in k wave-numbers space are conceived in order
to isolate particular small and medium sized fluid structures, to the purpose of thor-
oughly understanding the dynamics of homogenous isotropic turbulence and the con-
tribution of one-dimensional elongated, two dimensional flat and three-dimensional
spherical structures. Flow field statistics in the absence of those units are analysed
and compared. Source codes in Fortran programming language supply processed
data for a mathematical study of the flow field. Otherwise, the open source vi-
sualisation software VisIt Visualization Tool allows for a graphical investigation of
scientific results.

The scheme of our discussion is the following. We remind the basic tools in order
to study turbulent flows phenomenology in the first chapter: an exhausted defini-
tion of turbulence and the Navier-Stokes equations of fluid dynamics are recalled.
Statistical tools and notations are also provided: we focus on presenting the exis-
tence of characteristic scales of statistical correlation. Therefore, we introduce the
velocity correlation function and the energy spectrum. To this end, instantaneous
variables are split into a mean value and a fluctuating value. The last section of this
chapter is aimed to present the homogeneous and isotropic features of a turbulent
undisturbed flow field.

The second chapter is devoted to describing and presenting the state of the art
in Computational Fluid Dynamics studies. A brief introduction to numerical sim-
ulation is suggested for the purpose of distinguishing simulation techniques. Close
attention is given to DNS (Direct Numerical Simulations), since our research work is
based on data produced by DNS codes. Secondly, their properties are compared to
RANS (Reynolds-Averaged Navier-Stokes Simulations) and LES (Large-Eddy Sim-
ulations). In the second part of this chapter, we concentrate on scientific data
visualisation: commercial and open source softwares pros and cons are evaluated,
with special interest in VisIt Visualization Tool software, the means by which all
the images in the following chapters are created.

The homogeneous isotropic turbulent reference field is shown and analysed in
chapter 3. A short preamble in required so as to figure out di�culties in the graphic
representation of flow fields and the artifices to compensate for. After that, the
original field is represented in terms of unmodified vector values (such as velocity
and vorticity) or scalar ones (such as mean kinetic energy and enstrophy). By means
of several Fortran codes, statistical properties as velocity and vorticity spectra or
correlation lengths are extracted and depicted. Besides, chapter 3 introduces the
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Normalized Stretching-Tilting nst(x), defined as a small scale localization criterion
for the activation of sub-grid scale models in LES simulations [2, 3]. Further elab-
oration is requested to derive PDF (Probability Density Function) and CDF (Cu-
mulative Density Function) and high-order moments of the stretching/enstrophy
ratio.

Filters acting on wave-number space are considered in chapter 4. Di↵erent fil-
tering operations on the original field allow the extraction of blobby, layered or
filamentous structures. Thorough models assuring an increased accuracy in isolat-
ing 1D, 2D or 3D are formulated: modulus filter, band filter and threshold filter are
engineered versions of SFERA filter, whereas conical filter consists of a variation for
SHEET filter.

Comparison among the filtered fields is the subject of chapter 5. Charts rep-
resenting collected data and pictures generated by VisIt software are presented.
Values of above mentioned variables are counterposed by means of the analysis of
images depicting the cubical computational domain. Contour and vector plots, vol-
ume rendered images and pseudocolour plots are juxtaposed to compare physical
quantities pertaining to original and filtered flow fields. The geometrically contrast-
ing structures are individually drawn out, with di↵erent consequences on the global
distribution of peak values of variables. What is more, statistics on nst over the
original and filtered fields are collected and analysed.

Finally, chapter 6 is devoted to conclusions. The behaviour and e↵ectiveness
of filters are summarised: precision in extracting units they are demanded to is
investigated. In this work we focus on flow visualisation, pointing out that turbu-
lence, apart from being well described by statistical methods and plotted values in
the cartesian plane, can be also studied through graphical presentation of raw/pro-
cessed data coming from CFD simulations.
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Chapter 1

Basics of turbulence

1.1 Definition of turbulence

Turbulence is a physical phenomenon occurring in nature with considerable fre-
quency. For this reason, scientists, physicians and engineers have been focusing
their attention on trying to understand his properties during the last centuries. In
1510, Leonardo da Vinci margined one of his paintings with these unequivocal lines
words, noticing the motion of a free water jet issuing from a square hole into a
pool [4, 5]:

Observe the motion of the surface of the water, which resembles that of
hair, which has two motions, of which one is caused by the weight of the hair,
the other by the direction of the curls; thus the water has eddying motions,
one part of which is due to the principal current, the other to random and
reverse motion.

Although his thoughts were vague and inaccurate, by not being supported by any
scientific investigation or experiment, these lines can be revisited as a forerunner of
the idea of Reynolds decomposition of flow field variables into a mean and fluctuating
part, presented by Osborne Reynolds three centuries later.

He conducted the first scientific investigation on turbulent flows in the history
in 1883, at the Hydraulics Laboratory of Manchester University. He set up a trans-
parent pipe with horizontal axis through which a constant capacity water flow was
forced to stream by means of a trumpet-shaped inlet, together with a filament of dye
flowing from a needle. A regular almost straight path for the low mean velocity of
the flow was recorded, with gradually enlarged perturbations in downstream direc-
tion when velocity was increased. Very high velocities led to the complete mixing of
the water jet with the coloured liquid filament. Reynolds identified this condition as
a “turbulent flow regime”, introducing a simple parameter to the purpose of defining
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1 – Basics of turbulence

the critical value to which laminar-to-turbulent transition occurred, the Reynolds
number Re1.

During the last decades, remarkable improvements in understanding this phe-
nomenon have been made, as flow measurement techniques made their first ap-
pearance: HWA (Hot-Wire Anemometry), LDA (Laser Doppler Anemometry), PIV
(Particle Image Velocimetry) and PTV (Particle Tracking Velocimetry) progres-
sively replaced pneumatic probes in flow variables measurements and vortical struc-
tures evaluation.

However, no fully satisfactory definition of turbulence has been found yet. Tur-
bulence is easily observed, but very di�cult to understand and explain. This is the
reason why it is useful to summarize the properties of turbulent flows.

1.2 Main properties of turbulence

We refer at first to simple examples, be they the consequence of a laboratory exper-
iment, or the results of numerical simulations. We could face at least two types of
transitions to turbulence starting from a laminar flow [6].

The former is related to the transition occurring for flows in pipes or boundary
layers. The dynamics of a shear flow over turbomachinery blade surfaces situated
after the combustion chamber is proposed in Fig. 1.1, where a iso-surface plot of
vorticity magnitude is represented in the first clip. Several scales and variable values
are well highlighted by means of magnification, showing the vortex shedding at the
trailing edge. The flow through the passage is subjected to adverse pressure gradient,
which determines the unstable behaviour that leads incoming hot laminar flow to
undergo to transition to turbulence. The clip below, resulting from a Large-Eddy
Simulation, describes the instantaneous temperature fields in the fluid and in the
blade: turbulence e↵ects are visible in terms of temperature gradients (blue is for
low and red for high temperatures).

Otherwise, the second type of transition occurs in the buoyant plume from a
cigarette, as demonstrated in Fig. 1.2: when a certain threshold value is exceeded,
chaotic motion instantly develops throughout the fluid. The mean flow becomes un-
stable and breaks up into three-dimensional complex structures. As the plume rises,
the fluid accelerates and Re becomes larger. The key is that incipient instability is
suppressed until the viscous dissipation remains large. That is why other flows in
nature with lower density (such as water or blood) have to be subjected to higher
velocities to display a turbulent behaviour.

1Reynolds number is a dimensionless number that gives a measure of the ratio of inertial forces
to viscous forces. It is defined as the ratio ⇢UL/µ, where ⇢ is density, U is mean velocity, L is a
characteristic linear dimension and µ the dynamic viscosity of the fluid.

2



1.2 – Main properties of turbulence

Figure 1.1: Nasa C3X blade vorticity isosurface plot and temperature field. Copy-
right image courtesy of Florent Duchain (http://www.cerfacs.fr).

In Fig. 1.3, a representation of another turbulent flow is proposed [7]. Three
snapshots in sequence, from a haemodynamic simulation, show increasing turbulence
as the flow approaches the systolic peak, when it is subjected to the force of the heart
contraction. The complex twisted structure (seen in closeup in the bottom clips) are
vortex surfaces. Red to blue shades indicate a decrease in pressure, corresponding
to increased flow rate. The pressure drops markedly in the stenosed region (before
the turn), and the high flow rate and low pressure continue around the bend.

These are three examples of turbulence in di↵erent applications, from the scien-
tific (fluid dynamics in Nasa C3X blades and hemodynamics in carotid artery) to
ordinary ones (the smoke motion from a cigarette). At the same time, when tur-
bulent flows are dealt, the same relevance is given to computed simulations (this is
the case of Fig. 1.1 and 1.3) and to experimental evidence (the picture of the plume
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1 – Basics of turbulence

from a cigarette was taken with a Konica Minolta MAXXUM 5D).
So far we have avoided giving a formal definition of turbulence on purpose, al-

though the pictures above certainly give an idea of variety and diversity of turbulent
flows one can face in everyday life. It is better simply to note some of their common
characteristics.

Figure 1.2: Smoke from a cigarette: laminar to turbulent transition. Copyright
photo courtesy of “http://www.flickr.com/photos/vladdythephotogeek/”.

• Turbulence is a random process: turbulent flow is space and time dependent
with a very large number of spatial degrees of freedom; turbulence is unpre-
dictable in detail, whereas statistical properties may be reproduced.

• Turbulence contains a wide range of di↵erent scales : if we refer to Fig. 1.2,
a continuum of di↵erent space scales is shown; the dynamics of turbulence
involves all scales, from the largest to the smallest. The di↵erent scales coexist
superimposed in the flow, with smaller ones living inside the larger ones.
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1.2 – Main properties of turbulence

Figure 1.3: Transition to turbulence in a stenosed carotid artery.

• Turbulence has small scale random vorticity : turbulent flows are rotational,
hence contain vorticity. The vorticity vector has intense small scale random
fluctuations in space and time, while the magnitude of vorticity fluctuations
(randomly oriented in direction) may be much larger than the mean vorticity.

• Turbulence arises with Reynolds number : as noticed above, transition occurs
due to the instability of laminar flow at large Reynolds number. The cascade
process by which smallest scales are produced (via vortex stretching) from
larger ones, is going on incessantly at high Reynolds number; energy is ex-
tracted from the mean flow by the large scale motions and transmitted down
via smaller and smaller scales, until it is dissipated by viscous action at the
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1 – Basics of turbulence

smallest (Kolmogorov) scales. The size of the biggest scales is linked to the
environment of the operating flow, while that of the smallest ones depends
on viscosity. Furthermore, the smallest dissipative scales become smaller at
larger Reynolds numbers. Ultimately, if the Reynolds number drops too low,
the cascade can not longer operate.

• Turbulence dissipates energy : high Reynolds number cascade is essentially
inviscid, that is conserves mechanical energy. The cascade generating the
smaller scales is associated with a mean flux of energy from large to small
turbulent scales, with viscous dissipation mainly at the smallest scales. The
larger scales contain the most part of the turbulent kinetic energy, which is
rapidly dissipated as the viscous stresses act on the finest scales.

• Turbulence is a continuum phenomenon: the smallest scales, even at very large
Reynolds numbers, are many order of magnitude larger than the molecular
mean free path �, returning a Knudsen number Kn much smaller than unity2.
Turbulent flows can be described by the continuum approximation, as required
by Navier-Stokes equations.

• Turbulence is intrinsically three-dimensional : if we consider a strictly two-
dimensional flow (superimposing third component of velocity U3 = 0 and
derivative of any variable with respect to third spatial component @/@x3 =
0), vorticity is directed in the span-wise direction x3. Vortex stretching is
consequently zero. The high Reynolds number cascade of energy to smaller
scales cannot take place and turbulence is not initiated. Numerical simulations
of high Reynolds number two-dimensional flows with random initial conditions
suggest that the small-scale structures coalesce from larger ones. This contrast
with the three-dimensional case. The fact is that a turbulent flow can be two-
dimensional only on a statistical sense: proper turbulent flows can only occur
if the random fluctuations are three-dimensional. At most, in the case of
geophysical flows, larger correlation lengths may be shown in some direction,
thus resembling the two-dimensional case.

• Turbulence is highly di↵usive in nature: the presence of eddies of di↵erent
scales in turbulent flows, implies an enhanced di↵usivity with respect to lami-
nar ones. The eddy motion produces higher transport in terms of momentum

2The mean free path � is the average distance covered by the molecules between successive
collisions which modify its direction or other particle properties. The Knudsen number Kn, de-
fined as the ratio of the molecular mean free path and a representative physical length scale L,
determinates whether the statistical or continuum mechanics formulation of fluid mechanics should
be used: when Kn is near or greater than unity, the continuum assumption is no longer a good
approximation.
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and energy than the molecular motion. The main consequence of the increase
in di↵usivity is a much higher wall and flow shear stresses than in the case of
a laminar flow. A large increase in boundary layer entrainment, in thermal
and material transport and enormous influence in mixing rate and e�ciency
in combustion processes are produced, together with a reduction in pressure
drag and higher energy dissipation.

1.3 The equations of fluid dynamics

We briefly review the equations governing the motion of Newtonian fluids. When
the flow is turbulent, every instantaneous variable is decomposed into a mean and
a fluctuating value3:

Ui = hUii+ ui

P = hP i+ p
(1.1)

Actually, in the above notation the single subscript indicates one of the three com-
ponents of the vector U. According to the Einstein notation for vectors, we can
write:

U = U iei (1.2)

where e1,e2,e3 are the basis vectors of a vector space U3, while U1,U2,U3 are the
velocity vector coordinates relative to this basis4.

In the Eq. 1.1, decomposition of a vector quantity (velocityU) and of a scalar one
(pressure P ) are taken into account. In fact, we are usually interested in observing
the mean values rather then the time history; on the other hand, a fine resolution
in time and a very fine grid to resolve all turbulent scales, are required to solve the
Navier-Stokes equations numerically: turbulent flows are always unsteady. This is
the reason why the Reynolds decomposition is useful in CFD. Furthermore, the e↵ect
of solving averaged Navier-Stokes equations will be deepened in the next chapter.

The continuum hypothesis implies that a fluid, though having a discrete molec-
ular nature, can be regarded as a physical continuum. Molecular properties of the
fluid are averaged in order to obtain continuum fluid properties on a volume whose
characteristic dimension is small compared with the flow length scale, but large
enough with respect to the molecular mean free path (so as that Knudsen number
is much smaller than unity and the continuum hypothesis is valid). In addiction to
that, the average is independent of the choice of the integration volume. With this
fundamental assumption, we can derive balance equations, in terms of density (con-
tinuity equation), momentum (momentum equation) and kinetic or total equation
(energy equation).

3Reynolds decomposition is applied to all physical variables, be they scalar or vector quantities.
4In a general sense, vector U ⌘ (U1,U2,U3) ⌘ U

iei.
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1.3.1 Navier-Stokes equations

The first equation expresses the mass-conservation principle:

@⇢

@t
+ (⇢Ui),i = 0 (1.3)

where (.),i denotes spatial derivation with respect to xi. Ui (xi,t) is the velocity of
the fluid particle in a specific point in the space domain defined by xi (with i = 1,3)
at time t5. The same goes for scalar quantity ⇢ (xi,t), representing the density. The
equation states that the sum between the rate of change of mass inside the control
volume, with the total mass convected out through the control surface is zero. In
the hypothesis of low Mach number Ma, we deal with incompressible flow, thus:

⇢ (xi,t) = ⇢ = const (1.4)

If the approximation is valid, the Eq. 1.3 becomes:

(Ui),i = 0 (1.5)

thus describing a divergence-free or solenoidal field.
The second Navier-Stokes equation is based on Newton’s second law6:

@⇢Ui

@t
+ ⇢UjUi,j = �P,i +



µ

✓

Ui,j + Uj,i �
2

3
�ijUk,k

◆�

,j

(1.6)

where P,i states for the pressure forces. The time rate of increase of momentum
inside the control surface, added up to the rate of convective outflux of momentum
across the control surface equals the sum between surface and body forces. Since we
are dealing with incompressible flows, the dilatation term on the Eq. 1.6 is neglected,
and the balance equation reads:

@⇢Ui

@t
+ ⇢UjUi,j = �P,i + [µ (Ui,j + Uj,i)],j (1.7)

Finally, the third equation pertains the energy balance:

@⇢E

@t
+ (⇢HUj),j = �P,i +



µUi

✓

Ui,j + Uj,i �
2

3
�ijUk,k

◆

� qj

�

,j

(1.8)

5For convenience of writing, the velocity vector components Ui are replaced by the values u,
v and w, describing scalar components of velocity vector along x, y and z cartesian directions
respectively.

6
�ij is Kronecker delta, a function of two variables (usually integers) which is one if they are

equal and zero otherwise.
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1.3 – The equations of fluid dynamics

where E is total internal energy and H is total enthalpy7, whereas qj represents the
heat flux, given by:

qj = �kT,j (1.9)

with k as the thermal conductivity.
The Navier-Stokes equations are extracted under the assumption that the fluid is

chemically non-reacting, motions are non-relativistic and radiation and body forces
are neglecled. If the incompressible flow hypothesis is valid (local Mach number has
to be smaller than Ma = 0.4) the Eq. 1.7 of momentum balance reads:

@Ui

@t
+ UjUi,j = �1

⇢
P,i + ⌫Ui,jj (1.10)

where the constant ⌫ is the kinematic viscosity. We introduce the material or
lagrangian derivative:

D (.)

Dt
=
@ (.)

@t
+ Uj (.),j (1.11)

through which one obtains:

DUi

Dt
= �1

⇢
P,i + ⌫Ui,jj (1.12)

1.3.2 The vorticity equation

As previously stated, turbulent flows are rotational: they have non-zero vorticity.
The vorticity vector ⌦ ⌘ (⌦1,⌦2,⌦3) ⌘ ⌦iei is defined by means of the application
of the curl operator to the velocity vector, whose components are ⌦i = ✏ijkUk,j in
Einstein notation8. In the above notation, e1,e2,e3 are the basis vectors of the vector
space W 3, while ⌦1,⌦2,⌦3 are the vorticity vector coordinates relative to this basis.
By applying the curl operator to the momentum balance equation, we obtain:

D⌦i

Dt
=
@⌦i

@t
+ Uj⌦i,j = ⌫⌦i,jj + ⌦jUi,j (1.13)

where the second term on the left-hand side is a convective term, while on the right-
hand side a viscous and a stretching-tilting term are written respectively9. The
Eq. 1.13 gives the rate of change of the vorticity in a fluid particle. The convective
and stretching terms arise from the non linear convection term in the Navier-Stokes

7Enthalpy is given by addition of internal energy and pressure term p/⇢; total internal energy
is obtained adding internal energy and kinetic term uiui/2 together.

8Here, the Levi-Civita or permutation symbol is used: ✏ijk is +1 if i,j,k are in cyclic order, �1
if i,j,k are in anticyclic order and 0 if any of two of them are equal.

9The pressure term cancels from the second Navier-Stokes equation since the curl of the gradient
of any function is zero.
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1 – Basics of turbulence

equation. We start from this equation in order to describe the stretching and tilt-
ing/twisting e↵ects. They represent the action of the velocity variations on vorticity.
The velocity gradients Ui,j are the components of a second-order tensor, whose de-
composition into isotropic, symmetric-deviatoric, and antisymmetric parts is:

Ui,j =
1

3
��ij + Sij +Rij (1.14)

where the dilatation � = divU = Ui,i
10 is zero for a constant-density flow, Sij is the

symmetric, deviatoric rate-of strain tensor

Sij =
1

2
(Ui,j + Uj,i) (1.15)

and Rij is the antisymmetric rate-of-rotation tensor

Rij =
1

2
(Ui,j � Uj,i) (1.16)

According to this three-parts decomposition, the latter term of the vorticity equa-
tion, isolating and taking account of the rotational term only, becomes:

⌦jRij = �1

2
✏ijk⌦j⌦k (1.17)

Since j and k are dummy indices, they can be interchanged to obtain:

�1

2
✏ijk⌦j⌦k = �1

2
✏ikj⌦j⌦k (1.18)

When interchanging again the indices j and k, a change in sign is derived, because
of the skew-symmetry of ✏ijk:

�1

2
✏ijk⌦j⌦k =

1

2
✏ijk⌦j⌦k (1.19)

This is true if ⌦jRij is null. As a consequence, Eq. 1.13 becomes:

@⌦i

@t
+ Uj⌦i,j = ⌫⌦i,jj + ⌦jSij (1.20)

so that the vortex stretching-tilting term is only a result of the local straining, and
not rotational motions.

Going back to Eq. 1.13 we revisit Kelvin’s circulation Theorem: if ⌫ = 0, then
the vorticity equations reads:

@⌦i

@t
+ Uj⌦i,j = ⌦jUi,j (1.21)

10Here, summation over repeated indices is assumed.
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which is identical to the equation for the evolution of an infinitesimal line element of
fluid11. If the strain rate determined by the velocity gradients tends to stretch the
material line element along the vorticity vector, then its magnitude increases. For
the sake of simplicity, let us consider Kelvin’s Theorem in detail. The circulation
around a loop is defined by:

� =

I

U · ds (1.22)

In the absence of viscosity, Kelvin’s circulation Theorem tells us that the circulation
of a closed curve l that moves with the fluid is constant [10]. Therefore, Eq. 1.22
becomes:

D�

Dt
=

D

Dt

✓

I

U · ds
◆

= 0 (1.23)

For the Stokes’ Theorem, we obtain:

� =

I

U · ds =
ZZ

�

curlU · nd� =

ZZ

�

⌦ · nd� (1.24)

where � is the surface enclosed by the curve l and n the unit vector normal to the
surface �. If we apply the Kelvin’s Theorem to a very small closed contour, enclosing
an infinitesimal element of area �� normal to the vorticity, by taking into account
the Stokes’ Theorem, we have:

⌦ · n�� = C (1.25)

Therefore, circulation is the same in all those circuits embracing the same vortex
tube. With the assumption of incompressible flows, if a vortex tube is stretched
by the flow, the infinitesimal area element �� will decrease and the vorticity will
be amplified. For the sake of simplicity, let us now consider a fluid element whose
vorticity vector is initially aligned to axis 112: ⌦ = (⌦1,0,0). The vorticity equation
reads:

D⌦1

Dt
=

1

2
⌦1 (U1,1 + U1,1)

D⌦2

Dt
=

1

2
⌦1 (U2,1 + U1,2)

D⌦3

Dt
=

1

2
⌦1 (U3,1 + U1,3)

(1.26)

11Similarity with vorticity equation allows one to state that the vorticity vector’s evolution
resembles to the motion of a material infinitesimal line of inviscid flow (according to Helmholtz’s
Theorem): vortex lines and tubes can be though of as moving with the fluid flow as if they were
composed by fluid particles.

12Direction 1 equals direction x, since we consider a Cartesian coordinate systems defined by
axes x, y and z.
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1 – Basics of turbulence

Figure 1.4: Sketch of the contributions to the stretching (a) and tilting (b) term..

The right-hand side of the first equation, apart from the viscous-dissipative term
(here neglected) is composed by three terms: the first one, 1

2⌦1 (U1,1 + U1,1) is the
stretching contribution, whereas the remainder represent the tilting/twisting one
[11,12]. In order to fully understand the e↵ects of the stretching term and the tilting
one on fluid structures, we may refer to Fig. 1.413. One can think of the e↵ects of the
former as a flow through a wind-tunnel contraction [13]: while the flow accelerates

13In Fig. 1.4, the term ⌦ is the vorticity vector at the initial condition; the apex (·)s is for
stretching and (·)t for the tilting term.
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when streaming through the stricture (here along direction 1), the strain rate S11

is positive. As the vortex tube is stretched vertically, it must contract horizontally
to satisfy continuity, therefore implying S22 and S33 to be negative. Thus, the
vortex lines of the fluid tube move closer together, increasing the magnitude of the
initial vorticity. This is the result of the conservation of angular momentum: the
infinitesimal area element of fluid tube decreases from �� to ��s, thus implying an
increase in the vorticity component along direction 1 only (from ⌦1 to ⌦s

1). Vortex
stretching always involves a change of length scale, as easily demonstrated.

On the contrary, the clip on the right depicts the motion due to tilting term: the
magnitude of vorticity vector, remains unchanged after a pure rotational motion,
together with the infinitesimal area ��. A substantial change is noticed in terms
of vorticity vector direction instead: the twisting terms tend to rotate part of the
pre-existing vorticity from a component to another, justifying the variation from the
initial configuration ⌦ = (0,⌦20,) to the final one (the result of the application of
tilting transformation), whose modified vorticity vector is ⌦t = (⌦t

1,⌦
t
2,0).

1.4 Statistical tools for turbulence

In the previous pages (see § 1.1) turbulence was presented with a focus on his main
properties such as randomicity and unpredictability. Moreover, we noticed the wide
range of scales involved in a turbulent motion. Fluid dynamics may evolve in di↵er-
ent ways starting from a fixed initial condition, due to non-linearity of turbulence
and its heightened sensitivity to variations as regards with the initial and boundary
conditions or material properties.

If we consider two turbulent flows with identical initial conditions and we let
them evolve in time, the evolution will be pratically indistinguishable until a critical
time length (let’s say t⇤) is reached. After this time, the two trajectories separate
and start to follow di↵erent paths. The fact is that, although supposing the initial
state is known to within 10�8 for example, no valid and useful prediction can be
made beyond the time t⇤, according to the unpredictability of turbulence. This
is why we introduce statistical tools and stochastic processes: turbulent flows are
better studied if their quantities are averaged and properly filtered14.

14Chaoticity implies sensitivity to initial conditions, but does not imply purely statistics and
probability (non-deterministic); indeed it is argued that turbulence is deterministic (i.e. the cur-
rent state permits prediction of a future state) as the Navier-Stokes equations are deterministic,
although the time scale for prediction may be extremely short
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1.4.1 Probability and statistical analysis definition

Most of the statistical analysis on turbulent flows evolution and behaviour are based
on the simple idea of an ensemble average in a form or another [8]. For the purpose
of defining that, we have to handle with independent statistical events : for the sake
of simplicity, let us consider a number of persons who are simultaneously flipping
unbiased coins. If we assign the value 1 to a head and the value 0 to a tail, then the
arithmetic average of the numbers generated reads:

XN =
1

N

N
X

n=1

xn (1.27)

where the nth flip is denoted as xn, and N is the total number of flips. Now if all the
coins are the same, it makes no di↵erence if one single coin is flipped N times or N
coins a single time. The key is that they must all be independent events  meaning
that the probability of head or tail in a given flip must be independent of what
happens in all of the other flips (or coins). At this point, if we increase the number
of the flips, we notice that the greater the number of flips in the ensemble is, the
closer we get to XN = 1/2: the reason is that the bigger N is, the less fluctuating
values are in XN .

Now imagine we are trying to establish the nature of a random variable x, with
xn denoting the nth realisation. The ensemble average is denoted as hxi, and is
defined as:

hxi = lim
N!1

1

N

N
X

n=1

xn (1.28)

Obviously, it is impossible to obtain the ensemble average experimentally, since we
cannot reach an infinite number of independent realisations, but we can always
estimate the ensemble average (or true mean) by means of the arithmetic mean.

The Eq. 1.28 proposes a statistical method to the purpose of evaluating the global
characteristics of a certain quantity (in this case a scalar quantity is processed).
Further examination is required to characterise a random vector variable such as
velocity U = (U1,U2,U3) = (u,v,w). The random velocity field U is a function of
time and space, so that it can be completely described in each point, at each time
by the expression U(x,t), where x = (x1,x2,x3) is a vector representation of a fixed
point in a 3D space defined through components oriented along the cartesian axis
1,2 and 3. The probability of the event A = {U (x,t) < Va (x,t)}, in a statistics is
written:

p = P (A) = P {U (x,t) < Va (x,t)} (1.29)

where Va (x,t) is a specific value of the independent velocity vector variable V (x,t)
which is referred to as the sample-space variable U (x,t). This notation intuitively
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1.4 – Statistical tools for turbulence

reports the probability (often written in a percent value) one has to find, into a
block of vector quantities, the ones respecting the inequality15: p is a real number
of between 0 and 1 (0  p  1) signifying the likelihood of the occurrence of the
event (is this case we mean the verifying of the inequality above). For an impossible
event p is 0, while for a sure event p is unity.

The probability that any event has to occur, can be determined from the cumu-
lative distribution function or cdf, which is defined by

F (V (x,t)) ⇠= P {U (x,t) < V (x,t)} (1.30)

For example, getting back to Eq. 1.29 one obtains:

P (A) = P {U (x,t) < Va (x,t)} = F (Va (x,t)) (1.31)

The three basic properties of cdf may be resumed by the following equations:

F (�1) = 0 (1.32a)

F (1) = 1 (1.32b)

F (Vb (x,t)) � F (Va (x,t)) (1.32c)

if Vb � Va. The consequence of the last equation is, given that the probability of
every event is non-negative, that cdf is a non-decreasing function. The Eq. 1.32a
comes from the fact that {U (x,t) < �1} is impossible, whereas, on the contrary
{U (x,t) < 1} is certain, that leads to Eq. 1.32b.

The probability density function or pdf is the derivative of the cdf:

f (V (x,t)) =
dF (V (x,t))

dV (x,t)
(1.33)

From the properties of cdf, it follows that pdf is always non-negative and it tends
to 0 when it is evaluated through the limit condition ±1. In addition to that, it
satisfies the normalisation condition16

Z +1

�1
f (V (x,t)) dV = 1 (1.34)

As a further consequence, it follows that the probability of being in a specific interval
for a certain random variable, equals the integral of the pdf over that interval. Let’s
consider the interval defined by Va and Vb: the probability of finding a U value in
between the two extremes is given by

P {Va  U  Vb} = F (Vb)� F (Va) =

Z

Vb

Va

f (V (x,t)) dV (1.35)

15In the formulas above, the inequality check is meant to be a component-wise verification.
16The notation adopted for the integral may lead to misunderstanding: we could find multiple

integrals instead of single/definite integrals according to the dimension of the random variable.
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1 – Basics of turbulence

The pdf f(V (x,t)) has the dimension of the inverse of the variable U (x,t), while
the cdf is non-dimensional. Now, the random variable is characterised: two or more
variables having the same pdf or cdf are defined to be statistically identical.

On the basis of theory stated above, in the following paragraphs we briefly in-
troduce the notation used in order to describe the velocity field. The mean (or
expectation) of the velocity field is the probability-weighted average of all the possi-
ble values of U (x,t) by

hU (x,t)i =
ZZZ +1

�1
Vf (V;x,t) dV (1.36)

The fluctuation in U reads17:
u = U� hUi (1.37)

where the angled brackets act as a linear operator. The variance is defined to be
the mean-square fluctuation, so that:

var (U) =
⌦

u2
↵

=

ZZZ +1

�1
(V � hUi)2 f (V) dV (1.38)

The square-root of the variance is the standard deviation:

�U = u0 =
p

var (U) =
⌦

u2
↵1/2

(1.39)

that is also referred to as the root mean square or r.m.s. of U. Besides, the nth
central moment is defined to be:

µn = huni =
ZZZ +1

�1
(V � hUi)n f (V) dV (1.40)

It is convenient to work in terms of with standardised random quantities, for
they have zero mean and variance. We introduce the following notation for the
standardised random variable (velocity) Û with reference to U:

Û =
U� hUi

�U
(1.41)

Finally, for the sake of completeness, the standardised pdf of U is

f̂
⇣

V̂
⌘

= �Uf
⇣

hUi+ �UV̂
⌘

(1.42)

17From now on, for the convenience of writing and reading, the time and space dependence of
the velocity field variables is omitted.
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1.4 – Statistical tools for turbulence

and the nth standardised moments are described by:

µ̂n =
huni
�n
U

=
µn

�n
U

=

ZZZ +1

�1
V̂nf̂

⇣

V̂
⌘

dV̂ (1.43)

Basically, we will consider the standardised moments up to the 4th order. Apart
from the variance, whose detailed formula is proposed above, we will use the third
standardised moment or skewness, and the fourth standardised moment, the kur-
tosis. The former is a “measure” of the lack of symmetry of the distribution of U
with respect to its mean hui, while the latter provides with information about the
spread of the tails of the distribution. In the case of a Gaussian distribution, for
instance, the skewness µ3 and the kurtosis µ4 are equal to 0 and 3, respectively.

1.4.2 Random fields and correlation functions

Velocity and pressure variables show random fluctuations in space and time in a
turbulent flow field, that makes them stochastic variables. These values depend on
each other since their variation is function of the Navier-Stokes balance equations for
mass and momentum. We introduce the generic two-time, two-point correlation18:

Rij (x,r,t,⌧) = hui (x,t) uj (x+ r,t+ ⌧)i
Rpi (x,r,t,⌧) = hp (x,t) ui (x+ r,t+ ⌧)i

(1.44)

The correlation functions or correlation coe�cients are then defined as:

⇢ij = Rij (x,r,t,⌧) /Rij (x,0,t,0)

⇢pi = Rpi (x,r,t,⌧) /Rpi (x,0,t,0)
(1.45)

They constitute a quantification of the link and dependency of the velocity fluctua-
tion in direction i in the point defined by the vector x at time t, with the velocity
fluctuation along direction j in the point x+ r at time t+ ⌧ . If ⌧ = 0, we evaluate
the correlations between di↵erent points (whose position is uniquely defined by the
vectors x and x + r): this is the case of spatial correlations. On the other hand, if
we consider r = 0, we only take account of the correlation of quantities at di↵erent
time-points but at the same space-point: this is the case of temporal correlations19.

For a complete characterisation of the turbulent flow under examination, one
should have at his disposal the N-time, N-space joint pdf for all instants of time and

18In the Eq. 1.44 the subscript (·)ij are for the i -th and j -th component of velocity, whereas p

is the pressure fluctuation.
19One can evaluate correlation and correlation functions among two or even three variables, be

they di↵erent components of same vector, or any other mixed variables.
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1 – Basics of turbulence

in each space point. Things simplify under the hypothesis of statistically stationary
process: all multi-time statistics are invariant under a shift T in time:

f(V(1),x(1),t(1) + T ;V(2),x(2),t(2) + T ; ...;V(N),x(N),t(N) + T ) =

= f
�

V(1),x(1),t(1);V(2),x(2),t(2); ...;V(N),x(N),t(N)
�

(1.46)

All of the pdfs do not depend on time, hence the generic correlation R (x,r,t,⌧)
becomes R (x,r,⌧), as a function of the temporal distance between the variables:
the specific time-points at which they are considered do not count.

Similarly to that, if we analyse the properties of a statistically homogeneous flow
field, all the pdfs do not depend on the spatial position x, since being function of
the r-distance between the points. Through that, the generic correlation R (x,r,t,⌧)
becomes R (r,t,⌧). The definition of homogeneous turbulence requires that only the
fluctuating part u of the velocity vector is statistically homogeneous. If the statistics
of the field are independent of one (or two) spatial directions, the velocity field given
by U is said to be statistically two-dimensional (or one-dimensional).

Finally, a random field is statistically isotropic if it is statistically homogeneous
and it does not vary under rotations and reflections of the coordinate reference
system.

1.5 Reynolds equations and stress tensor

The basic statistical tools presented as far, allow to derive modified equations that
describe the evolution for a turbulent flow, starting from the Navier-Stokes model.
In 1894, Reynolds’ decomposition for variables was the basis of the achievement of
the Reynolds-averaged Navier-Stokes equations. The splitting of the velocity field in
two parts, joined together with the application of the mean operator to the Navier-
Stokes equations, lead to the following equation for the conservation of mass:

(Ui),i = 0; (ui),i = 0 (1.47)

as a result of the commutation property between the di↵erentiation and the mean
operators

hUii,i = hUi,ii = 0 (1.48)

The momentum conservation equation reads20:

@hUii
@t

+ (hUjihUii),j = �1

⇢
hpi,i + [⌫ (hUii,j + hUji,i)� huiuji],j (1.49)

20The equation is written without the approximation for incompressible flows, even though the
following discussion is made by taking into account of this hypothesis. This formulation will be
useful when dealing with closure models.
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1.5 – Reynolds equations and stress tensor

One may notice that the above writing di↵ers from the Eq. 1.10 for an additional
term coming from the averaging operation on the non-linear convective term, con-
taining the correlation between the components of the fluctuating velocities.

This block appears as an extra fictitious stress tensor [14,23], the Reynolds stress
tensor 21. It stands for the interactions of the fluctuating part of the flow with the
mean flow, pointing out a fictitious force per unit mass that represents the average
momentum flux due to the turbulent velocity fluctuations. The diagonal components
of the Reynolds stress tensor huiuii are normal stresses, while the o↵-diagonal ones
are shear stresses22. As this term is usually large compared with the viscous term
in fully developed turbulence, the mean velocity distribution is very di↵erent from
the corresponding laminar flow.

By subtracting the Reynolds equation from the Navier-Stokes one, therefore
applying the continuity equation, we obtain the equation governing the fluctuating
part of the flow (under the assumption of incompressible flow):

@ui

@t
+ hUkiui,k + ukhUii,k + (uiuk � huiuki) = �1

⇢
p,i + ⌫u2

i,kk (1.50)

As a consequence, the mean flow occurs in the equation for the fluctuations and
viceversa, so that separate calculation of the two parts cannot be performed.

If we multiply the equation by the term uj, take the average and add the con-
tinuity equation (with a proper change of indices), we derive the equation for the
one-point velocity correlation:

@ huiuji
@t

| {z }

(1)

+ hUki huiuji,k
| {z }

(2)

= �huiuki hUji,k � huiuki hUii,k
| {z }

(3)

� huiujuki,k
| {z }

(4)

+

� 1

⇢
{huip,ji+ hujp,ii}

| {z }

(5)

+ ⌫
�

huiuj,kki+
⌦

uju
2
i,kk

↵ 

| {z }

(6)

(1.51)

This equation governs the time development of the Reynolds symmetric tensor
⇢ huiuji, which includes the velocity correlation matrix: the first term is the time
rate of change of huiuji, allowing for statistically unsteady flows; the second term
accounts for the advection of the Reynolds stress due to the mean flow; the third
one gives the interaction of the mean and turbulent parts of the flow and can be
seen as responsible for the production and re-orientation of the Reynolds stress; the
fourth term accounts for the advection by the fluctuating part of the flow; the fifth
one describes the e↵ects of the pressure; the sixth represents the dissipative and
di↵usive viscous e↵ects, being dominated by the smallest scales of turbulence.

21Actually, the Reynolds stress tensor is �⇢ huiujij .
22The Reynolds stress tensor components are symmetric: huiuji = hujuii.
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1 – Basics of turbulence

Now, if we set the subscript j = i in the previous equation (thus implying
summation over the index i), then divide by 2, the equation for the turbulent kinetic
energy K = 1

2 hq
2i = 1

2 huiuii is obtained:

@ 1
2 hq

2i
@t

| {z }

(1)

+ hUki
1

2

⌦

q2
↵

,k
| {z }

(2)

= �huiuki hUii,k
| {z }

(3)

� 1

2

⌦

q2uk

↵

,k
| {z }

(4)

� 1

⇢
huip,ii

| {z }

(5)

+ ⌫
⌦

uiu
2
i,kk

↵

| {z }

(6)

(1.52)

where (1) is the rate of increase of turbulent energy at a fixed point, equal to zero
for steady flows; (2) is the convection of turbulent energy by the mean flow; (3) is
the term referring to the production of turbulent energy by the interaction between
the mean flow and turbulence; (4) is the advective transport of turbulent energy
due to the fluctuating motion or turbulent mixing ; (5) is the transfer of turbulent
energy by fluctuating pressure e↵ects; (6) represents the viscous e↵ects (dissipation
and di↵usion).

Finally, with further processing, we may modify the expression for the 6th term
of the Eq. 1.52, that can be written:

⌫
⌦

uiu
2
i,kk

↵

= ⌫ hui (ui,j + uj,i)i,j � h"i (1.53)

where h"i is the average turbulent dissipation rate:

h"i = 1

2
⌫ h(ui,j + uj,i) (ui,j + uj,i)i (1.54)

while the first term in the Eq. 1.53 is representative for the viscous transfer. The
former dissipative term is important and not negligible. The latter integrates to
zero over the whole flow, thus does not lead to any net change in terms of turbulent
energy. It is negligible at high Re numbers.

We also present an alternative way to describe the turbulent kinetic energy:

@ 1
2 hq

2i
@t

= �huiuji hUii,j � h"i+ T (1.55)

On the right-hand side of the above equation, the production, the turbulent dis-
sipation and the transfer of turbulent energy terms are written respectively. One
may notice that without mean velocity gradients there is not production, and the
turbulent energy decreases continuously. Integration of T over the flow yields zero,
as a result from the transfer of turbulent energy from place to place.

1.5.1 The closure problem

Let us compare the Eq. 1.49 to the Eq. 1.10: the only di↵erence adduced by the
use of the Reynolds decomposition is the appearance of the Reynolds stress tensor
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1.5 – Reynolds equations and stress tensor

⇢ huiuji, which is unknown. This is the reason why we need a model to close the
equation system, given that, taking into account also the continuity equation, we
have a system of 4 equations for 10 unknowns (3 velocity components, pressure, 6
stresses because of the symmetry of the Reynolds tensor).

There are di↵erent levels of approximations involved when trying to close the
equation system [8]:

• Algebraic models. An algebraic equation is aimed to compute the e↵ects
of turbulent or eddy viscosity (through which eddy viscosity models). Here, a
fundamental assumption is made, on whose basis the Reynolds stress tensor is
related to the velocity gradient and the turbulent viscosity by means of the tur-
bulent viscosity (Boussinesq assumption). By that, the velocity components
correlation term is transformed as it follows (from the Eq. 1.49):

[µ(hUii,j + hUji,i)� ⇢ huiuji],j = [(µ+ µt) (hUii,j + hUji,i)],j (1.56)

where µt is the turbulent dynamic viscosity. The equality leads to:

⇢ huiuji = µt (Ui,j + Uj,i) (1.57)

• One-equation models. In these models a transport equation is solved for
a turbulent quantity (such as the turbulent kinetic energy), whereas a second
quantity (may be a turbulent length scale) is derived from an algebraic expres-
sion. The turbulent viscosity comes from the Boussinesq assumption. This is
the case of several boundary layer problems, where the length scale is taken as
proportional to the thickness of the boundary layer. The main disadvantage
of these models is implied in the impossibility of defining a unique expression
for an algebraic length scale in general flows.

• Two-equation models. They can be considered as part of the class of
eddy viscosity models. Two transport equations describe the transport of
two scalars (be they, as an instance, the turbulent kinetic energy K and its
dissipation ", in the K � " model). The Reynolds stress tensor is then com-
puted using an assumption which relates the Reynolds stress tensor to the
velocity gradients and an eddy viscosity. The latter is obtained from the two
transported scalars.

• Reynolds stress models. These models require a transport equation for the
Reynolds stress tensor and another one has to be added in order to determine
the length scale on which the turbulence acts. Finally, an equation for the
dissipation " is used.
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1 – Basics of turbulence

1.6 The physical model of Kolmogorov

As above carefully discussed, Navier-Stokes equations fully describe the evolution
of compressible and incompressible flows. However, although it is possible to find
some particular solutions of the governing equations, such solutions result unstable
at large Reynolds numbers. Sensitive dependence on the initial and boundary condi-
tions, joined together with the non-linearity of the convective term, makes fluid flow
irregular both in time and in space so that a statistical description is needed. A. N.
Kolmogorov suggested an interesting theory based on certain hypothesis which are
compatible with experimental evidence and which assure the possibility for further
prediction.

1.6.1 Richardson energy cascade

Let us imagine a fully turbulent flow at high Reynolds number ReL = UL/⌫. Tur-
bulence is made of di↵erently-sized motion structures called eddies [16, 17], which
are thought to be those turbulent physical frames, localised over a region of extent
`, which are at least moderately coherent over that region: according to Richardson
energy cascade the largest eddies have a length scale `0, which is comparable to the
flow scale L, being characterised by an instantaneous velocity u0(`0)23 having the
same order of magnitude of the standard deviation value of the turbulent fluctuat-
ing velocity u0 = (2K/3)1/2, which is comparable to U . It follows from the relation
K = 1/2 huiuii = 1/2 [hu2

1i+ hu2
2i+ hu2

3i], with the approximation for isotropic tur-
bulence. The Reynolds number of these eddies

Re`0 =
u0`0
⌫

⇠=
UL

⌫
= ReL (1.58)

is therefore large (comparable to the global Reynolds number ReL = UL/⌫ referred
to the flow length scale). We can derive the following equation for this length scale,
the largest eddies length scale:

`0 /
K3/2

"
(1.59)

where the proportionality constant in of the order one. The Reynolds number asso-
ciated with the large eddies becomes:

Re`0 =
K1/2`0
⌫

/ K2

"⌫
(1.60)

These structures are unstable and when energy is fed into the flow they eventually
break up into smaller eddies. The latter undergo a similar break-up process, as an

23The lower roman case describes the instantaneous velocity, not a fluctuating value.
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amount of energy is transferred from the largest eddies to the smaller ones. The
energy cascade goes on until the Reynolds number Re` = u(`)`/⌫ is su�ciently
small that the eddy motion is stable: here, the molecular viscosity can e↵ectively
dissipate the turbulent kinetic energy24. The transfer motion is closely associated to
the vortex stretching phenomenon: when two particles belonging to the same vortex
line are moved away one from another, the cross-section of the vortex tube decreases,
with an increase in terms of the magnitude of vorticity. Thus, the motion at the
smallest scales grows up, with a consequent transfer of energy to smaller motion
bodies. The eddies have energy of order u2

0 and timescale ⌧0 = `0/u0, so the rate of
energy transfer can be suppose to scale as:

" / u2
0

⌧0
=

u3
0

`0
(1.61)

In addiction to that, consistently with experimental observation in free shear flows,
at high Reynolds number the rate of dissipation of energy (per unit mass) " is
independent of ⌫.

1.6.2 Kolmogorov’s theory and local isotropy

As previously stated, the energy amount is supplied to the turbulent fluctuations
at length scales of order `0 (the energy-containing scales), hence it is transferred
in scale by a non-linear process, until dissipation due to viscosity at the smallest
length scales appears (dissipation scales). Starting from the Richardson energy
cascade hypothesis, Kolmogorov developed the K41 theory about turbulence, whose
hypothesis are reported below.

Hypothesis 1 (Local isotropy) With reference to a turbulent flow field, in the
limit of infinite Reynolds numbers, all possible symmetries, even though broken by
the energy transfer mechanism, are restored in a statistical sense at small scales,
supposed that they are far form rigid boundaries: the small scale turbulent motions
(`⌧ `0) are statistically isotropic.

Kolmogorov considered the velocity di↵erences, scalar quantities written as:

�
r

v (`) = [U (x+ r)�U (x)] · r (1.62)

where ` shows the dependency of this brand new variable from the length scale of
the flow and r is the vector representative for the position in space. According to
the first hypothesis statement, there exists an interval of scales in which velocity

24The higher is the Reynolds number, the longer is the energy cascade.
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1 – Basics of turbulence

increments are statistically invariant under translation and rotation R (hence the
properties of homogeneity and isotropy and parity):

�
r+r0v(`) = �

r

v(`)

R(�
r

v(R(`))) = �
r

v(`)

��
r

v(�`) = �
r

v(`)

(1.63)

where equality in each of the three laws means that the probability distribution
function of the lefthand and the righthand terms are identical.

The small scales are small enough with respect to `0, whereas the large scales
may still be anisotropic. Now, let us define `EI

25 the length scale that forms the
demarcation between the large scale anisotropic eddies (with ` > `EI) and the small
scale isotropic ones (` < `EI).

Hypothesis 2 (First similarity assumption) In every turbulent flow at suf-
ficiently high Reynolds number, the statistics of the small scale motions (` < `EI)
have a universal form that is uniquely determined by " and ⌫.

Kolmogorov argued that not only does the directional information gets lost as the
energy is transferred down through the cascade, but that all the informations about
the geometry of the eddies get lost also.

As a consequence of that, the statistics of the small-scale motions can be consid-
ered universal, since they are similar in every high Reynolds number turbulent flow,
independently of the mean flow field and the boundary conditions. The geometry
of the small scale eddies depends on the rate TEI at which they receive energy from
the larger scales (which is approximately equal to the dissipation rate ") and the
viscous dissipation, which is related to the kinematic viscosity ⌫.

With these parameters, we are able to present a unique form for length Kol-
mogorov scale ⌘, velocity u⌘ and time ⌧⌘ scales, which are indicative of the smallest
eddy dimensions in the flow field, where the dissipation occurs:

⌘ ⇠
�

⌫3/"
�1/4

u⌘ ⇠ (⌫")1/4

⌧⌘ ⇠ (⌫/")1/2
(1.64)

Hence, the Reynolds number Re⌘ referred to the Kolmogorov scale ⌘ turns out to
be

Re⌘ =
⌘u⌘

⌫
= 1 (1.65)

25The su�x EI stands for the demarcation line between the energy containing E and the inertial
range `. Hereinafter, the su�x DI indicates the threshold between the dissipative range D and
the inertial one.
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The size range ` < `EI is referred to as the universal equilibrium range. Here, the
generic time scales ⌧(`) = `/U(`) are small compared to ⌧0, hence the small eddies
are able to adapt quickly to maintain a dynamic equilibrium with the energy transfer
rate TEI due to the large eddies [18]. On these scales, if the Reynolds number is
adequately high, all the flow fields are identical if scaled by the Kolmogorov scales.

Now, through the Eq. 1.95 and the Kolmogorov relations in the Eq.1.64, one can
calculate the ratios between the small dissipative scale and the large integral one:

⌘

`0
⇠ Re

�3/4
L

u⌘

u0
⇠ Re

�1/4
L

⌧⌘
⌧0

⇠ Re
�1/2
L

(1.66)

As one may expect, at high Reynolds numbers, the velocity and time scales of smaller
eddies are negligible compared to those of the larger ones. Since the ratio between
the dissipative scales and the length scale of the flow is in inverse proportion to the
Reynolds number, there will be a range of intermediate scales l which is small with
respect to the eddy lengthscale and large with respect to the Kolmogorov scale:

⌘ ⌧ `⌧ `0 (1.67)

The second similarity hypothesis, as supported by experimental evidence once
again, remarks the little influence on l scales of the kinematic viscosity ⌫.

Hypothesis 3 (Second similarity assumption) In the limit of infinite Reynolds
number, the statistics of the scales motions (⌘ ⌧ ` ⌧ `0) are uniquely and univer-
sally connected to the mean dissipation rate ", independent of ⌫.

By defining the new length scale `DI (usually of the order of 60 times the Kol-
mogorov scale ⌘), a demarkation line between the dissipative and the inertial range
is provided (see Fig.1.5). In the former, motions are determined by inertial e↵ects
with negligible viscous e↵ects; the latter is the region in which viscous e↵ects appear.

The `-sized eddies in the inertial subrange obey to the following relationship:

" /
u3
⌘

⌘
=
⌘2

⌧ 3⌘
(1.68)

that leads to the following equation, that replaces the Eq. 1.66 by forming modified
velocity and time scales by dint of " and `:

u` / ("`)1/3 = u⌘

✓

`

⌘

◆1/3

⇠ u0

✓

`

`0

◆1/3

⌧` /
✓

`2

"

◆1/3

= ⌧⌘

✓

`

⌘

◆2/3

⇠ ⌧0

✓

`

`0

◆2/3
(1.69)
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Figure 1.5: Sketch of the lengthscales in K41 theory.

As a consequence of this hypothesis, the inertial subrange velocity u` and the time
scale ⌧` increase as ` increases.

1.6.3 Taylor microscale

As a result from the derived conservation equation (with the assumption to handle
variables and quantities with the Reynolds decomposition in a mean and a fluctuat-
ing value), one may observe that the fluctuating strain rate sij is much larger than
the mean strain Sij when Reynolds number is high

hsijsiji � Sij (1.70)

The eddies that contribute the most to the dissipation of energy have very small
convective time scales if compared to the time scale of the flow, given that the
dimension of the strain rate is [sec�1]. Thus, if Reynolds number is su�ciently large,
all that leads to a very little direct interaction between the strain-rate fluctuations
and the mean flow: the tensor Sij has a small influence on the term sij since their
frequency band appears to be di↵erent enough. Therefore, the small-scale structure
of turbulence tends to be independent of any orientation e↵ects due to the mean
shear, thus all the averages relating to the small motion structures do not change
under rotations or reflections of the coordinate system (isotropy principle).

Any length scale conceived to the purpose of estimating sij has to be much
smaller than `0, for as the equality between productive and dissipative term has to
be respected [13]. The dissipation of energy is in direct proportion to hsijsiji. In
the case of isotropic turbulence we obtain [13,19]:

" = 2⌫ hsijsiji = 15⌫
⌦

u2
1,1

↵

(1.71)
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1.7 – Implication of the K41 theory

whose derivation is due to Hinze (1959). Through that, we can now define a new
length scale, the Taylor microscale �, which is associated to the curvature of spatial
velocity autocorrelations, as an index estimating the rate of decay of the spatial
correlation with respect to the unit value:

⌦

u2
1,1

↵

⌘ hu2
1i
�2

=
u02

�2
(1.72)

that leads to

" = 15⌫
u02

�2
(1.73)

From the dimensional analysis on the rate of dissipation ", we derive the relationship
between the Taylor microscale � and the largest eddy length scale `0:

�

`0
=

✓

15

A

◆1/2✓
u0`0
⌫

◆1/2

=

✓

15

A

◆1/2

Re
�1/2
L (1.74)

where A is an order-one undetermined constant. Since in every turbulent flow, the
global Reynolds number ReL is much greater than unity, the Taylor microscale is
always much smaller than the integral one. This is neither a characteristic length of
the strain rate field, nor representative for any group of eddy sizes in which dissipa-
tive e↵ects are strong. The Taylor microscale is not a dissipation scale, because it is
defined by a velocity scale which is not relevant for the dissipative motion structures.
Let us now show the relationship concerning the Taylor scale with respect to both
the integral and the Kolmogorov scales:

�

`0
=

✓

15

A

◆1/2

Re
�1/2
L =

15

A
R�1

�

�

⌘
=

✓

225

A

◆1/4

Re
�1/4
L = 15�1/4R

1/2
�

(1.75)

The parameter R� is the microscale Reynolds number, defined as

R� =
u0�

⌫
(1.76)

According to Corssin (1959), the above relation can be interpreted as the ratio
between the large-eddy time scale l0/u

0 and the time scale �/u0 of the strain rate
fluctuations.

1.7 Implication of the K41 theory

In order to correctly apply what Kolmogorov stated in his K41 theory, we introduce
the second-order velocity structure functions, which, by definition are referred to as
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1 – Basics of turbulence

the covariance of the velocity di↵erences between two points x and x+r:

Dij (x,r,t) = h[ui(x+ r,t)� ui(x,t)] [uj(x+ r,t)� uj(x,t)]i (1.77)

As easily noticed, it is clearly related to the two-point correlation (see Eq. 1.44).
If all the conditions from Kolmogorov K41 are satisfied (such as the Reynolds

number is su�ciently high), the independence of Dij from the two points separately
is easily demonstrated, whereas it is obviously influenced by their distance. Dij is
an isotropic function of r. Mathematical considerations lead to definition of this
second-order tensor through the following notation:

Dij(r,t) = DNN(r,t)�ij + [DLL(r,t)�DNN(r,t)]
rirj
r2

(1.78)

where DLL and DNN respectively stand for the longitudinal and the transverse
structure function. Since the continuity equation imposes the divergence of the
structure function Dij,i to be null, the isotropy hypothesis in turbulence reads:

DNN(r,t) = DLL(r,t) +
r

2

@DLL

@r
(r,t) (1.79)

thus demonstrating the dependence of Dij from the scalar quantity DLL(r,t) only.
According to the similarity hypothesis, in the dissipative or Kolmogorov range

(where |r| ⌧ L occurs) Dij is uniquely determined by " and ⌫. Since it has the
dimension of velocity squared, it may be useful to define the quantity ("r)2/3 for the
purpose of making Dij non-dimensional

DLL(r,t) = ("r)2/3D̃LL(r/⌘) (1.80)

As we apply the second similarity hypothesis (where the reference length scale
is ⌘ ⌧ r ⌧ L), DLL does not depend on ⌫, thus providing the following notation:

DLL(r,t) = ("r)2/3 · C (1.81)

The universal constant C leads to

DNN =
4

3
DLL(r,t) =

4

3
C("r)2/3 (1.82)

hence the resulting relation for the second-order velocity structure function:

Dij(r,t) = C("r)2/3
✓

4

3
�ij �

1

3

rirj
r2

◆

(1.83)
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1.7 – Implication of the K41 theory

1.7.1 Deductions from Navier-Stokes equations

Taylor (1935) and Kàrmàn and Howarth (1938) were the first to try to deduce the
behaviour of the energy cascade from the Navier-Stokes equations directly. They
worked on the two-point correlation Rij (see Eq. 1.44), which because of the ho-
mogeneity property is independent of x. Just as one may derive for the structure
function Dij, the assumption of isotropy allows us to express the Rij in terms of the
longitudinal and the transverse autocorrelation functions f and g:

Rij(r,t) = u02
⇣

g(r,t)�ij + [f(r,t)� g(r,t)]
rirj
r2

⌘

(1.84)

where u0 stands for the r.m.s. of velocity (see Eq. 1.39).
Parallelism with Dij gives a null value of Rij divergence (continuity equation),

that leads to

g(r,t) = f(r,t) +
1

2
r
@

@r
f(r,t) (1.85)

hence justifying the dependence of Rij from the longitudinal autocorrelation function
f only.

1.7.2 Kàrmàn-Howarth equation

Von Kàrmàn and Howarth in 1938 tried to provide a description of the evolution of
the function f . Detailed steps of derivation [20] from the Navier-Stokes momentum
equation, with the introduction of the two-point triple velocity correlations

Sijk(r,t) = hui(x,t)uj(x,t)uk(x+ r,t)i (1.86)

and its longitudinal correlation function

k(r,t) = S111(e1r,t)/u
03 =

⌦

u1(x,t)
2u1(x+ e1r,t)

↵

/u03 (1.87)

lead to the Kàrmàn-Howarth equation:

@

@t

�

u02f
�

� u03

r4
@

@r

�

r4k
�

=
2⌫u02

r4
@

@r

✓

r4
@f

@r

◆

(1.88)

As easily foreseen, that equation involves a closure problem, since both the functions
f(r,t) and k(r,t) are unknown. The latter term represents the inertial processes in
Navier-Stokes equation, thus being the only source for energy transfer to smaller
scales in the Richardson-Kolmogorov view.
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1 – Basics of turbulence

1.7.3 The Kolmogorov 4/5 law

The Kàrmàn-Howarth equation may be also presented in an alternative way. By
integrating it, one obtain the Kolmogorov equation:

3

r4

Z r

0

s4
@

@t
DLL(s,t)ds = 6⌫

@DLL

@
�DLLL � 4

5
"r (1.89)

where the structure function DLLL reads

DLLL(r,t) =
⌦

[u1(x+ e1r,t)� u1(x,t)]
3↵ (1.90)

Kolmogorov argued that in locally isotropic turbulence the unsteady term is null,
and the viscous term is negligible in the inertial subrange. Thereby, the Kolmogorov
4/5 law is derived:

DLLL = �4

5
"r (1.91)

By deducing the relation for the constant skewness of the structure function S 0

S 0 =
DLLL(r,t)

DLL(r,t)3/2
(1.92)

the second-order velocity structure function may be re-written as:

DLL(r,t) =

✓

�4

5S 0

◆2/3

("r)2/3 (1.93)

which is clearly similar to the expression obtained in Eq. 1.81. Thus, it is a proof
of the consistency between the K41 theory and the Navier-Stokes equations.

1.8 Spectral analysis

It is useful to analyse how the turbulent kinetic energy K is distributed among the
di↵erently sized motion structures. The simplest structures containing information
about the statistical properties of the turbulent flow are, as previously stated, the
two-point one-time autocovariances (see § 1.44), also known as the two-point corre-
lations. The integral scale is a measure of the distance in between the velocity (or
other generic quantities) are correlated. There are 3 components for each velocity
fluctuations vector, that leads to 9 possible two-point correlations, hence generating
27 di↵erent integral scales

L
(k)
ij =

1

Rij (0,x,t)

Z +1

0

Rij (r,x,t) drk (1.94)
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where k is needed to remember the fact that the function has been integrated along
a specific k-direction. As a result of considering an homogeneous isotropic flow field,
in HIT there will be a unique (longitudinal) integral scale:

L(t) =
1

RLL (0,t)

Z +1

0

RLL (r,t) dr (1.95)

In fact, the integral scale of transversal correlations is half of the value for the
longitudinal integral scale:

LNN(t) =
1

RNN(0,t)

Z +1

0

RNN(r,t)dr =

=
1

RLL(0,t)

Z +1

0

✓

RLL(r,t) +
r

2

dBLL

dr

◆

dr =

=
1

2

1

RLL(0,t)

Z +1

0

RLL(r,t)dr =
1

2
L(t)

(1.96)

Under the hypothesis of homogeneous isotropic turbulence, the two-point cor-
relation Rij does not depend on the space position defined by x, and it can be
expressed in terms of the wave-number spectrum. Let us now introduce the spatial
Fourier mode26:

eik·x = cos (k · x) + i sin (k · x) (1.97)

This is a sinusoidal function with wavelength ` = 2⇡/ |k|, that varies in the direction
of the wave-number vector k, being constant in planes normal to it instead. If we
consider the covariance of two Fourier coe�cients, we may observe that the quantity
goes to zero unless the wave-vectors k and k0 sum to zero. As a consequence to that,
the significative quantities are:

R̂ij (k,t) = hûi (�k,t) ûj (k,t)i (1.98)

which, as easily shown, are the Fourier coe�cients of the two-points velocity corre-
lation: R̂ij (k,t) = F {Rij (x,t)} (k).

1.8.1 Velocity spectra

We can define the velocity spectrum tensor �ij (k,t) as27

�ij (k,t) =
X

k̄

�
�

k� k̄
�

R̂ij

�

k̄,t
�

(1.99)

26Fourier domain and analysis are the subject of Appendix A.
27Here, k̄ is the iteger wave-number vector, whereas k is a continuous wave-number variable.

31



1 – Basics of turbulence

It stands to reason that the two-point correlation and the velocity spectrum tensor
form a Fourier pair. In fact:

�ij (k,t) =
1

(2⇡)3

ZZZ +1

�1
e�ik·xRij (r,t) dr (1.100)

whose inverse transform reads:

Rij (r,t) =
1

(2⇡)3

ZZZ +1

�1
e�ik·x�ij (k,t) dk (1.101)

with dr = dr1dr2dr3 and dk = dk1dk2dk3. By setting to the null value the vector
r, the relationship for the correlation tensor becomes:

Rij (0,t) =

ZZZ +1

�1
�ij (k,t) dk = huiuji (1.102)

hence the velocity tensor �ij (k) represents the contribution from the Fourier mode
eik·x to the Reynolds stress huiuji.

1.8.2 Energy spectra

In order to simplify things, the energy spectrum function E (k) removes all the
directional information from the second-order tensor �ij:

E (k) =

ZZZ +1

�1

1

2
�ii (k) � (|k|� k) dk (1.103)

where the information about the velocity field directions is lost by using half the
trace 1

2�ii, while the direction of the Fourier modes is deleted by integrating over
shells created by rotating in a three-dimensional space wave-vectors with the same
magnitude |k| = k. Integration of E (k) over all k is tantamount to integrating 1

2�ii

over all k. As a consequence of that, we can derive the expression for the turbulent
kinetic energy K

K =

Z +1

0

E (k) dk (1.104)

and the dissipation rate "

" =

Z +1

0

2⌫k2E (k) dk (1.105)
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1.8.3 Further consideration about isotropic turbulence

As stated before, by means of E (k) some information is lost with respect to �ij.
Nevertheless, under the hypothesis of isotropic turbulence, they depend on each
other. In detail, isotropy means that the vector k is liable for all the directional
information, hence one may write the generic second order tensor as a function of
k:

�ij (k,t) = A (k) �ij +B (k) kikj (1.106)

with A(k) and B(k) scalar function. Integration over the generic spherical shell of
radius k leads to

E(k) = 6⇡k2A(k) + 2⇡k4B(k) (1.107)

This expression, joined together with the continuity equation28 allows us to write
the following, stating the velocity spectrum tensor dependance from the energy
spectrum:

�ij (k,t) =
E(k)

4⇡2

✓

�ij �
kikj
k2

◆

(1.108)

One-dimensional spectra. As reported above, turbulence is a fully 3D physical
phenomenon, hence all spectra and functions aiming to describe its motion must
have three-dimensional information.

However, in the case of isotropic turbulence, one-dimensional spectrum is defined
as twice the one-dimensional Fourier transform of two-point correlation Rij

Eij =
1

⇡

Z +1

�1
Rij (e1r1) e

�ik1r1dr1 (1.109)

Now, let us focus on the diagonal component of the tensor: the element R33 is a
real and even function of r1; consequently E33 is also real and even, so that Eq. 1.109
reads:

E33(k1) =
2

⇡

Z +1

0

R33 (e1r1) cos (k1r1) dr1 (1.110)

whose inverse formulation leads to

R33(e1r1) =

Z +1

0

E33 (k1) cos (k1r1) dk1 (1.111)

It follows that, for r1 = 0

R33(0) =

Z +1

0

E33 (k1) dk1 =
⌦

u2
3

↵

(1.112)

28Starting from k · � = 0, the relation B(k) = �A(k)�ij is derived.
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The relation with the velocity spectrum tensor is given by

E33(k1) = 2

Z Z +1

�1
�33(k)dk2dk3 (1.113)

that allows us to note that the wave-vectors which contribute to the integral are all
wave-number vectors in the plane defined by k · e1 = k1, hence their magnitude |k|
may be larger than k1.

In isotropic turbulence, the one-dimensional spectrum E11(k1) can be expressed
in terms of the three-dimensional spectrum E(k), by using the Eq. 1.108:

E11(k1) =

ZZ +1

�1

E(k)

2⇡k2

✓

1� k2
1

k2

◆

dk2dk3 (1.114)

The substitution of a radial coordinate kr into Eq. 1.11429 leads to the equation:

E11(k1) =

ZZ +1

�1

E(k)

k

✓

1� k2
1

k2

◆

dk (1.115)

As one may immediately notice, E11(k1) is a monotonically decreasing function of
k1, whose maximum is reached when k1 = 0, at zero wave-number. By inverting the
Eq. 1.115, a simple formula is derived, in order to obtain E(k) as a mathematical
processing result of the 1D Fourier transform:

E(k) =
1

2
k3 d

dk

✓

1

k

dE11(k)

dk

◆

(1.116)

Finally, as the transverse velocity autocorrelation function g(r) is determined by its
longitudinal counterpart, so also E33(k1) is linked to E11(k1):

E22(k1) =
1

2

✓

E11(k1)� k1
dE11(k1)

dk1

◆

(1.117)

The Kolmogorov -5/3 spectrum. In this last section the famous -5/3 Kol-
mogorov law is presented. It essentially states that, if the Reynolds number is su�-
ciently high, the high wave-number portion of the velocity spectra follows particular
universal forms. One way consists of obtaining the Kolmogorov spectra as the ap-
propriate Fourier transforms of the structure functions, as demonstrated above (see
§ 1.7); as an alternate way, we apply the K41 deductions directly to the spectra.

Now, velocity statistics are isotropic in the universal equilibrium range, only
depending from " and ⌫. That leads to defining the energy spectra E(k) as a
universal function of k, " and ⌫, where k > kEI , that is

k⌘ >
2⇡⌘

lEI

(1.118)

29By using the radial coordinate kr one may substitute k2r = k

2
2+k

2
3 = k

2�k

2
1, hence krdkr = kdk.
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In a non-dimensional form as a function of " and ⌫, E(k) reads

E(k) = ("⌫5)1/4'(k⌘) = u2
⌘'(k⌘) (1.119)

with '(k⌘) as a universal non-dimensional function named Kolmogorov spectrum
function. By means of " and k, the non-dimensional formulation for E(k) is

E(k) = "2/3k�5/3 (k⌘) (1.120)

where  (k⌘) is the compensated spectrum function. Consequently, one obtains the
relationship between these functions:

 (k⌘) = "2/3k�5/3'(k⌘) (1.121)

In the range inertial subrange, the second similarity hypothesis applies: this is
the region in between the border values lDI and lEI , which can be translated in the
wave-number space

⌘/l0 ⌧ k⌘ ⌧ 1 (1.122)

or

kEI⌘ =
2⇡⌘

lEI

< k⌘ <
2⇡⌘

lDI

= kDI⌘ (1.123)

Here, the universal form of E(k) only depends on ": this is the reason why the
function  approximates to a constant C when the product (k⌘) tends to a value
much smaller than unity, thus allowing the formulation:

E(k) = "2/3k�5/3C (1.124)

The -5/3 Kolmogorov spectrum is therefore introduced in the previous formula,
which predicts a power-law energy spectrum function. Experimental data support
the value of the universal Kolmogorov constant to be C = 1.5 [21].
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Chapter 2

Simulation and visualisation of
turbulent fields

In the previous chapter, the development of new advanced measurement techniques
was mentioned. The enhancement in methodology and facilities concerning exper-
imental analysis of flow fields is constantly upgrading, thus providing a more and
more powerful instrument in order to understand fluid dynamics.
Starting from the 70’s, numerical methods were introduced and investigated, to the
purpose of delving into comprehension of fluid motions whether in abstract theoret-
ical issues or in more reality reproducing flow systems. As one may easily figure,
the quest for optimisation in numerical analysis and computational methods gained
relevance during the last years, as a consequence of major developments in computer
science, that assured increased processing power and more advanced graphics.

Let us now focus on turbulence. Analytical solutions of the Navier-Stokes equa-
tions to even the simplest turbulent flows do not exist. Therefore, a complete tur-
bulent flow depiction, where the flow variables like velocity or pressure are given
as a function of space and time, can only be obtained by numerically solving the
equations. Turbulence spans wide spatial and temporal scales, with non-linear in-
teractions due to the convective term in the governing equation for momentum
conservation. All the turbulent scales must be resolved or adequately modelled to
present a coherent simulation of real flows, thus preserving and reproducing the
main flow features.

37



2 – Simulation and visualisation of turbulent fields

2.1 Route to Computational Fluid Dynamics

Computational Fluid Dynamics (CFD) is driven by several reasons. Fluid flows
prediction is provided in several everyday life circumstances: this is the case of me-
teorological phenomena, ventilation and air conditioning of buildings and cars, com-
bustion in propulsive systems, processes in human bodies (haemodynamics, airflow
in the respiratory tract), interactions between various objects and air or water and
so on. CFD gives a qualitative and quantitative prediction of fluid flows by means
of mathematical modeling (from partial di↵erential equations), numerical methods
(with proper discretisation and solution techniques) and software tools including
solvers, pre-processing and post-processing utilities [22].

CFD enables scientists and engineers to exploit “numerical experiments in a
virtual flow laboratory”, thus giving an insight into even complex flow patterns that
are di�cult or impossible to explore using experimental probes or techniques. Of
course, CFD simulations can virtually predict any problem and operating conditions
with high resolution in space and time (in contrast with the limited range of problems
in experiments, due to laboratory-scaled models). Conversely, the main drawback
is the spread of error sources connected to the modeling procedure, be they due to
discretisation, iteration or implementation.

Simulations are cheaper and faster than experiments, with an overall cost that
is usually significantly reduced. The decreasing trend in computational time related
to parallel computing and multi-purposing of simulations (meaning the opportunity
to check for multiple variables in each simulation) make CFD an alternative to
experimental investigations. On the other hand, the results of a CFD simulation
are never 100% reliable because of the possible involvement of too much guessing or
imprecision for the input data, eventual inadequacy of the mathematical model or
the lack of accuracy.

Coming back to turbulent flows, the non-linear system of Navier-Stokes equations
governing the motion of continuous, unsteady, newtonian flows with constant fluid
properties (see § 1.3.1) is presented again below:

@⇢

@t
+(⇢Ui),i = 0

@Ui

@t
+ (UiUj),j =� 1

⇢
P,i + ⌫Ui,jj + fi

(2.1)

where the added term fi accounts for external forces. Given their deterministic na-
ture, the equations above may be integrated and numerically solved. There is a but,
however: apart from computational amounts and costs of integration process, the
numerical solutions strongly depend on the initial and boundary conditions. Non-
linearity associated with the convective term in the momentum equation, assumes
increased relevance in direct proportion to the Reynolds number. Furthermore, so
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that the Navier-Stokes equations can be solved, the mathematical problem has to be
well-posed, steming from Jacques Hadamard’s definition: it implies the existence of
a solution, its uniqueness and continuously dependence on the initial and boundary
conditions.

Initial conditions must be of the form:

g0 = g0(x,y,z) (2.2)

meaning that in every grid point, the value for the generic function g can be deter-
mined.

In addiction to that, boundary conditions can be assigned in every space-time
point of the boundary � in terms of Dirichlet or Neumann conditions, respectively:

g� = c

@g

@n

�

�

�

�

�

= c
(2.3)

2.1.1 Direct Numerical Simulation

As stated above, Navier-Stokes equations system may be discretised (usually in a
non-dimensional form) and numerically integrated, without introducing any mathe-
matical model or hypothesis: all the scales of interest are simulated in a well-resolved
transient mode with su�cient spatial and temporal resolution. Hence the name
Direct Numerical Simulation or DNS. This is the best way of gathering detailed
information on turbulent interaction, from the mean flow properties to two-point
correlations.

However, DNS cons are quite considerable. Turbulence, as previously high-
lighted, presents a continuous spectrum of spatial scales, with a proper amount
of energy each: in the case of HIT, even the smallest motion structures must be
represented and resolved, since they all are energetically significative and concur to
determine the global fluid flow. That is because the dimension of discrete elements
has to be small enough to reproduce every scale. Similarly, time discretisation needs
to be small enough to capture and describe the evolution of fluid dynamics. Ba-
nally, in a numerical experiment, even if the domain spatial and temporal scales are
much larger than the smallest turbulent eddies and their characteristic time, they
still need to be divided into smaller intervals, so that all the scales contributing to
the physical evolution of the flow field are well captured. As one may easily figure,
the computational cost is largely determined by the resolution requirements. The
computational box size LB must be large enough to include the energy-containing
eddies, whereas the grid spacing �x must be su�ciently small, as above observed,
in order to resolve even the dissipative scales. With regards to temporal scales, the
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time step �t used to advance the solution is limited by numerical accuracy; a parti-
cle must move only a fraction of grid spacing �x during the time step �t, following
the Courant-Friedrichs-Lewy condition or CFL, that reads:

u�t

�x
< C (2.4)

where u stands for the velocity and is in direct proportion to the square root of
the mean kinetic energy K, while C is the CFL constant. Reasonable values for
turbulent flows give C = 1/20. Furthermore, for isotropic turbulence, we assume
the box size LB to be at least 8 times the integral scale `, whereas the grid spacing
is about 2.1 times the Kolmogorov scales. Simple considerations (see Pope [19])
can be gathered on the number of discretised cells in a single direction Ni, with
respect to the global Reynolds number or the Reynolds number referred to the
Taylor microscale, respectively Re and Re�:

Ni =
LB

�x
/ `

⌘
= Re3/4 ⇠ R

3/2
� (2.5)

where the equivalence is given by the relationships from Kolmogorov K41 (see
Eq. 1.64). The total number of points NTOT in a three-dimensional space increases
as:

NTOT / Re9/4 ⇠ R
9/2
� (2.6)

The duration of a simulation is instead obviously connected to the number of steps
Nt, which is determined by the ratio between the turbulence time scale T and the
time spacing �t (which is of the same order of the Kolmogorov time scale ⌧⌘), thus
giving:

Nt =
T

�t
/ T

⌧⌘
= Re1/2 ⇠ R� (2.7)

thus explaining the increase in computational costs (due to the product between the
number of steps required for a single point Nt and the total number of space points
NTOT ) approximately with Re3 or Re6�.

Owing to the limitations in available CPU flops (FLoating-point Operations Per
Second), the DNS approach is limited to flows with moderate Reynolds number and
simple geometries, though being the most accurate numerical numerical method.
This is why the DNS is a research and validation tool rather then a tool for engi-
neering design. Of course, in the latest years, the increased capability in computer
power and the development of parallel computing weigh in the DNS’ favour.

2.1.2 Reynolds-Averaged Navier-Stokes Simulation

The RANS (Reynolds-Averaged Navier-Stokes Simulation) benefits from the rela-
tively low computational costs involved. In this approach, ensemble averaged flow
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variables are computed and all of the turbulent fluctuations are modelled with a tur-
bulence model. These flow simulations show good results in standard applications,
such as turbulent channel flows, but have di�culties to predict flow separations,
since the turbulence model is not able to take complex vortical motions into ac-
count. The main drawback when using this numerical technique is related to the
quest for an appropriate closure model (see § 1.5.1).

Reynolds averaging, as previously mentioned (see § 1.3, Eq. 1.28), consists of
splitting a generic variable - let us consider the instantaneous velocity Ui in two
terms: a mean1 part hUii and a fluctuating one ui. However, as the aim is to describe
turbulent steady flows, one may neglect the spatial dependence, hence defining the
time average:

Ui(x) = lim
T!1

1

2T

Z t+T

t�T

Ui (x,t
0) dt0 (2.8)

Therefore, the overline notation (·) from here on stands for time averaging. As a
result of some properties, things become simpler. In fact:

ui = 0

UiUi = UiUi + uiui

@Ui

@t
=
@Ui

@t
(2.9)

@Ui

@xi

=
@Ui

@xi

Now, if apply the Reynolds decomposition to the generic instantaneous quantities
(velocity components, pressure or the stress tensor), and then include the time-mean
operator rules, we may rewrite the Navier-Stokes equations2:

@⇢

@t
+ (⇢U i),i = 0

@U i

@t
+ U jU i,j =� 1

⇢
P ,i +

⇥

⌫(U i,j + U j,i)� uiuj

⇤

,j
+ fi

(2.10)

The new term appearing in the second equation, the Reynolds stress tensor ⇢uiuj, is
a second rank symmetric tensor. It has to be described as a function of the solution,
in order to close the system with a turbulence model, either via the turbulent viscosity
hypothesis or the modelled Reynolds-stress transport equations (see § 1.5.1).

1In the generic case we refer to the “ensemble average”, which is both time and space-dependent.
2The only di↵erence between the Navier-Stokes equations presented below and in Eq. 1.49 is

due to the choice of the time average instead of the ensemble average.
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The main advantage of the RANS with respect to direct simulations is strictly
related to computational costs: if only the mean flow is simulated, the characteristic
time scale will result much larger than the ones connected to Kolmogorov scales,
thus not requiring smaller time spacing. Further simplification may be adduced
when evaluating particular flow fields: as an example, in 2D flow fields, the NS
equations can be discretised and integrated in a single plane.

The RANS is thus a cheaper technique in terms of computational costs, even
if, apart from the closure problem, they always must deal with a physical problem:
in fact, especially in turbulence, RANS remove essential information (as an exam-
ple in combustion engine problems) on velocity and pressure fluctuations, whose
magnitude is substantial with respect to the mean motion quantities.

Finally, there is no universal closure model for Reynolds-averaged equations:
several constant values must be defined for each simulation, while the main issue in
multiple equation models (like the K�" model) is that the turbulent kinetic energy
and the average turbulent dissipation term in the energy balance equation have to be
assigned of their initial values and boundary conditions. To overcome this problem,
models integrating a transport equation for every term of the Reynolds stress tensor
are conceived, with obvious complication in terms of the calibration of parameters:
at one point, processing costs to determine the RANS constants will equalise the
computational requirements that other methods (LES or even DNS) usually have
to meet.

2.1.3 Large-Eddy Simulation

As stated in the previous chapter, Reynolds averaging is not always appropriate.
Hence, an alternate approach is proposed: with Large Eddy Simulation (LES) a
spatial scale separation is made, so that the scales larger than the filter dimension
are computed, while the smaller and most expensive structures are modelled. In
this case, medium and large eddies are resolved as in a DNS. Unlike to the RANS
models, where the global e↵ects of all the eddies mixed together is simulated, in the
LES the physical distinction between the motion structures overstays.

Derivation of the LES equations from the Navier-Stokes ones is quite similar to
the one that allows for RANS equations. The main di↵erence is that in LES we
consider the spatial filtering of instantaneous quantities, whereas in the RANS we
deal with temporal filtering. The most intuitive spatial filter is provided by the con-
trol volume �V, that is the 3D volume contained in a spatially discretised element.
In the LES method, the dimension of computational cells is large enough to avoid
the process to imitate a DNS, thus erasing the e↵ects of the smallest scales in the
direct solution: the unresolved structures are then re-introduced in the mathemat-
ical model through supplementary relations. The principal operation in LES is a
low-pass filtering (all the wave-numbers smaller than the threshold value are passed,

42



2.1 – Route to Computational Fluid Dynamics

meaning that all the physical scales larger than the filter width � are considered):

2⇡

`
= k < k� =

2⇡

�
` > �

(2.11)

This procedure clearly eliminates those scales which are smaller than the filter width
�, thus reducing the computational costs with respect to a fully resolved DNS.

Let us consider a random flow field. The velocity component Ui(x,t) is de-
composed into the sum of the filtered (or resolved) part eUi(x,t) and a residual (or
SubGrid Scale, SGS component u0

i(x,t):

Ui(x,t) = eUi(x,t) + u0
i(x,t) (2.12)

As easily noticed, eUi(x,t) is a random field, and the mean value of u0
i(x,t) is not zero,

as in the case of fluctuating values in the RANS equations. The filtering operation
consists in applying to the velocity field the convolution:

eUi(x,t) =

ZZZ +1

�1
G(r,x)Ui(x� r,t)dr (2.13)

where the integration is over the entire flow domain. G(r,x) is the filter kernel, and
it is such that decays to zero outside the range defined by |r| = (�) and it integrates
to 1:

ZZZ +1

�1
G(r,x)dr = 1 (2.14)

If the filter function G(r) is homogeneous, it does not depend on its position
x. The LES filter may be a box -type, Gaussian-type or sharp spectral -type (see
Fig. 2.1), according to his application, thus being uniform or non-uniform, isotropic
or anisotropic.

The LES system of equations is then derived:

@⇢

@t
+ (⇢eUi),i = 0

@ eUi

@t
+ eUj

eUi,j =� 1

⇢
eP,i +

h

⌫(eUi,j + eUj,i)� ⌧ rij

i

,j
+ efi

(2.15)

which are formally identical to the RANS equations, except for the di↵erence be-
tween the filters applied to the velocity and pressure variables. Here, the additional
term is the anisotropic residual-stress tensor ⌧ rij, that is the anisotropic part

3 of the
tensor of residual stresses ⌧ rij, which is strictly correlated to the filtered velocity:

⌧ rij = ]UiUj � eUi
eUj (2.16)

3The isotropic part of the residual-stress tensor has been included in the modified filtered
pressure.
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Figure 2.1: Examples of one-dimensional filter functions: box filter (dashed line),
Gaussian filter (solid line) and sharp spectral filter (dot-dashed line).

It follows that closure is achieved by modeling the residual-stress tensor ⌧ rij. The
most common subgrid closure is of the eddy-viscosity type

⌧aij = �2⌫r eSij (2.17)

where eSij is the filtered rate-of-strain tensor and ⌫r is the eddy viscosity of the
residual motions. Hence, the construction of proper eddy viscosity models accounts
for an appropriate choice of ⌫r, which can be determined by Smagorinsky subgrid
model or Germano et al. dynamic procedure.

In the Smagorinsky (1963) model, the eddy viscosity is supposed to be, under
the hypothesis of high Reynolds number

⌫r = `2S
eS (2.18)

In the formula above, the Smagorinsky length scale `S is thought to be proportional
to the filter width �, while the modified filtered rate-of-strain tensor eS is

eS =
q

2eSij
eSij (2.19)
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thus providing the following relation for the anisotropic residual-stress tensor:

⌧aij = �2⌫r eSij = �2`2S eS eSij

= �2(CS�)2 eS eSij

(2.20)

where the Smagorinsky coe�cient CS has been introduced.
One may observe that, given that the subgrid stresses are responsible for the

dissipative function, the constant CS must be accurately chosen: underestimated
values for CS lead to an artificial accumulation of energy in the computational
domain; in the opposite case, the self-sustenance of turbulence is forbidden, even
leading to relaminarisation of the fluid flow.

The main inconvenient in adopting the Smagorinsky model is that a single value
for the constant CS does not adequately describe di↵erent flows. This is why Ger-
mano, with Piomelli, Moin and Cabot [23] proposed the replacement of CS by a
coe�cient CS(x,t) which is dynamically adjusted to the local structure of the flow.

In addiction to that, the subgrid-scale stresses do not vanish at the solid bound-
ary of the computed domain, hence the need for damping functions to be determined
in order to account for near-walls e↵ects. The LES methods are unable to reproduce
the anisotropy of the small scales in the near-wall region or the energy flow from
small scales to large scales (backscatter), while particular solutions (like intermit-
tency functions) must be introduced when dealing with transitional flows.

At last, in spite of the noteworthy di�culties in calibrating constants and pa-
rameters in any subgrid model, remarkable advantages are brought together with
the choice of a Large-Eddy Simulation: it of course has smaller requirements than
a direct simulation, while it is not as dependent from the engineered closure model
as in the case of RANS. On the other hand, together with a greater independence
of the solution for the LES filtered variables from the chosen model, come higher
computational costs with respect to a Reynolds-Averaged Navier-Stokes simulation.

2.2 Scientific data visualisation

Recently, flow visualisation techniques are being analysed and developed, together
with the fluid flow research. Both experimental and computer-aided visualisation
methods are applied for di↵erent reasons: by means of graphical tools, the fluid
flow around an object is immediately and easily reproduced. Colours and opacity
variables, shadows and lights, allow for a better comprehension of the physical be-
haviour of the fluid flow under investigation, thereby making data visualisations a
powerful instrument to verify or modify theories or models on the fluid flow itself.
Humans are able to gather much more information when it is presented visually,
rather then numerically [25]. During the last years, following the development of
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3D flow solution techniques, there is especially an urgent need for visualization of
3D flow patterns. Inevitably, this lead to unsolved problems to computer graphics
research.

The heart of the representation process is the translation of physical to graph-
ical quantities. Starting from the coarse data collected by means of a numerical
simulation, scientific visualisation with computer-generated images is generally con-
ceived as a five-stage pipeline process (Haber & McNabb, [26]), whose guidelines are
depicted in Fig. 2.2.

Figure 2.2: A pipeline model of the visualization process (Haber & McNabb, 1990).

By means of the data generation (1), numerical data are produced by numerical
simulations. Velocity fields, sometimes combined with scalar data such as pressure,
density, kinetic energy or temperature are produced, thereby providing usually a
large amount of scientific data. The final function of visualisations will be that
of recording information, supporting reasoning about information and conveying
information to others. In order to meet these purposes, a logic path has to be
followed.

During the phase of data enrichment and enhancement (2), some of the raw
initial data are modified and selected, in order to reduce the amount or improve the
information content of the data. Here, domain transformations, sectioning, thinning,
missing-point interpolation, sampling and noise filtering occur. This phase can also
be referred as the filtering phase, by means of which the focus data to be displayed
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are isolated from the prepared ones. In fact, we may be interested to part of the
global amount of simulated data or to specific features of the data. Therefore, sub-
sampling, aggregation and averaging of the whole data field, are some of the several
operations that guarantee a reduction in post-processing and visualising costs. Also
thresholding, often used to decompose the data in significant parts, allows for a
global thinning of the physical quantities we aim to depict. Interpolation is also
a fundamental operation in data visualisation: flow quantities are always given
only at grid points, so that for intermediate regions values have to be obtained by
interpolation. It can be of zero, first or higher-order, depending on the accuracy
level. In the case of zero-order interpolation, values are meant to be constant in a
grid cell, in a first-order one variables are supposed to follow a linear variation, and
so on. One of the most impressive and meaningful operations one may eventually
apply to the raw data set (especially whether one deals with velocity fields), is the
computation for particle path lines: the motion of a single particle, is governed by
the equation dx/dt = v(x). Hence, integration of this formula yields the position
vector x of the particle at any instant, thus the required streamline. Vorticity is
another important vector quantity than can be directly obtained from the velocity
field.

In the third visualisation mapping (3) stage, physical data are translated from
physical values to suitable visual quantities and assigned of coherent attributes.
Abstract physical variables are cast into a wide range of shapes, colour and light.
This is the step of the process where the visualisation is designed to determine what
has got to be seen and how to visualise it.

The rendering (4) procedure transforms the mapped data into visible and dis-
playable images. It allows for hidden surfaces removal, lighting calculations and
optimisation, anti-aliasing filtering and other viewing transformations. In 3D flow
data visualisations, complex spatial structures must be shown, and for this a good
orientation in three-dimensional space is essential. Human visual perception can
readily extract spatial information from a two-dimensional picture, provided that
enough supporting “depth cues” are available. Many depth tricks are related to
objects and surfaces, but field data (such as scalar and vector fields) do by nature
not contain objects or surfaces and thus lack these cues. For visualization, extra
depth cues must then be added, 3D objects and surfaces derived from the fields
must be used, or environment geometry must be exploited to support localisation
in space. 3D shapes are perceived through their contours, since the light on sur-
faces has a directional reflection. Depth is perceived with perspective, stereoscopy
or proper surface texture density gradients. Of course, ambiguity can easily occur
when spatial cues are weak (this the case of arrows or curves representation).

Finally, in the display (5) stage, the rendered images are shown on a screen.
Image file formats can be translated, together with possible decompression of data.
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Precomputed rendered images may also be loaded into the main memory of a work-
station in order to create animations.

2.2.1 Compendium on VisIt Visualization Tool

Scientific visualisation is required in di↵erent fields. Biological or chemical data are
depicted, mathematical and medical visualisations are obtained. In this work we
obviously focus on fluid flow visualisation. A large number of softwares are being
constantly conceived to allow for simpler interaction with raw data and faster vi-
sualization, thus ensuring reduced computing powers and an increase in displaying
features. Moreover, parallel computing splits large problems into smaller ones: av-
erage costs single CPUs are then reduced, and all the data, whether they are in
a raw or filtered form, can be simultaneously loaded on multiple processors (with
multi-core computers or clusters). This is the main reason why the most part of
state-of-the-art developed softwares support parallel visualisation.

VisIt, ParaView and Voreen are the most advanced available visualisation soft-
wares. They are open source and multi-platform (Windows, Mac OS and many Unix
variants) interactive visualisation and graphical analysis tools for viewing scientific
data. They can be controlled both by a Graphical User Interface (GUI) or through
their scripting language. They support several file formats, with particular mention
to ASCII data formats, general scientific formats such as VTK, ADIOS, Silo, PDB,
XDMF or any graphic formats such as JPEG, PNG, BMP, TIFF or RAW. Voreen
(VOlume REndering ENgine) in detail, is mainly employed in the medical sector
to access and reproduce DICOM datasets in radiology. All these softwares are also
able to load formats that were originally designed primarily for and are part of some
specific application code. That is, the code that writes these files is typically part
of the application itself and is not a stand-alone product of its own. This is the case
for PATRAN and NASTRAN files (from MSC Software Corporation), CCM (from
Star-CD Adapco), Tecplot, ANSYS or Fluent. We focus on VisIt , since it has been
used in this work context.

The VisIt Visualization Tool project originated at Lawrence Livermore National
Laboratory as part of the Advanced Simulation and Computing (ASC) program
of the Department of Energy’s (DOE) National Nuclear Security Agency, but it
has gone on to become a distributed project being developed by several groups
to the purpose of visualising and analysing the results of terascale simulations. It
was developed as a framework for adding custom capabilities and rapidly deploying
new visualisation technologies. Work on VisIt began in the summer of 2000, and
the initial version of VisIt was released in the fall of 2002. Monthly updates are
available and freely downloadable from the website. Although the primary driving
force behind the development of VisIt was for visualising extremely large data, it
is also well suited for visualising data from typical simulations on desktop systems.
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VisIt is now developed in part by many organisations, including Oak Ridge Na-
tional Laboratory, Lawrence Berkeley National Laboratory, and the University of
California, Davis, among others. Since VisIt is open source, many others have made
contributions as well.

It is based on third party libraries as the Qt widget library for its user inter-
face or the Python programming language for a command line interpreter. It can
equally handle 2D and 3D data, that can be also collected in animations repro-
ducing their time evolution. Rectilinear, curvilinear, structured and unstructured
meshes are supported. VisIt’s rendering and data processing capabilities are split
into two components that may be distributed across multiple machines: the viewer
is responsible for rendering and is typically run on a local desktop or visualization
server so that it can leverage the extremely powerful graphics cards, whereas the
engine is responsible for the bulk of the data processing and is typically run on a
remote machine where the data is located. The engine can be run serially on a single
processor or in parallel on thousands of processors.

2.2.2 Graphical representation methods

VisIt has a rich and full-featured set for scalar, vector or even tensor visualisa-
tion. It also provides support and facilities for derived fields (usually starting from
velocity vector fields, vorticity or magnitude scalar 2D ad 3D plot are obtained),
brand new variables are defined by operations on raw datasets. We can make a
fundamental distinction between these algebraic and selection/filtering operations
(pre-processing phase), geared to modify initial unbiased datasets and the post-
processing phase, which directly refers to operations aimed to better visualize the
flow field. Colour variables and values are automatically interpolated as well as the
computed values between adjacent cells are calculated by the software engine. Ad
hoc opacity variables or colour scales may be chosen and personalised in order to
bring out specific relevant fluid structures or to point out particular values for re-
produced quantities. The post-processing stage allows for the real representation of
scientific data: through the Plot menu a choice is requested about “how the dataset
has to be presented”, while eventual operations on the graphically proposed data is
made possible through the operator plot menu.

Once the raw data are loaded on the VisIT engine, it is then possible to add and
draw one or more plots. There are sixteen di↵erent types of them [27]. We focus on
some of their properties herewith, in a tentative to anticipate and hint at the plots
proposed in the following chapters.

• Contour plot. This plot displays the location of values for scalar variables
like mean kinetic energy or vorticity magnitude, using lines for 2D plots and
iso-surfaces for 3D plots (see Fig. 2.3). It is possible to specify whether the
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number of contours to be displayed or their colour and opacities. Of course,
users are given su�cient permission and freedom when trying to depict specific
values rather then the values VisIt automatically determines. The Contour
plot by default creates contours through a range of values by means of linear
interpolation, but one can also change the scale to a logarithmic function.

• Pseudocolor plot. The Pseudocolor plot, shown in Fig. 2.4, displays the
distribution of a scalar value over a computational mesh by means of “painted”
values. VisIt allows variables to be centred both on zones or nodes. Through
this plot type, one can set limits and choose between linear, logarithmic or
skewed distribution of values. As in the case of Contour plot, lighting can be
modified by the user, whereas opacity slider controls the plot transparency.

• Volume plot. The Volume plot is presented in Fig. 2.5. Here the volume-
rendering technique is used to visualise 3D scalar fields. As a result of specific
values for colour and opacity every point is assigned, some parts in the 3D
model become partially or even completely transparent. A proper volume
transfer function is automatically assigned by VisIt or manually determined
by the user, thus discriminating which parts of the plot are visible or not.
Hardware-accelerated splatting, 3D texturing and ray-casting are some of the
rendering techniques VisIt allows for. Users can choose the number of slices
and samples required for the rendered image.

• Streamline plot. The Streamline plot (see Fig. 2.6) depicts the behaviour
of particles in a vector field. At seed locations produced by point sources,
the values for the vector field itself are evaluated and integrated to create a
streamline. Streamlines can be displayed as a line, a tube or a ribbon.

• Vector plot. The Vector plot reproduces vector variables as small glyphs
that indicate the direction and magnitude of vectors in a vector 2D or 3D field
(see Fig. 2.7). The size and colour of vectors is imposed by the user, that is
also responsible for the choice of the numbers of the sampling vector the plot
has to display.

Every plot can be further on modified by means of the options from the Operator
menu. Some of them (like Box operator, Clip operator or Cone operator) are mostly
intended for 3D data representation. They remove box-, sphere- or conical shaped
areas before a database is plotted. Slice operator slices a 3D database with a plane
arbitrarily oriented, then creating 2D planar surfaces. Finally, interesting results
are obtained by applying the Threshold operator, that clips out from a 2D or 3D
plot all the values falling into a specified range. Of course, basilar transformations
aimed at managing the visualised windows, like rotation, translation or zooming are
always allowed.
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(a) Contour 2D plot. (b) Contour 3D plot.

Figure 2.3: VisIt contour plots.

Figure 2.4: VisIt Pseudocolor plot.

51



2 – Simulation and visualisation of turbulent fields

Figure 2.5: VisIt Volume plot.

Figure 2.6: VisIt Streamline plot.
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Figure 2.7: VisIt Vector plot.
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Chapter 3

Homogeneous isotropic turbulence
reference field

3.1 Numerical simulation and dataset visualisa-
tion set-up

Numerical simulations, pre- and post-processing operations on the reference and
filtered flow fields have been conducted on a Intel Core 2 Duo dual-core processor
Mac OS X based machine, with a 4GB DDR3 main memory. In this work context,
VisIt has been run in 64-bit mode, taking advantage of a 256 MB NVIDIA GeForce
9600M GT graphic processor.

The database consists of 10243 resolution grid point Direct Numerical Simula-
tion of an isotropic field at Taylor scale Reynolds number R� = 280, performed at
CINECA.

The computational mesh is reproduced with a rectilinear cartesian grid. We
deal with non-dimensional variables, since every length scale has been divided by
the reference length scale Lref = h/2⇡, where h is the physical length of the compu-
tational domain, supposed to be h = LB ⇡ 6.28m. Thus, we can assign a random
arbitrary real length for the side of the cube h: any other length dimension will
be made non-dimensional by comparison with Lref . As one may easily observe,
non-dimensionality leads to a 2⇡ ⇥ 2⇡ ⇥ 2⇡ cubical domain.

Similarly, velocity values become non-dimensional by means of the reference
velocity uref , that can be expressed as

uref = u0 = hu2
1i1/2 = hu2

2i1/2 = hu2
3i1/2 =

=



1

3

�

hu2
1i+ hu2

2i+ hu2
3i
�

�1/2 (3.1)

A mean kinetic energy value Kref = 1.636m2/sec2 leads to the reference velocity
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uref = 1.05m/sec. The time scale Tref comes from the ratio between the reference
length scale and the velocity.

The reference field was originated by integrating the Navier-Stokes equations
using fully dealised spectral methods [28,29] for a total time spanning three decades
(from the order of the Kolmogorov time scale ⌧⌘, to approximately three times the
integral time scale T ). The simulations for turbulence were forced by fixing the total
energy of the first two Fourier-space shells (with the |k| = 0 mode fixed to zero in
order to avoid the generation of a mean flow). The velocity components cover a wide
range of instantaneous values, provided that when one of the three fluctuates, the
others must compensate to keep the total amplitude for the instantaneous vector
constant.

The forcing is statistically homogenous and isotropic, but to allow for a homoge-
nous and isotropic turbulent field as well, the computational domain characteristic
length (say the size of the side of the 10243 domain) should be much larger than
the integral length scale (see § 2.1.1). This condition, far from being verified in the
initial data field (the longitudinal integral scale was approximately half of the side
of the cube), involved the original field to undergo a transformation. In Fig. 3.1,
in fact, the large-scale inhomogeneity of the reference field is presented, both in
terms of the total kinetic energy u2 + v2 + w2 and the single term u2 separately,
as a function of the space coordinate x: especially in this case, fluctuation over the
ideally constant value (here around 2) reaches 20% peaks, suggesting that a sort of
large-scale vorticity might be present.

Figure 3.1: Energy inhomogeneity.

As a consequence of that, the field has been slightly modified to restore a su�-
cient condition for isotropy, by neglecting the contribution from the first two wave-
numbers (k = 1,2) with a SPHERE filter, which removes the contribution of wave-
vectors that lye on shells of a radius between 0 and 2 (a detailed description of its
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functioning will be given in Ch.4, see § 4.1.1). Actually, in Fig. 3.2, the e↵ect of
di↵erent SPHERE filter widths is suggested: a typical behaviour for the 3D energy
spectrum in HIT is established in the above mentioned case (see Fig. 3.2, dotted
line).

Figure 3.2: 3D energy spectrum after removing di↵erent shells.

Figure 3.3: Compensated energy spectrum, �5/3 range.
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As one may notice in Fig. 3.3, the inertial range with the typical �5
3 -law be-

haviour seems to extend from k ⇠ 5 to k ⇠ 50, while the dissipative range extends
from k ⇠ 50 to the smallest length scales. The resulting integral length scale is
approximately one tenth of the side of the cube LB ⇡ 6.28m. By subtracting the
largest structures, the energy contribution in the compensated spectrum is more
balanced along all the wave-numbers. Thus, in the following discussion, this new
field will be used as a reference.

Although it is a 10243 simulation, higher wave-numbers are a↵ected by the alias-
ing error (here deleted by means of the 3/2 rule [30]), hence reliable information
is contained in the wave-length range 0 ÷ 340, given that the Fourier coe�cients
representing the wave-numbers from k ⇠ 341 up to k ⇠ 512 are imposed to be
zeros.

3.2 Flow field variables analysis

The reference data field has been processed by Fortran-based source codes. Starting
from the velocity values at each grid cell, operations have been conducted in order
to illustrate the main physical features of the statistically homogeneous flow. The
distribution for di↵erent quantities is herewith proposed. Considerations are based
on the analysis of both visualisations from VisIt and simple 2D charts, mainly
devoted to a statistical description of the fluid phenomenon.

Furthermore, a new scalar variable, the Normalised Stretching-Tilting term or
nst, is conceived. This function has been evaluated over the steady HIT field in
order to look for its typical range of values and to relate them with the influence of
di↵erent scales in an isotropic field.

3.2.1 Velocity field

In Fig. 3.4, the x-component of the velocity vector field is presented in a pseudo-
colour plot, obtained by reproducing one point every four of them, thus virtually
reducing the visualisation for the 10243 reference field to a 2563 one. The main pur-
pose is that of decreasing the computational costs of visualisation, as the reduced
cube approximately consists of 107 grid point instead of 109. However, the whole
statistical analysis and processing on the HIT flow field is conducted on the 10243

dataset, therefore there is no lack of accuracy.
To the naked eye, of course, di↵erences between the two datasets are not visible,

as one may clearly verify by comparing the 2563 HIT in Fig. 3.4 to the 1024⇥1024⇥16
region in Fig. 3.5. The latter is obtained by means of a proper source code that
allows for a separation in 64 slices for the global field. The transition from black
to light blue stands for larger and larger negative values, whereas the transition
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to yellow is in direct ratio to the magnitude of positive values for u⇤ = u/uref .
A statistical homogeneity seems to be verified, for as one may graphically notice
discrete randomicity in the flow field.

Moreover, the distribution of the velocity component u⇤ on the frontal xy-plane
is statistically quite similar to the spread of values on the other faces of the cube,
especially the upper one. Here, velocity values cover a range between u ⇠⇤ �6 and
u⇤ ⇠ 6, even if they converge in a smaller range (let us say �3 < u⇤ < 3) as it
emerges from Fig. 3.6: in this screenshot, particles whose u component is such that
|u⇤| > 3 are depicted. As a result, a small amount of the global data follows the
inequality.

The same goes for the velocity components v and w, whose statistics are clearly
isotropic. A slight di↵erence among their distribution in the 3D space appears in
terms of the correlation lengths (see § 3.13).

Figure 3.4: Pseudocolor plot for the x-oriented non-dimensionalised velocity com-
ponent u⇤ = u/uref on a 2563 grid points domain.
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3 – Homogeneous isotropic turbulence reference field

Figure 3.5: Pseudocolor plot for the x-oriented velocity component on a 1024 ⇥
1024⇥ 16 grid points slice.

3.2.2 Vorticity field

Starting from the velocity field obtained through the resolution of the NS system
of equations at a fixed time, the vorticity vector field is obtained by implementing
a simple source code (see App. B, List. 1) that provides for the application of the
curl operator r⇥ (·) to the velocity field at each grid point. In the following, values
for vorticity components and modulus are non-dimensionalized with respect to a
reference value given by the mean vorticity magnitude |!ref | ⇡ 28 1/s2.

In Fig. 3.7, iso-surfaces of vorticity magnitude are depicted: values for non-
dimensional vorticity are in the band [0÷24], even though only few grid points have
values larger than 4 times |!ref |. In confirmation of that, in Fig. 3.8, the probability
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3.2 – Flow field variables analysis

Figure 3.6: Threshold plot |u| > 6.

density function for |!| is shown. The coloured area given by definite integrals of
the pdf of the vorticity magnitude between two points, show the probability that
the variable will fall in that interval. It is plain that the most part of the values
are smaller than the reference value, thus being between 0 and 28 1/s2. The peak
value is reached at |!| ⇡ 0.4. A sizeable sum of computational points has vorticity
included between 1 or 2 times the reference vorticity, whereas iso-surfaces such that
2 < |!| < 3 seem to be wider and sparser. Finally, the probability of finding values
of |!| > 3 or larger, gets smaller and smaller.

Vorticity is derived by velocity gradients, hence one can easily evince its direct
linking with the “rotationality” of the fluid particles. Larger amounts of vorticity
magnitude are foreseen in those regions where strong changes in terms of velocity
occur (see Fig. 3.10). The 2D Pseudocolor plot displays values up to 4 |!ref |: all
the velocity vectors with largest magnitudes and which abruptly change direction
in the plane, are located on the regions with intense vorticity.
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3 – Homogeneous isotropic turbulence reference field

Figure 3.7: Isosurface plot of the vorticity magnitude.

Figure 3.8: Probability density function of the vorticity magnitude.
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3.2 – Flow field variables analysis

3.2.3 Mean kinetic energy field

The mean kinetic value K at each computational grid point is calculated by the
source code (see App. B, List. 1) which a↵ects the instantaneous velocity values. In
this particular case, K is derived as it follows:

K =
1

2

�

u2 + v2 + w2
�

(3.2)

Values are made non-dimensional as they are divided by the mean kinetic energy
value encountered for the compensated reference flow field Kref ⇡ 1.636m2/s2.

In order to give a better description about the distribution of values, the HIT
cube is reproduced with a simple volume rendered technique in Fig. 3.11. The blue
coloured regions, standing for the lowest values of mean kinetic energy, are depicted
with smaller opacity with respect to the remainder. The opacity variable has an
exponential distribution from 0 to 2, while it grows up linearly with kinetic energy
from 2 to 3. In the flow field, outcomes up to 12 times the reference energy are
collected, even though the majority of them is not larger than 3 times Kref .

3.2.4 Enstrophy field

Starting from the vorticity vector defined in the three-dimensional space, one can
easily derive the enstrophy scalar value ⇣, described as

⇣ =
1

2

Z

⌃

!2d� (3.3)

The enstrophy can be interpreted as the quantity directly related to the kinetic
energy in the flow model that corresponds to dissipation e↵ects in the fluid. It is
also a quadratic invariant with rotations, as the kinetic energy in a velocity second
order tensor.

In Fig. 3.12, a related Pseudocolor plot is presented both in a 3D and a 2D
view, obtained by slicing the box at half its side length on the z-axis. A discrete
logarithmically scaled colour map is chosen to highlight the wide spread of values
for enstrophy. Once again, a non-dimensional quantity ⇣⇤ = ⇣/⇣ref is derived by the
ratio with the squared reference vorticity !ref , leading to

⇣ref ⇡ 784 1/s2 (3.4)

As one may notice, it seems that the less the motion structures have in terms of the
squared vorticity, the smallest their dimension is: the length scales are in a inverse
proportion with respect to the enstrophy values. Further information is provided by
statistical analysis, which is the argument of the next section.
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3 – Homogeneous isotropic turbulence reference field

Figure 3.9: Isosurface plot of vorticity magnitude. Top: |!⇤| < 1 (left) and 1 <
|!⇤| < 2 (right). Middle: 2 < |!⇤| < 3 (left) and 3 < |!⇤| < 4 (right). Bottom:
4 < |!⇤| < 6 (left) and |!⇤| > 6 (right).
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3.2 – Flow field variables analysis

Figure 3.10: Pseudocolor 2D plot of the vorticity magnitude with velocity vectors
projected on the xy-plane.

Figure 3.11: Volume rendered plot of the mean kinetic energy.
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Figure 3.12: Isosurface plot of the enstrophy ⇣⇤ = ⇣/⇣ref . Top: 3D plot. Bottom:
2D plot at z = ⇡.
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3.3 Raw data statistical elaboration

Statistical processing of dataset allows for a deepen investigation on the HIT flow
field. Mainly, we focus on presenting the longitudinal and transversal velocity cor-
relations (see App. B, List. 2). Characteristic wave lengths and integral scales are
therefore calculated (see App. B, List. 2 and List. 3). Also, a spectral analysis
is conducted both on the velocity and the vorticity field by means of the source
codes in App. B, List. 4 and List. 6. A detailed description of the nst function is
finally given, by use of the Fortran code in App. B, List. 8, where 3rd and 4th order
moments and mean are evaluated.

3.3.1 Correlation length and integral scale

Velocity spatial correlation functions ⇢ij are herewith presented in Fig. 3.13. They
are referred to as the ratio between the velocity correlation derived at a given dis-
tance and the value it assumes at a zero-distance:

⇢ij (x,r) =
Rij (x,r)

Rij (x,0)
(3.5)

In detail, the subscript (·)LL stands for the longitudinal correlation functions
with respect to the direction of the vector r, whereas (·)NN is related to the velocity
components oriented along the normal and binormal directions.

The inset in the top clip shows how the correlation function behaves the more
the correlation distance approaches to zero: as a demonstration for the homogeneity
of the fluid flow, the derivate of ⇢ with respect to the distance r (in this case
aligned with x) is approximately zero. The top and the bottom clips seem to behave
similarly, roughly following the typical distribution observed in literature.

On the contrary, one may immediately notice the partial lack of isotropy for
the three directions, since the correlation functions should behave at the same way
whether the correlation distance is aligned to x, y or z-axis. The e↵ects of “forcing
the turbulence” to obtain the reference field, seems to introduce anisotropic features,
as the rotational symmetry of the statistics here depicted is not fully satisfied. Suf-
fice it to observe that ⇢NN should follow the same behaviour, whereas a moderate
mismatch is recorded.

As a consequence of the above discussion integral scales are derived (see § 1.8) and
presented in Tab. 3.1. Apart from the strange value obtained along the y-direction
when calculating the transversal integral scale on the x-axis (thus depending on the
velocity component u correlations), the other values are coherent with the theory,
given that the ratio between the integral scale of the transversal correlations is
almost one half of the longitudinal ones (see Eq. 1.96).
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3 – Homogeneous isotropic turbulence reference field

A very good correspondence is pointed out if we consider the outcome for the
longitudinal scale obtained integrating the correlations RLL over the x-direction
L = 0.634 and L3D = 0.6047, that is value for the longitudinal integral scale resulting
from the elaboration of the 3D velocity spectra provided by the Fortran code in
App. B, List. 3. The latter is derived as it follows:

L =
3⇡

4

R +1
0 (E(k)/k) dk
R +1
0 E(k)dk

(3.6)

where the (longitudinal) integral scale L is expressed as a function of the wave-
number k and the energy spectrum E(k).

Lxx Lyy Lzz ⇠A ⇠B

x 0.634 0.245 0.237 0.374 0.386
y �0.046 0.457 0.180 � 0.398
z 0.170 0.188 0.474 0.400 0.359

Table 3.1: Integral scales along x, y and z-direction. Equal indexes stand for
longitudinal integral scales, di↵erent indexes stand for transversal integral scales.
⇠ = LNN/LLL (A and B are representative for the indexes respectively coming after
and before the longitudinal index in a cartesian xyz-system).

3.3.2 Velocity spectra

The velocity spectra E(k) for the field resulting from the removal of the first two
wave-number shells contribution have been already depicted. Although, one may
have further considerations about their distribution: in a fully isotropic flow field
in fact, the velocity spectra in one-dimension are strictly connected to the three-
dimensional distribution by means of the relationship:

E(k) = �k
dE1(k)

dk
(3.7)

According to the isotropy hypothesis, integration to the purpose of directly de-
riving the 3D spectrum is made over the surfaces of spherical shells S(k) with radius
k = |k|. Here, the integration of E(k) over all the wave-numbers allows to define
the reference mean kinetic energy Eref = Kref = 1.636m2/s2. Conversely, the 1D
spectrum is defined as twice the one-dimensional Fourier transform of two-point
correlation Rij (see Eq. 1.109).

Both the resulting distributions are reproduced in Fig. 3.14, where the values are
non-dimensionalized with Kref . The Fourier transform is here evaluated along the
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z-axis. It is easily shown that the “1D to 3D” method underestimates the velocity
spectra, since the dotted line is always under the solid one, especially in the low
wave-numbers range. In confirmation of that, the resulting integral scale in the
shells-based 3D method L3D = 0.604 is higher than L = 0.474. Those should be
equivalent in the case of a fully isotropic flow field.

The Fortran source codes described in App. B, List. 4, List. 5 and List. 6 are
responsible for the processing presented above.

3.3.3 Vorticity spectra

We have also determined the spectral behaviour for the vorticity. The code allowing
for the two-point correlation along one specific direction, is totally similar to the
one aimed to obtain the 1D velocity spectra (see App. B, List.4). Once again, the
results in Fig. 3.15 are presented in non-dimensional form, since they are divided by
the reference enstrophy Zref = ⇣ref = 784 1/s2.

This function is monotonically decreasing, thus indicating the influence on the
mean value for enstrophy to be mainly determined by the largest structures, hence
the smallest wave-numbers. Also, the contribution to the global enstrophy appears
to be relevant (O(10)) up to the interval 10 < k < 20, thus a↵ecting a larger range
of wave-numbers in comparison to the velocity spectra. As a consequence of that,
even though the eddies of moderate dimension (` ⇠ 2⇡/20) are given of a small
amount of energy (see Fig. 3.14), they have in any case a remarkable influence on
the global vorticity of the flow field.

In Ch. 5 the results for the velocity and vorticity spectra obtained after the appli-
cation of di↵erent filters will be superimposed to those of the reference compensated
field, to have a better comprehension of the contribution of separate fluid motion
structures to the global outcome for those quantities.
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Figure 3.13: Velocity correlation functions. Top: x-direction. Middle: y-direction.
Bottom: z-direction.
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Figure 3.14: Comparison between the velocity spectra. 3D shells integration (solid
line) and isotropic approximation to 1D Fourier transform of two-point correlation
(dotted line).

Figure 3.15: Non-dimensional vorticity 1D spectrum of the reference field.
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3.4 Analysis of the normalized stretching-tilting

The introduction of the Normalized Stretching-Tilting, or nst, must be adequately
motivated. The formation of spatial and temporal internal scales in turbulence can
be of course associated to the stretching and tilting term (see § 1.3.2) of vorti-
cal structures, which is also responsible for the onset of instability and the three-
dimensionalisation of the flow field.

With reference to the inertial nonlinear non-convective part of the Helmholtz
equation, a local measure of the process of three-dimensional inner scales formation
is introduced [2, 3]. All of these motion structures in fact are resolved in our DNS.
Thus, the aim of this new function is to detect where the smallest eddies appear,
with the final objective of providing a new tool to determine whether subgrid models
derived by a LES-based procedure on the same field may be introduced or not.

This new function is a scalar quantity described by the ratio:

nst(U) =
|(! � h!i) ·r (U� hUi)|

|! � h!i|2
(3.8)

where the mean velocity and vorticity flow e↵ects are subtracted to avoid the de-
pendence on laminar flows features. In fact, the scalar probe function nst is zero
in 2D vortical fields, and it is di↵erent from zero when a mean steady or unsteady
shear flow is present, also including laminar flow configurations.

As rU is a order-two tensor, ! ·rU is a vector quantity; we take the magnitude
of this quantity, in order to define a scalar parameter. The denominator |!|2, the
magnitude of vorticity, is also referred to as enstrophy, and it is a normalising term.

The source code allowing for its derivation is fully described in App. B, List. 7.
The function nst is computed over the whole reference field. The range of values
it assumes is quite considerable, as they go from zero to hundreds in several grid
points. A simple criterion aiming to indicate its behaviour refers to the analysis of
its cdf. If we define a threshold value nst⇤, the probability that nst is larger than
nst⇤ is defined by the cdf itself:

F (nst⇤) = P (nst  nst⇤) (3.9)

In Fig. 3.16, the cumulative density function for the nst is reproduced in the form

1� F (nst⇤) = P (nst > nst⇤) (3.10)

which allows for a more intuitive interpretation. In the following, for the sake of
simplicity, we will refer to this plot as the control function plot.

At first, the results are derived on an incompressible HIT, at a given time.
The distribution of this function resulting from a priori tests on a fully resolved
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10243 DNS are compared to those of two unresolved1 DNS of 643 and 1283. The
probability that nst > nst⇤ ⇡ 2 is almost zero. Hence, with a good approximation,
nst in the 10243 HIT box has a maximum value of 2. Things change whether
the unresolved turbulent fields are chosen as a reference, since we have a non-zero
probability associated to values greater than 2.

The main purpose of the investigations on nst [2, 3, 31] is that of finding a valid
criterion to localise the small scales in a turbulent flow: if in a simulation of fully-
developed turbulence, the values for nst exceeds the limit value nst⇤ = 2, then the
flow must be considered under-resolved. In this case, the activation of an appropriate
LES method with a sub-grid scale term model should be performed. As a conse-
quence, if some of the flow field regions see values higher that 2 for this function,
we are dealing with under-resolved regions, that need to be processed and resolved
with a proper sub-grid scale model.

Figure 3.16: Comparison between the control function of nst for di↵erent fields
obtained on 643 and 1283 boxes.

3.4.1 One-point statistics

We focus on a complete statistical analysis on the nst term referred to the 10243

box. Values are determined and collected in a first phase, then processed by source

1To be more precise, it is about not-fully resolved numerical simulations.
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3 – Homogeneous isotropic turbulence reference field

codes allowing for a statistical description of this scalar quantity. Once the reference
flow field is fully characterised in terms of nst, a comparison with filtered fields is
made. This will be the subject of the next two chapters.

In Fig. 3.17, the cumulative distribution function in the modified form is pre-
sented separately. Besides the fact that all the computational grid points see nst
values smaller than 2, there is also very high probability that the ratio stretching-
twisting term over enstrophy is bounded by a value less than 1:

|! ·rU|
|!|2

< C, C < 1 (3.11)

The pdf behaviour of the function is accordingly presented in Fig. 3.18. It will
be further compared to the filtered test cases.

One-point statistics of nst are then presented in Tab. 3.2. We refer to them as the
normalised values of 2nd, 3rd and 4th order moments, apart from the derivation of
the expected value and the variance for the Normalized Stretching-Tilting variable.
The mean value E(nst) is lower than unity, of the order of 10�1, but the variance
V ar(nst) is high compared to it (approximately one fourth of the expected value),
thus preventing us from assuming |! ·rU| ⇡ E(nst) · |!|2. Although, we could
argue that |! ·rU| ⇡ |!|2, keeping in mind that the the right hand side is a bound
for the left hand side. Furthermore, the skewness and kurtosis largely depart from
the typical values for Gaussian distributions, respectively 0 and 3.

E(nst) (·10�1) V ar(nst) (·10�1) � S K

REFERENCE FIELD 4.22 1.06 0.32 2.31 12.47

Table 3.2: Table of the moments of |!·rU|
|!|2 for the reference field: expected value,

variance, standard deviation, skewness and kurtosis.

3.4.2 Spectral analysis

Ultimately, we carried out a spectral analysis of the function nst (see Fig. 3.19), by
plotting its 1D spectra S(k), which is referred to as

S(k) = |F1(k1)|2 (3.12)

where F1(k1) stands for the 1D Fourier transform of nst. The 1D spectra give a first
useful, although incomplete, description of the spectral contributions to the scalar
function. Note that, for example, a phenomenological point of view would give no
result in this sense. Actually, both the stretching-twisting and the enstrophy term
behave as ⇠ ku, since they reproduce spatial derivatives of instantaneous velocity.
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Figure 3.17: Cdf of |!·rU|
|!|2 for the reference field.

Figure 3.18: Pdf of |!·rU|
|!|2 for the reference field.
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Thus, in the inertial range where, according to K41 theory, u ⇠ k�5/3 their average
contribution is qualitatively the same, hence no information can be deduced from
the ratio of such quantities.

The spectral behaviour of nst is determined by two factors. First of all, the
large scale range of the spectra has a strong influence on the flow dynamics. In
fact, the large eddies correlate points of the domain which can be much far apart;
they represent the top of the energy cascade and they are also responsible for the
generation of the smaller structures. The quantities involved in this process are
vorticity and the onset of stretching of this large non universal range, while their
separate behaviour generates the shape of the spectrum of nst.

In addiction to that, the spectra give an average description of the dynamics.
As we have seen, real turbulence presents eddies, coherent structures, filaments and
vortices. Jimenez [32, 33], stated that the high values of stretching do not directly
correspond to vortex filaments: he measured the axial stretching in the filaments
and he found out that it is comparable to the background value of stretching.

Thus, looking back to our simulations from this point of view, it is the vorticity
of the structures that generates the di↵erences in the pdf of nst obtained filtering
the large-scale or the inertial ranges. In conclusion, the distribution of vorticity and
stretching on structures of di↵erent size is still matter of research; our function nst
is influenced by the local concentration of these quantities through the flow [2, 3],
therefore it can be interesting to carry out a spectral analysis of this quantity.
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Figure 3.19: 1D spectrum of |!·rU|
|!|2 for the reference field.
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Chapter 4

Filtering of small-medium scale
structures

The filtering process is the centre of this work. By operating on the velocity field
in the wavenumber space, through suitable convolutions, di↵erent types of motion
structures are filtered out from the reference field. The structures to be evaluated
are distinguished from the filtered ones by means of proper interpolating functions
aimed to reproduce a step behaviour. Further information is given for each filter
model in the following.

Mainly, the aim of filtering structures is dual. On the one side, the investigation
focuses on analysing the e↵ect of small scale structures on the function nst and
its properties, hence the activation of LES models for under-resolved regions is
considered (see § 3.4). Furthermore, the significance of di↵erently shaped fluid
bodies to the stretching-tilting term is presented. On the other side, the amount
and distribution of other quantities for the filtered fields is compared to the reference
case, in order to achieve a better description of the dynamics of the HIT field. The
influence of di↵erent length scales is evaluated: the contribution of 1D, 2D and 3D
structures is recorded.

To this purpose, a detailed depiction of the filters is given to explain how they
a↵ect the contribution of certain structures. This is made more easily if we work on
the Fourier domain instead of the physical domain, since we have the velocity (or
vorticity and nst) spectrum as a reference.

4.1 Filtering the shells

Essentially, four filters have been used to modify the reference velocity field. They
act on the wavenumber domain in di↵erent ways. In this section we would like
to suggest a filter geared to clip out coherent structures having a regular spherical
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shape: we deal with three-dimensional blob-like structures, whose extraction is al-
lowed by the filtering procedure used to obtain the compensated field. Here, from
the point of view of the wavenumber space, we deal with eddies that are charac-
terised by a strong contribution of modes whose vectors have di↵erent directions,
but more or less the same magnitude. The filter has name SPHERE (or BLOB) and
it allows to remove the contributions of those wavevectors that lye on shells of given
radius.

4.1.1 SPHERE filter

High-pass filter. Three di↵erent versions of the same filter model have been
developed. The main one is referred to as the High-pass filter, that is described in
detail in App. C, List. 1. It is based on the use of the function

ghpB (k;A,k0) =
1

1 + e�A(|k|�k0)
(4.1)

that is a sort of step function that cuts out the contribution of any wavevector
whose magnitude is lower than the parameter k0. Of course, it is clear that

|k| =
q

k2
1 + k2

2 + k2
3 (4.2)

while the coe�cient A stands for the steepness of this function. In this work it has
been fixed to the value of 3. In this case, the transition from values to be consid-
ered to those not to be considered takes up approximately three adjacent values,
going from the wavenumber coming before the parameter k0, where velocity value is
supposed to be zero, to the wavenumber coming immediately after it, where veloc-
ity value is taken as it is. In the transition region, velocity values are interpolated
by means of the exponential function, so that excessively sharp behaviours in the
modified fields are avoided.

The action of the SPHERE High-pass filter is graphically reproduced in Fig. 4.1
(region in orange). The coloured zone is representative for the wavenumber range to
be filtered out. The filtering process acts on a 3D space, hence one must refer this
figure to all possible rotations of the axis, owing to the isotropy of this filter. Here,
we just show how the filter works in a 2D plane (k1,k2), for the sake of simplicity.

Band-pass filter. A modified version of SPHERE is the subject of this paragraph
(see also App. C, List. 2). Here, a Band-pass filtering has been obtained by means
of the same kind of function

gbpB (k;A,kMIN ,kMAX) =



1� 1

1 + e�A(|k|�kMIN )

�

+
1

1 + e�A(|k|�kMAX)
(4.3)
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Figure 4.1: Action of SPHERE used as a high-pass filter (region in orange) or as a
band-pass filter (region in green).

where the velocity contribution of the modes whose wavevector has magnitude
included in the range [kMIN ,kMAX ] is deleted.

A depiction of its behaviour is proposed in Fig. 4.1 (region in green). One may
notice that the two versions of the filter coincide if we take kMIN = 0 and kMAX ⌘ k0.
As a consequence of choosing to filter out the structures in the range described by
kMIN ⇡ 150 and kMAX ! 1, as an instance, this version of the SPHERE filter can
be seen as a sort of Low-pass filter. This procedure has been applied when trying
to evaluate the structures whose dimension is in the Kolmogorov range.

Threshold filter. Further accuracy is conceived if we slightly alter the SPHERE
generic filter. In App. C, List. 3, a Threshold filter is described: unlike the High�
pass filter, here we also define a threshold value in the wavenumber domain that
never has to be exceeded. The filtering procedure, apart from this variation, is just
alike the first version of SPHERE.

This is a smart tentative to minimise the contributions of those motion struc-
tures that have not a fully three-dimensional extension. One may face particular
cases in which the structures are 1D or 2D, hence the one or two components or
the wavevector are much larger than the remainders. Although, this eddies could
eventually undergo filtering, due to the fact that we deal with the magnitude of a 3D
vector: a non-3D structure could be represented by a wavevector whose magnitude
is of the same order that the blob bodies we would like to filter. Thus, we apply a
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first order control on SPHERE, aimed to consider (when removing the contributions
to velocity of the “blobby” structures) only those eddies having all the components
of the wavevector below a certain threshold value kth. Mathematically speaking:

8

<

:

gthB (k;A,k0,kth) =
1

1+e�A(|k|�k0)
kj < kth

gthB (k;A,k0,kth) = 1 kj � kth

(4.4)

4.2 Filtering the elongated structures

As we have done with the shell-like structures, we also would like to weight the
influence of another kind of coherent structures, those which have an elongated
shape, thus one small wavenumber with respect to the remainders. We may refer to
those eddies as one-dimensional frames, as their structure is basically spaghetti-like.

Two di↵erent filters have been studied to the purpose of clipping out these eddies,
the CROSS filter and the FILAMENT filter.

4.2.1 CROSS filter

More precise information is needed when introducing the CROSS filter. Actually, it
allows to extract structures that not necessarily have a 1D shape: it is thought to
remove the structures with at least one small wavenumber, thus it reduces the kinetic
energy of the filamentous (one component lower than the threshold value kMAX),
layered (two components lower than kMAX) and even blobby (three components
lower than kMAX) structures.

High-pass filter. As previously observed in the SPHERE case, there are multiple
versions of the filter. The High-pass CROSS filter acts on all wavenumbers, in each
direction, under a certain threshold value kMAX . It removes the contribution of the
modes with

{k1 < kMAX} _ {k2 < kMAX} _ {k3 < kMAX} (4.5)

by means of the function defined as

ghpC (k;A,kMAX) =
3
Y

i=1

 (ki;A,kMAX)

 (ki;A,kMAX) =
1

1 + e�A(ki�kMAX)

(4.6)

Therefore, we have one control parameter to act on, which is the width of the
range we aim to filter out, defined by kMAX . An idea of the filter action on the
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wavenumbers is sketched in Fig. 4.2, where, once again, the plane represents a
two-dimensional wavenumber space. Obviously, it has to be extended to a three-
dimensional domain.

Figure 4.2: Action of CROSS used as a high-pass filter (region in purple) or as a
band-pass filter (region in cyan).

Band-pass filter. With reference to that figure, the region in cyan stands for the
structures that are pulled out by means of the Band-pass CROSS filter, which is
responsible for the removal of the velocity contribution of a variable interval

{kMIN < k1 < kMAX} _ {kMIN < k2 < kMAX} _ {kMIN < k3 < kMAX} (4.7)

thus selectively a↵ecting the structures with a certain axial dimension. Here, the
filtering in the band [kMIN ,kMAX ] is operated on each component of k, by defining

gbpC (k;A,kMIN ,kMAX) =
3
Y

i=1

e (ki;A,kMIN ,kMAX)

e (ki;A,kMIN ,kMAX) = [1� (ki;A,kMIN)] +  (ki;A,kMAX)

(4.8)

where  (ki;A,kMIN) is a step function having the same exponential behaviour of
 (ki;A,kMAX). The only di↵erence stands in the choice of the parameter kMIN .

Further consideration can be made, depending on the choice of the control pa-
rameters, as in the SPHERE Band-pass filter. The same goes for this version of
CROSS.
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4 – Filtering of small-medium scale structures

4.2.2 FILAMENT filter

In fully turbulence, thus in the homogeneous isotropic field under investigation also,
we have to deal with motion eddies such as vortex filaments, that can be idealised
as thin vortices with a predominant physical dimension: the axial length is greater
than the radial dimension. Di�culties in building a filter which exactly select those
structures soon come to mind, due to their intrinsically non-trivial three-dimensional
geometrical nature. To this end, good results come from the CROSS filter, but
it is soon realised that it also clips out structures having two large wavenumbers
together, that would be theoretically inexact. Hence, the need for a modified filter,
customised to track down the elongated structures. The third filter is FILAMENT,
whose behaviour is discussed in detail in App. C, List. 5.

This new filter is asked to delete the contribution of all those structures that
have one small and two large wavenumber by means of the following relationship:

{kMIN < ki < kMAX} ^ {kj,kk > kTOP} (4.9)

for at least one choice of i,j,k 2 {1,2,3}, provided that they are di↵erent each other.
The axial dimension of the frames or, to be more exact, the related modes must ob-
serve the inequality defined by kMIN and kMAX . The parameter kTOP is a threshold
value, above which a wavenumber is considered large, hence it is responsible of the
selection of small radial dimensions.

Frames are removed according to the scheme sketched in Fig. 4.3, where the
value of kMIN is superimposed to be zero to assure a better and easier description.

The filtering function is described as
8

>

>

<

>

>

:

gF (k;A,kMIN ,kMAX ,kTOP ) =
3
P

i=1

e# (ki;A,kMIN ,kMAX) kj,kk > kTOP

gF (k;A,kMIN ,kMAX ,kTOP ) = 1 kj,kk  kTOP

(4.10)

where the step function is totally similar to the Band-pass CROSS filter expression

e# (ki;A,kMIN ,kMAX) = [1�# (ki;A,kMIN)] + # (ki;A,kMAX)

# (ki;A,k
0) =

1

1 + e�A(ki�k0)

(4.11)

Nevertheless, the action of FILAMENT is weak, as we will discuss further in Ch. 5.
In fact, it must be noticed that it a↵ects only a part of the elongated structures, since
the filter is devised to clip out eddies having a precise orientation in the wavenum-
ber domain, that is one small and two large components of the wavevector k in a
cartesian frame. For obvious reasons, coherent elongated structures with a certain
extension are split by this filtering, depending on the choice of the three parameters.
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4.3 – Filtering the layered structures

Figure 4.3: Action of FILAMENT. The value of kMIN is chosen to be zero.

4.3 Filtering the layered structures

Finally, we focused on those motion structures that have one small and two large
dimensions, thus meaning one large and two negligible components of the wavevector
k. Results in this direction are obtained by means of the SHEET filter, through
which the contribution of flat, quasi -2D frames is cut. As a manner of fact, apart
of the elongated vortical structures, a turbulent field is also filled up with vortical
sheets.

Two versions of the same idea have been engineered. In fact, the control function
in Original SHEET su↵er from limitations of the same kind of FILAMENT: to be
e↵ectively filtered, all of the planar structures must be oriented along the cartesian
frame. That is why a variation to the original filter is proposed: the Conical SHEET
filter.

4.3.1 SHEET filter

Original filter. The Original SHEET filter clips out all those structures with
modes that fit the mathematical inequality

{ki,kj < kBOT} ^ {ki > kTOP} (4.12)

that is the intersection of a set defined by the lower parameter kBOT , that allows to
englobe all those structures with two large dimensions, and another set defined by
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4 – Filtering of small-medium scale structures

the upper parameter kTOP , that includes all the structures whose third dimension
is exiguous. Therefore, the selection process is due to the picking of two values.

SHEET is based on operations that are suggested in detail in the source code
quoted in App. 5, List. 6. Mathematical formulations for this filter lead to the
function

goS (k;A,kBOT ,kTOP ) = ' (ki;A,kBOT )' (kj;A,kBOT ) [1� ' (kk;A,kTOP )] (4.13)

where the filtering sub-function ', once more, follows the relation

' (ki;A,k
0) =

1

1 + e�A(ki�k0)
(4.14)

In Fig. 4.4 we reproduce the “blocks” that are filtered out in the wavenumber
domain as a consequence of applying Original SHEET. To each of the colours is
assigned a rotation of the cartesian axes in the Eq. 4.13.

Figure 4.4: Action of SHEET: Original filter.

Conical filter. The filtering of flat structures forces us to deal with 2D problems
that are the clear extension of the 1D issues coming out from FILAMENT: the
plane frames detected by Original SHEET must necessarily belong to one of the
three cartesian planes, thus a randomly oriented flat turbulent eddy will not be cut.
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4.3 – Filtering the layered structures

In order to overcome this constraint, a brand new version of this filter is created,
the Conical SHEET filter. The ratio between a combination of the smallest com-
ponents of the wavevector and the larger one is analyzed. We compare this ratio to
the limit value ↵

q

k2
i + k2

j

kk
< ↵ (4.15)

which is suggested to be in the range [0.1÷ 0.4]. All of the contributions from the
modes that verify this inequality are cut. It is easily shown that the relation leads to
defining conical volumes, therefore softening the sharp activation ofOriginal SHEET
(see Fig. 4.5). The purpose of the Conical SHEET filter is that of clipping out those
structures that follow the inequality provided by the Eq. 4.15. As a consequence
of that, the velocity values pertaining to eddies with two moderately small and one
large wavenumbers are supposed to be zero, on condition that the wavenumbers are
in one of those volumes.

Contrary to the other filters, the parting between filtered and unfiltered values
is achieved by means of a linear transition instead of an exponential function.

Unfortunately, the height of the cones is aligned to one of the cartesian axes,
hence reducing the possibility to detect all the flat structures of the turbulent field.

Figure 4.5: Action of SHEET: Cone filter.
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Chapter 5

Analysis on the filtered fields

The subject of this chapter is focused on the application of filters. The original
unbiased reference HIT field introduced in Ch. 3 has been gradually altered by
means of those four filters we discussed about in the previous chapter, thus allowing
us to collect raw and processed data, with the aim of achieving two separate results.

On the one hand, we will present and motivate the e↵ects of di↵erent fluid
structures on an initially homogeneous flow field, by paying close attention to the
distribution of scalar quantities and vectors, such as mean kinetic energy, enstrophy
and vorticity. To this end, both a graphical analysis and a statistical distribution of
those variables will be suggested.

On the other hand, this chapter is intended to prove the e↵ectiveness of the
smallest structures on the global properties of turbulence, with particular mention
on the nst values. As we previously stated, this will suggest an alternate method
for the activation of LES models. Basically, the best results in this direction will be
achieved on a statistical basis (cdfs, pdfs and nth-order moments), once again.

The algorithm we mentioned above, allowing for the splitting of the cubical
domain in 64 slices (see § 3.2.1), has been used to clip out the 10th slice1 of the 10243

field. All of the visualisations in the next pages are related to that sampling volume,
whereas the statistical analysis in the following encompass the whole computational
domain.

5.1 Visualization of scalar and vector quantities

The scheme of our discussion will be the same for all of the variables under in-
vestigation: precisely, we have run several tests to determine which of the chosen
parameters for each filter involve significant changes with respect to the reference

1The same applies to as any of the 64 slices, owing to the statistical similarity properties of
homogeneous fields.
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5 – Analysis on the filtered fields

case. Of course, they were selected on condition that they did not lead to mathe-
matical or physical inconsistencies.

For the SPHERE filter case, aimed at deleting the three-dimensional structures,
we have shortlisted the survey to nine specific filters. The high-pass filters 0 � 10,
0�20 and 0�40 allow for a description of the flow field in the absence of structures
that belong to the energy-containing range. Then, the band-pass filter with 10� 40
large scale inertial range, 40�70 intermediate scale inertial range, 70�100 small scale
inertial range, 100� 130 near dissipative range, 30� 150 and 150� 330 dissipative
as kMIN and kMAX respectively has been applied.

The same parameters as above have been imposed in the case of the CROSS filter,
which is designed to isolate the contribution of those one-dimensional structures
whose wavenumbers have at least one small component.

That is why we have also engineered the FILAMENT filter. Six di↵erent cases,
each of which has kTOP = 50 and kMIN = 0, are compared: kMAX = 20, kMAX = 40,
kMAX = 60, kMAX = 80, kMAX = 100, kMAX = 150. Obviously, the last three
cases have an ambiguous physical meaning, thus they lack in accuracy. In fact,
they are related to structures whose largest dimension is quite small and it cannot
be considered pertaining to a proper elongated eddy. One my also notice that
filtering with FILAMENT in the band 2⇡

150 < k < 1 the smallest component on
each wavevector while the parallel check on the remaining components is made with
kTOP = 50, surely a↵ects a significant part of the layered structures. We will discuss
further about it below.

Finally, ten di↵erent SHEET filters were developed. Six of them are in the
original model, with 10/100, 15/90, 20/80, 25/100, 25/80 and 25/60 as their limit
values kBOT and kTOP respectively. Four filters in the conical version are then
obtained with ↵ = 0.1, ↵ = 0.2, ↵ = 0.3 and ↵ = 0.4.

5.1.1 Mean kinetic energy fields

In this section we discuss the e↵ects on the mean kinetic energy distribution over
filtered fields. A collection of the results is presented in Fig. 5.1 to 5.11, where
non-dimensional values are proposed with a pseudocolor plot.

One may easily notice that, if we cut out the first wavenumbers (see Fig. 5.1),
the energy amount is destroyed, since an increasing number of inertial and energy-
containing shells to be deleted is considered. The values of kinetic energy over a
certain threshold (⇠ 2Kref ) disappear from the 0�10 case and above, together with
the trace of the largest scales of turbulence: they are responsible for the brightest
zones of the reference energy field, representing the peak of kinetic energy, that
abruptly vanish as far as we cut some of the largest physical shells. We face a fore-
seeable result, since we extract a fundamental group of motion structures (according
to the numerical control over the magnitude of the wavevector).

90



5.1 – Visualization of scalar and vector quantities

A sharp fall in the number of grid cells whose value exceeds the reference energy
Kref , comes from the application of CROSS filters: actually, in Fig. 5.4, the maxi-
mum and minimum values are lowered in the colour table. However, the resulting
clip is quite similar to the parallel SPHERE case, with an almost null amount of
energy in the xy plane. Filtering 10� 40 wavenumbers produces blurry images: the
largest energy amount is preserved, as it strictly depends on the wavenumbers from
0 to 10, thus on the largest physical structures. Then, we consider the whole inertial
range, by filtering the higher wavenumbers step by step. The e↵ect of filtering larger
and larger wavenumbers reflects in the “image definition”, as the contribution of ed-
dies having smaller and smaller dimensions is clipped out: the more their dimension
is reduced, the less they a↵ect the mean kinetic energy field, neither in SPHERE or
in CROSS, since the energy containing range 0�10 is no longer filtered. Ultimately,
considerable e↵ects of filtering are shown up to the inertial range (k ⇠ 150). Re-
moving the smallest structures in the dissipative range does not produce significant
changes in terms of mean kinetic energy.

An undetectable fall of energy is due to the removal of one-dimensional structures
extracted by means of FILAMENT: to the naked eye, slight di↵erences are perceived
in the ragged edges of motion structures, due to the di�culty in capturing the 1D
eddies with a random skew with respect to the cartesian axes (see Fig. 5.7 and 5.8).
As a result, elongated strictly one-dimensional structures seem to have a very low
influence on the kinetic energy field.

The same occurs when SHEET is evaluated: no remarkable changes are observed,
with the exception of the conical model. In this case, there is a downward trend
in the amount of K⇤ in Fig. 5.11, in a direct proportion to the value of ↵: in the
bottom-right clip (↵ = 0.3), the brightest regions grow narrow, while the figure is
globally darkened.

5.1.2 Vorticity fields

In this section we evaluate the consequences of filtering multidimensional structures
from the HIT to the vorticity magnitude field. Once again, pseudocolor plots are
depicted, and a simple colour table has been used. Dark zones stand for those regions
where vorticity values are such that |!| > 3 |!ref |. With regards to the reference
field, the vorticity distribution values spread over a wide range. Although, as we
noticed in Ch. 3, values higher that 4 times the reference vorticity magnitude are
very unlikely to be found (see Fig. 5.12 to 5.22).

Filtering the low wavenumbers with the high-pass model, by varying the pa-
rameter kMAX from 10 to 40 with the SPHERE and CROSS filters, causes a slight
and abrupt fall of the peak values in the flow field, respectively. In fact, removing
the largest spherical structures does not allow for a significant reduction in terms
of vorticity magnitude: notwithstanding the coherent largest structures seem to be
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split and reduced, especially whether the 3D structures whose wavevectors lye k
on shells of radius up to 40 are deleted, magnitudes of the order of 4 |!ref | are
still present, though to a lesser degree, as the large scales contribute in a limited
way to the fluctuation of vorticity. The intermediate scale inertial filter is responsi-
ble for a remarkable change both in the shape and intensity of vortical structures,
hence suggesting a strong relationship between the vorticity field and the smallest
scales. In fact, the SPHERE filter becomes e↵ective once the whole inertial range
(30 < k < 150) is cut: here the smallest structures vanish, while the evidence of
the largest eddies is suggested by the presence of large low-vorticity regions. Unsur-
prisingly, filtering the smallest shells has repercussions on the whole domain, since
the 150�330 SPHERE-filtered field appears to be equally influenced: though being
all of the eddies perfectly similar to those in the reference field, their intensity is
uniformly lowered.

The elongated structures largely a↵ect the vorticity field: 0 � 40 CROSS (see
Fig. 5.15�5.17) leads to the exclusion of a higher size of eddies. Therefore, there
is every likelihood that vorticity magnitudes are under half the reference vorticity
|!ref |. If we cut out the large inertial scales, with 10-40 CROSS, magnitudes are
globally reduced to one third, while the scale of the vortices is doubled. Apart from
that, the opposite behaviour as regards with SPHERE goes for the intermediate/s-
mall inertial scales and near dissipative ones, as the vorticity magnitudes seem to
increase while the fixed filter band is moved forward. We may then assume that
the smallest 3D structures and the largest non-3D structures are the characteristic
eddies which the more contribute to the vorticity magnitude values collected in each
grid point.

The FILAMENT filter, instead, allows for a smoothing trend over the distribu-
tion of vortical quantities, since it lowers once again the highest values of vortic-
ity magnitude, as a consequence of the ability of this kind of filter in catching the
small-sized eddies in particular. Basically, those iso-vorticity structures having lower
modulus intensities tend to be gradually divided, while higher and higher ranges for
kMAX are chosen. However, it should be noticed that, the largest is the upper limit
kMAX of those wavenumbers to be computed, the more we move away from proper
coherent 1D bodies.

Finally, we evaluated the results of cutting conical wavenumber-based volumes
with SHEET. Quasi -2D eddies are removed all over the 10243 cube, thus providing
a global lowering of the magnitudes and the removal of vortical structures, which are
often torn apart. Similarities with 10 � 40 SPHERE must not surprise, as conical
SHEET approaches 3D structures when ↵ is increased.

Iso-surfaces of vorticity. Six representative filtered fields are then reproduced,
to the purpose of verifying the distribution of vorticity and pointing out in which
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direction the eddies evolve whether specific eddies are cut. To this end, iso-surfaces
of non-dimensional vorticity |!ref | = 0.5, |!ref | = 1 and |!ref | = 2 are presented
in yellow, red and green, respectively. Furthermore, a sketch of the disposal and
distribution of velocity vectors in a 2D slice is proposed with the aim of better
capturing the vortical structures in the original and filtered flow fields.

In detail, SPHERE and CROSS are applied in order to remove the scales in the
energy-containing range and the large scales in the inertial range up to k = 20.
The e↵ect of deleting the intermediate/small scale structures 30 < k < 150 is then
pointed out. 0/150-50 FILAMENT and conical SHEET with ↵ = 0.3 are then
compared to the previous cases.

A slight decrease in the concentration of eddies is denoted as we consider higher
values of vorticity magnitude: as a manner of fact, the pdf of vorticity presented in
Fig. 3.8 reaches his highest peak approximately at |!| ⇠ 0.5, while the largest area
is subtended by the curve in the range 0 ÷ 1. Thus, we focused on the analysis of
those motion eddies that have vorticity referring to that interval (see Fig. 5.23 and
5.28). A wide variety of geometries and sizes of iso-vorticity surfaces is shown, if the
value of half the reference vorticity is considered: the largest coherent frames are
just under one tenth of the side of the domain. Also, smaller eddies are captured,
while traces of the vortical structures belonging to other slices of the cube tend to
“blur” the clip.

Filtering with SPHERE the largest scales in the inertial range (0 < k < 20) al-
lows us to validate what we stated above: it does slightly a↵ect the configuration of
vortices in that volume, as only the lowest iso-vorticity surfaces see substantial trans-
formation. It suggests that the large scales contribute more to the stretching-tilting
(the numerator of nst) than to the fluctuation vorticity magnitude (the denominator
of nst). On the contrary, 30-150 SPHERE produces a strong e↵ect on the vortices
dimension and shape, since they seem to be globally emptied and stretched. As
a consequence, it leads to the cancellation of the most part of vortical structures,
regardless of their intensity, in confirmation of the fact that the main contribution
to vorticity is actually provided by the smallest scales.

CROSS filters have higher influence on the vorticity field, as it may be observed
in Fig. 5.26 and 5.28: once again, it is due to the fact that they cut all of the eddies
having at least one large dimension, thus they do not give a better clarification about
the importance of di↵erent structures in determining the vorticity field. Although,
it leaps out that the iso-surfaces of vorticity are mostly made up by frames whose
dimension is ` < 2⇡

30 .

Besides, the poor e↵ect of the strictly elongated 1D structures is shown. They are
extracted from the original field by means of FILAMENT, with negligible e↵ects on
the turbulent eddies behaviour, only resulting in a slight downsizing of the vorticity
iso-surfaces.
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Further considerations on vortical structures. In Fig. 5.29and5.30, two plots
are superimposed: a pseudocolor plot reproducing the absolute values of the vorticity
component !⇤

z in a direction normal to the xy-plane is analyzed and joined together
with a vector plot. Background values are in a range from 0 (in yellow) to 4 (in red).
The plots reproducing the velocity vectors are obtained by combining the u⇤ and y⇤

components: they should allow for a better depiction of the vortical structures, as
they link the orientation of velocity vectors to the rotating e↵ect they produce. The
length of velocity vectors stands for their magnitude, included in the range 0÷ 6. It
must be stressed how the more vectors seem to be rotated, the highest is the amount
of vorticity magnitude in that specific grid cell. Thus, it is clear that the vectors
will tend to be perfectly aligned over the zero-vorticity areas, irrespective of their
magnitude.

The 0 � 20 SPHERE filter shows a particular trend: there is a dramatic fall in
the velocity vector magnitudes, due to the fact that the energy-containing scales are
cut. However, the high-vorticity zones are slightly influenced, and the peaks of |!⇤

z |
are preserved, as it seems not to be present any preferential direction to which the
arrows are aligned. The opposite behaviour occurs if the 30� 150 SPHERE filtered
field is evaluated: velocity vector magnitudes are slightly lowered, while all of the
arrows are given something of an orderly arrangement. Even those vectors with
smaller intensities have preferential directions, so that the curl of velocity tends to
zero for the most part of discrete points.

As regards with multi-dimensional eddies, we present, for the sake of compari-
son, the conical SHEET filter with ↵ = 0.3: it can be pointed out that it is e↵ective
mainly at the lowest wavenumbers, thus capturing the largest structures. The ar-
rows, in fact, whose magnitude is uniformly lowered, show an evident rotating-like
layout.

CROSS filters have a stronger impact on the whole domain: the main di↵erence
with respect to the analogous SPHERE filters is shown if wavenumbers in the range
0� 20.

Again, it can be highlighted how poorly the 0-150/50 FILAMENT a↵ects the
original field.

5.1.3 Enstrophy fields

Enstrophy fields feel the same e↵ects of vorticity magnitude fields when the filters
are applied. In Fig. 5.31 to 5.41, a sketch of half the vorticity squared is therefore
presented, by means of a three dimensional contour plot. The colour table allows us
to discretise the 2D domain in seven regions2. We deal with non-dimensional values
of ⇣⇤ up to 50, though values in the range 20 < ⇣⇤ < 50 are unlikely to be found.

2They are not equally divided and spaced: a logarithmic distribution is proposed.
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The reference field is presented as the top-left clip in each figure. Values ⇣⇤ < 0.6
cover the most part of the area. High-enstrophy regions are present, and seem to
have elongated narrow shapes. High-pass SPHERE allows for a slight reduction of
the top values, even the coherent structures are noticeably fragmented.

Applying the SPHERE filter to the energy-containing and large scale inertial
ranges is responsible for a gradual decrease in the upper limit values of enstrophy
that are collected. If we move the fixed width filter band to the smallest wavenum-
bers, there is a slightly decreasing trend in the peak values of ⇣⇤, while the behaviour
is reversed if we cut the near dissipative scales. Dealing with 30 � 150 filter, as it
removes the intermediate/small scale of the inertial range, implies an abrupt fall in
enstrophy magnitudes, thus leading half of the grid cells to be zeros. Moreover, the
highest values of non-dimensional enstrophy are reduced to one-sixth of those in the
original field, and a low probability of recording values over 8⇣ref is due to the fact
that high-vorticity eddies are the smallest ones.

In addiction to that, as it follows from the vorticity magnitude pseudocolour
plots, the application of CROSS filters with a fixed band over the whole inertial
range, leads to an abrupt fall in the nst values mainly at the largest scales. This
behavior suggests that, among the large-scaled structures, the elongated and layered
ones are more e↵ective on the vorticity field.

With reference to the FILAMENT and SHEET filtered fields, they are respon-
sible for a gradual fall of the highest values of enstrophy, which are reduced to
one-third of the peak value collected in the reference field by 0 � 150/50 FILA-
MENT and by less than one-sixth of that by 25/60 SHEET. However, except for
conical SHEET with ↵ = 0.3 the e↵ectiveness of those filters is very weak.
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Figure 5.1: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: sphere 0-10. Bottom left: sphere 0-20. Bottom right: sphere 0-40.
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Figure 5.2: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: sphere 10-40. Bottom left: sphere 40-70. Bottom right: sphere
70-100.
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Figure 5.3: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: sphere 100-130. Bottom left: sphere 30-150. Bottom right: sphere
150-330.
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Figure 5.4: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: cross 0-10. Bottom left: cross 0-20. Bottom right: cross 0-40.
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Figure 5.5: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: cross 10-40. Bottom left: cross 40-70. Bottom right: cross 70-100.
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Figure 5.6: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: cross 100-130. Bottom left: cross 30-150. Bottom right: cross
150-330.
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Figure 5.7: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: filament 0-20/50. Bottom left: filament 0-40/50. Bottom right:
filament 0-60/50.
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Figure 5.8: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: filament 0-80/50. Bottom left: filament 0-100/50. Bottom right:
filament 0-150/50.
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Figure 5.9: Mean kinetic energy K⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: sheet 10/100. Bottom left: sheet 15/90. Bottom right: sheet
20/80.
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Figure 5.10: Mean kinetic energyK⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: sheet 25/100. Bottom left: sheet 25/80. Bottom right: sheet 25/60.
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Figure 5.11: Mean kinetic energyK⇤ = K/Kref pseudocolor plot. Top left: reference
field. Top right: conical sheet ↵ = 0.1. Bottom left: conical sheet ↵ = 0.2. Bottom
right: conical sheet ↵ = 0.3.
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Figure 5.12: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: sphere 0-10. Bottom left: sphere 0-20. Bottom right:
sphere 0-40.
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Figure 5.13: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: sphere 10-40. Bottom left: sphere 40-70. Bottom right:
sphere 70-100.
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Figure 5.14: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: sphere 100-130. Bottom left: sphere 30-150. Bottom
right: sphere 150-330.
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Figure 5.15: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: cross 0-10. Bottom left: cross 0-20. Bottom right: cross
0-40.
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Figure 5.16: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: cross 10-40. Bottom left: cross 40-70. Bottom right:
cross 70-100.
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Figure 5.17: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: cross 100-130. Bottom left: cross 30-150. Bottom right:
cross 150-330.
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Figure 5.18: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: filament 0-20/50. Bottom left: filament 0-40/50. Bottom
right: filament 0-60/50.
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Figure 5.19: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: filament 0-80/50. Bottom left: filament 0-100/50. Bottom
right: filament 0-150/50.
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Figure 5.20: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: sheet 10/100. Bottom left: sheet 15/90. Bottom right:
sheet 20/80.
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5 – Analysis on the filtered fields

Figure 5.21: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: sheet 25/100. Bottom left: sheet 25/80. Bottom right:
sheet 25/60.
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5.1 – Visualization of scalar and vector quantities

Figure 5.22: Vorticity magnitude |!⇤| = |!| / |!ref | pseudocolor plot. Top left:
reference field. Top right: conical sheet ↵ = 0.1. Bottom left: conical sheet ↵ = 0.2.
Bottom right: conical sheet ↵ = 0.3.
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5 – Analysis on the filtered fields

Figure 5.23: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 0.5. Top left:
reference field. Top right: conical sheet ↵ = 0.3. Bottom left: sphere 0-20. Bottom
right: sphere 30-150.
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5.1 – Visualization of scalar and vector quantities

Figure 5.24: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 0.5. Top left:
reference field. Top right: filament 0-150/50. Bottom left: cross 0-20. Bottom
right: cross 30-150.
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5 – Analysis on the filtered fields

Figure 5.25: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 1. Top left:
reference field. Top right: conical sheet ↵ = 0.3. Bottom left: sphere 0-20. Bottom
right: sphere 30-150.
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5.1 – Visualization of scalar and vector quantities

Figure 5.26: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 1. Top left:
reference field. Top right: filament 0-150/50. Bottom left: cross 0-20. Bottom
right: cross 30-150.
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5 – Analysis on the filtered fields

Figure 5.27: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 2. Top left:
reference field. Top right: conical sheet ↵ = 0.3. Bottom left: sphere 0-20. Bottom
right: sphere 30-150.
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5.1 – Visualization of scalar and vector quantities

Figure 5.28: Iso-vorticity surfaces, from a pseudocolor plot |!⇤| = 2. Top left:
reference field. Top right: filament 0-150/50. Bottom left: cross 0-20. Bottom
right: cross 30-150.
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5 – Analysis on the filtered fields

Figure 5.29: Velocity vector plot 0 ÷ 6 (cyan to black) on a vorticity magnitude
pseudocolor plot 0 < |!⇤

z | < 4 (yellow to red). Top left: reference field. Top right:
conical sheet ↵ = 0.3. Bottom left: sphere 0-20. Bottom right: sphere 30-150.
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5.1 – Visualization of scalar and vector quantities

Figure 5.30: Velocity vector plot 0 ÷ 6 (cyan to black) on a vorticity magnitude
pseudocolor plot 0 < |!⇤

z | < 4 (yellow to red). Top left: reference field. Top right:
filament 0-150/50. Bottom left: cross 0-20. Bottom right: cross 30-150.
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5 – Analysis on the filtered fields

Figure 5.31: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: sphere 0-10. Bottom left: sphere 0-20. Bottom right: sphere 0-40.
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5.1 – Visualization of scalar and vector quantities

Figure 5.32: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: sphere 10-40. Bottom left: sphere 40-70. Bottom right: sphere 70-100.
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5 – Analysis on the filtered fields

Figure 5.33: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: sphere 100-130. Bottom left: sphere 30-150. Bottom right: sphere 150-330.
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5.1 – Visualization of scalar and vector quantities

Figure 5.34: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: cross 0-10. Bottom left: cross 0-20. Bottom right: cross 0-40.
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5 – Analysis on the filtered fields

Figure 5.35: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: cross 10-40. Bottom left: cross 40-70. Bottom right: cross 70-100.

130



5.1 – Visualization of scalar and vector quantities

Figure 5.36: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: cross 100-130. Bottom left: cross 30-150. Bottom right: cross 150-330.
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5 – Analysis on the filtered fields

Figure 5.37: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: filament 0-20/50. Bottom left: filament 0-40/50. Bottom right: filament
0-60/50.
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5.1 – Visualization of scalar and vector quantities

Figure 5.38: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: filament 0-80/50. Bottom left: filament 0-100/50. Bottom right: filament
0-150/50.
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5 – Analysis on the filtered fields

Figure 5.39: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: sheet 10/100. Bottom left: sheet 15/90. Bottom right: sheet 20/80.
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5.1 – Visualization of scalar and vector quantities

Figure 5.40: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: sheet 25/100. Bottom left: sheet 25/80. Bottom right: sheet 25/60.
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5 – Analysis on the filtered fields

Figure 5.41: Enstrophy contour plot ⇣⇤ = ⇣/⇣ref . Top left: reference field. Top
right: conical sheet ↵ = 0.1. Bottom left: conical sheet ↵ = 0.2. Bottom right:
conical sheet ↵ = 0.3.
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5.2 – Spectral considerations

5.2 Spectral considerations

In order to help a deeper understanding the e↵ects of filtering, we carried out a
spectral analysis of the velocity and vorticity. The reference values are those pre-
sented previously in Ch. 3, and the curves reproducing the non-dimensional spectra
E11(k)/Eref and Z11(k)/Zref , provide us an useful instrument to interpret the results
of our visualisations.

The analysis is based on 1D spectra, as it keeps a clearer evidence of kinetic
energy and enstrophy amounts as far as any kind of filter is applied.

5.2.1 1D velocity spectra

The 1D velocity spectra give a first, although incomplete, description of the spectral
contribution to E11(k), hence to the three-dimensional spectra E(k). It is easily
shown that kinetic energy values immediately drop to one hundredth (even one
thousandth) of their original amounts as a consequence of applying SPHERE: they
do not totally vanish, since this kind of filter acts on wavevectors magnitudes. Thus,
one may possibly find low wavenumbers that lye on ranges under the threshold k0
that we superimpose to the wavevector magnitudes, which are not forced to nullify
the velocity values they are related to. If one or two components of the wavevector
are under the k0, its contribution to the velocity field is not said to be deleted, since
its magnitude may well be over k0, as a result of the influence of su�ciently high
component/components of the same wavevector.

On the contrary, a drastic dip is due to CROSS, since it deletes all of the con-
tributions (velocity values are wiped out) of those wavevectors that have at least
one of the three components in the range defined by kMIN and kMAX . This is the
reason why the 1D velocity spectra of CROSS filtered fields are null in those ranges,
with a statistically energy-lowering e↵ect on the flow field. As an instance, 10� 40
SPHERE (or CROSS) deletes a larger amount of energy than 40� 70 or 70� 100:
apart from the energy-containing range, energy spectra usually have a decreasing
slope in homogeneous isotropic turbulence, hence the larger is the dimension of the
eddies, the largest is the amount of energy.

As far as FILAMENT and SHEET are concerned, further consideration is re-
quired. Note that, for example, traces of the FILAMENT filters are shown only in
the largest wavenumbers, therefore implying that narrow and elongated eddies are
not easily captured: their axial physical dimensions seem to be very limited since
the 1D velocity spectrum is pretty much the same as that of the reference field up
to k & 60. Although, the global e↵ect of FILAMENT in terms of kinetic energy is
negligible, seeing that the removal of structures is referred to the highest wavenum-
bers, whereas the lowest ones are basically unbiased. Original SHEET filters have
similar e↵ects on those spectra. To the naked eye, di↵erences in the kinetic energy
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5 – Analysis on the filtered fields

fields are barely undetectable.
Filtering with conical SHEET leads to slightly di↵erent results, since those struc-

tures that face removal process may also be related to the lowest wavenumbers.
Therefore, the 1D velocity spectra tend to go under a general and uniform decrease,
by a↵ecting all the wavenumbers.

5.2.2 1D vorticity spectra

Secondly, spectral considerations are made on the distribution of vorticity magni-
tudes with respect to the wavenumber k. We plotted the 1D spectra of !(x): if
W1(k1) is the 1D transform of !(x), we plot the 1D energy spectrum:

Z11(k) = |W1(k1)|2 (5.1)

computed on the reference field, and we compared to the spectra computed after the
action of the filters. SPHERE removes large amounts of squared vorticity. The high-
pass model produces a global lowering of approximately one tenth of the reference
value of vorticity spectra up to k ⇠ 100. A similar trend is shown if the SPHERE
filter acting over the intermediate/small scale inertial range is considered, while
filtering the large scale inertial range is e↵ective in the same way of the high-pass
filter, as it is accountable for a statistical decrease in the values of Z11/Zref up to
k ⇠ 100. Moving the fixed width filter band to the smallest length scales produces a
lighter statistical lowering with regards to the reference spectrum, though it a↵ects
also the largest wavenumbers.

1D vorticity spectra computed on 100 � 130 and 150 � 330 SPHERE filtered
fields remain parallel to the original field, while applying the SPHERE filter on the
whole inertial range causes the vorticity spectrum to undergo a sharp fall all over
the wavenumber domain: it is responsible for the deepest lowering of the squared
vorticity values, even at the largest scales. Therefore, it clearly supports what we
pointed out by the analysis of visualizations: the spherical eddies which the largest
amount of vorticity is due to, are the smallest ones.

CROSS filter has remarkable consequences also on vorticity spectra, as it reduces
the enstrophy of a large size of structures. By varying the value of the threshold,
kMAX , we compared the ranges 0�10, 0�20 and 0�40. The reduction grows up as
the threshold increases, while a plunge of the function tends to move towards higher
wavenumbers in the inertial range. In the near dissipative and dissipative range, the
decreasing from the reference field values seems to be reduced.

Filtering filaments and sheets leads to minute changes all over the spectra, which
are slightly reduced both at the largest and smallest scales, while their shape is
preserved. Their e↵ect is increased if we use conical filters, since they also cut layers
whose thickness may be relevant, if higher values for ↵ are considered. For example,
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5.2 – Spectral considerations

conical SHEET with ↵ = 0.4 allows for the spectral values of vorticity to be dropped
by over one-tenth of the reference values, at the largest length scales up to ` > 2⇡

10 .

Further consideration on vorticity: modified spectra. The most energetical
vortical structures are best identified in a plot of k1Z11(k1) in a linear scale versus
k1 in a log scale (see Fig. 5.50 to 5.53). On the x-axis the normalised wavenumber
k⇤ = k1/kall is presented3, while on the y-axis it is multiplied by the non-dimensional
vorticity spectrum Z⇤

11.
For the reference field plot, the peak is between 0.06 < k⇤ < 0.08, while it is

moved to higher wavenumbers if whichever filter is applied over the energy containing
or the large scales inertial range. Therefore, in the unbiased HIT, those structures
whose wavenumber is in the band 30 . k . 40 are responsible for the largest
supplement to the vorticity mean value. As regards with SPHERE, there is a sharp
decrease of the function if the 20� 40 range is removed. Also, the largest quasi -3D
eddies do not seem to a↵ect the function so much, whereas the opposite behavior is
presented if CROSS is evaluated. In the latter case, those structures that have at
least one length scale which is comparable to one-tenth of the side of the 10243 field,
LB (see Fig. 5.51, large-dashed line in the top chart) seem to influence the most
the statistical lowering of that function compared to the reference field. A further
interpretation is that, on average, the most energetic vortices have a diameter of
about one-thirtieth of the box side. As clearly noted, 10� 40 and 40� 70 filters are
equally e↵ective in decreasing the spectral distribution of vorticity, while as we move
to the near dissipative and dissipative scales, the e↵ect of filtering on that function
is progressively reduced. Nevertheless, SPHERE is more e↵ective than CROSS at
the largest wavenumbers.

If we apply the FILAMENT filter, the decrease of k⇤Z⇤
11 with respect to the

original field values is more pronounced than those due to filtering on elongated
structures with a smaller axial dimension. Moreover, this function is not a↵ected
at all if we extend the parameter kMAX , which allows for the check on the basis
dimension of the filamentous frame, to 80, 100 and 150.

Ultimately, SHEET allows for an increasing reduction in the values of the mod-
ified spectra, whether the filter becomes less and less restrictive. The largest dif-
ference with the spectrum of the reference field is observed in the case of conical
SHEET with ↵ = 0.3. For the umpteenth time, this is due to the fact that this kind
of filter also includes quasi -3D structures.

3Here, a total amount of 512 wavenumbers is analysed, hence kall = 512.
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5 – Analysis on the filtered fields

Figure 5.42: Sketch of the 1D velocity spectra: sphere filter.
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5.2 – Spectral considerations

Figure 5.43: Sketch of the 1D velocity spectra: cross filter.
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5 – Analysis on the filtered fields

Figure 5.44: Sketch of the 1D velocity spectra: filament filter.
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5.2 – Spectral considerations

Figure 5.45: Sketch of the 1D velocity spectra: sheet filter.
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5 – Analysis on the filtered fields

Figure 5.46: Sketch of the 1D vorticity spectra: sphere filter.
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5.2 – Spectral considerations

Figure 5.47: Sketch of the 1D vorticity spectra: cross filter.
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5 – Analysis on the filtered fields

Figure 5.48: Sketch of the 1D vorticity spectra: filament filter.
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5.2 – Spectral considerations

Figure 5.49: Sketch of the 1D vorticity spectra: sheet filter.
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5 – Analysis on the filtered fields

Figure 5.50: Analysis on the contribution of vortical structures: sphere filter.
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5.2 – Spectral considerations

Figure 5.51: Analysis on the contribution of vortical structures: cross filter.
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5 – Analysis on the filtered fields

Figure 5.52: Analysis on the contribution of vortical structures: filament filter.
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5.2 – Spectral considerations

Figure 5.53: Analysis on the contribution of vortical structures: sheet filter.
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5 – Analysis on the filtered fields

5.3 Test of the Normalised Stretching-Tilting over
filtered fields

Finally, the small scale localization function nst, based on the normalised form of the
vortex stretching-tilting term in the Helmholtz equation is analysed. With regards
to the criterion suggested above (see § 3.4), the range of the possible nst(x) values
in a resolved HIT and in an under-resolved HIT can be obtained by considering a
threshold nst⇤ and by computing the probability density distribution that nst(x) is
larger than that given value. Cdfs and pdfs are reproduced in the following, with
the same scheme through which the whole study is conducted. Ultimately, statistics
over nst(x) are gathered. A collection of all results is presented in Fig. 5.54 to 5.61.

The energy-containing is the first to be cut. Then, the filter is thought to reach
also the inertial range, as defined as the 5

3 -law behaviour range. The compared
filtered ranges are 0�10, 0�20 and 0�40, once again obtained both with SPHERE
and CROSS. In Fig. 5.54 and 5.55, the control function (see § 3.4) seems to have
a coherent behaviour. Actually, the 0 � 10 filter shows a slight di↵erence with the
resolved 10243, as the values of the former are under the line of the latter. That
reduction increases as the range grows, thus indicating that the high-pass filters have
the statistical e↵ect of decreasing the values of nst(x) on the whole domain. We can
assume that when we reduce the weight of the large-scale eddies (filaments, layers
or blobs) with larger and larger filter widths, the local stretching-tilting process
undergoes a global decrease with respect to the enstrophy intensity. On average,
the values of nst(x) are reduced, and the wider the range a↵ected is, the lower is the
probability value. The main departure of nst(x) from the reference values is obtained
with CROSS, that is responsible for a sharper lowering e↵ect on the function when
larger ranges are filtered out. For example, with regards to the 0 � 40 range (see
Fig. 5.55), one may notice that a decrease of 30% in the cumulative distribution
is obtained for a stretching-tilting of about one half of the local squared vorticity.
The reduction goes up to 80% for a stretching-tilting of the same magnitude of the
vorticity. In addiction to that, the upper limit value for nst is reduced to 1.5.

SPHERE, on the contrary, does not a↵ect the control function until the wavevec-
tors whose magnitude falls within the interval 20 � 40 is clipped out. The graphs
when the filtered range is 0� 10 and 0� 20 are slightly influenced, nevertheless an
opposite trend is shown: for 0� 10 SPHERE the values of nst statistically increase
(larger probability in the range 0.5 < nst⇤ < 1.5), while extending the filter width
to k = 20 produces the opposite e↵ect. However, the di↵erences between the control
function in the filtered and original flow fields are so small that we can suppose that
this kind of filter is e↵ective on nst(x) if the threshold kMAX reaches higher values.
To sum up, the large scales seem to contribute more to the stretching-twisting (the
numerator of nst) than to the fluctuations of vorticity (the denominator of nst).
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5.3 – Test of the Normalised Stretching-Tilting over filtered fields

Secondly, we moved from the energy-containing range to the inertial and dissipa-
tive ranges, by means of SPHERE and CROSS used as band-pass filters. We fixed
the amplitude of the filter (contributions into bands made by thirty wavenumbers
at a time were deleted) and gradually changed the position of the range. Then, the
global e↵ect of filtering the inertial scales and the dissipative ones was studied.

The figures clearly show that the trend of the previous filters is not respected:
actually, filtering 10�40 wavenumbers produces a substantial increase of the control
function, that is a statistical increase of the values of nst. Nevertheless, values of
nst larger than 2 are still unlikely to be reached. A slight increase in the values
of nst(x) is produced by all of these filters. The peak of the cdf is reached when
the structures having at least one dimension in the range 40 � 70 are cut. Similar
di↵erences with respect to the control function of the unbiased field are shown if the
whole inertial range is deleted with 30 � 150 CROSS, thus allowing us to assume
that the main contribution is due to those structures falling in the intermediate scale
inertial range. Thus, the plots seem to indicate that all of the structures in that band
have an influence more on the vorticity magnitude than on the stretching-tilting
phenomenon. Finally, deleting the near dissipative and Kolmogorov scales does
not produce significant change to the reference distribution, neither with SPHERE
or with CROSS, as the evidence from the pdfs of the nst in Fig. 5.58 and 5.59
suggests. The increasing of nst(x) is negligible, though a contribution of more than
100 wavenumbers is removed.

A particular trend is verified as we apply 10 � 40 SPHERE: contrary to the
matching CROSS filter, it allows for a statistical decrease of the control function.
In order to interpret that fact, the global increase we dealt with CROSS can be put
down to the filamentous and layered structures rather than to the quasi -spherical
ones, which in fact clearly move the control function values under the reference plot.

In our attempt of fully describing the influence that the elongated structures have
on the function nst, we also present the FILAMENT filtered fields (see Fig. 5.56
and 5.60). Substantial results are obtained if the parameter kMAX , on which we act
in order to check the axial dimension of those frames, is increased up to k = 60:
the control function shows a slight increase, while nothing seems to change if we
move the upper parameter up to k = 150. Therefore, a globally insignificant e↵ect
to nst is due to those smallest scale structures whose axial dimension is in the range
2⇡
150 < l < 1. It must be noted that those cannot be referred to as proper filamentous
eddies, as their main dimension tends to decrease if the filter band is enlarged. Also,
it is worth remembering that it a↵ects only a particular kind of 1D structures.

In similarity with FILAMENT, Fig. 5.57 and 5.61 show that conical SHEET is
e↵ective on increasing the control function of the same amount. However, due to
the unlikelihood of finding layered structures that are perfectly aligned with one of
the cartesian plane, the action of original SHEET filter is very weak.
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5 – Analysis on the filtered fields

Figure 5.54: Cumulative distribution function of nst: sphere filter.
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5.3 – Test of the Normalised Stretching-Tilting over filtered fields

Figure 5.55: Cumulative distribution function of nst: cross filter.
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5 – Analysis on the filtered fields

Figure 5.56: Cumulative distribution function of nst: filament filter.
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5.3 – Test of the Normalised Stretching-Tilting over filtered fields

Figure 5.57: Cumulative distribution function of nst: sheet filter.
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5 – Analysis on the filtered fields

A complete list of the evaluated statistics on the SPHERE and CROSS filters is
presented in Tab. 5.1 and 5.2. The mean value is always much lower than unity, while
the variance remains high compared to it. If we filter those structures belonging to
the energy-containing/small scale inertial range, where k is moderately low, the nst
values undergo a general decrease. This behaviour is common, as observed above, to
the SPHERE and CROSS filters, although the former is scarcely e↵ective since the
filtered band is moved up to larger wavenumbers (0�40). Thus, we can assume that
the higher influence on nst, among those eddies having at least one large dimension,
can be attributed to the filamentous and layered ones.

Let us focus then on the 10 � 40 filter values. They are higher than those
obtained from 0� 40 filters, while an opposite trend is presented, depending on the
filter models, as we stated in the previous section. The quasi -spherical structures
only in fact, contribute the more to the stretching-tilting term than to the fluctuating
vorticity magnitude. With reference to the inertial range, 40 � 70, 70 � 100 and
100� 130 filters show the same behaviour, with a global increase in the mean value
of nst. Unfortunately, its variance has also an increasing trend, since the more the
band is moved towards the smallest scales of turbulence, the more nst values are
di↵erent from the expected value. Once again, SPHERE and CROSS lead to similar
behaviours, though the transition due to the latter appears to be more pronounced.

Ultimately, filtering the very small scales is quite ine↵ectual of nst, as it is
increased by less than 1% when the dissipative scales are cut.

In Tab. 5.2 the collected statistics on the nst(x) values for FILAMENT and
SHEET filtered fields are collected. It is worth noting that all of the filterings
produce a statistical increase in the mean value of nst(x), while its variance value is
approximately constant (except for the larger high-band pass filament filter), though
being still high compared to the first moment.

As regards with the values for skewness and kurtosis of the normalised stretching-
tilting term, their large departure from the typical values of a Gaussian distribution
is clear. The distribution of nst has always a strongly positive skewness, as easily
shown in Fig 5.58 to 5.61, while a high intermittency is associated to nst, whose
kurtosis is as high as four times the value for a normal probability distribution.
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Figure 5.58: Probability density function of nst: sphere filter.
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5 – Analysis on the filtered fields

Figure 5.59: Probability density function of nst: cross filter.
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5.3 – Test of the Normalised Stretching-Tilting over filtered fields

Figure 5.60: Probability density function of nst: filament filter.
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Figure 5.61: Probability density function of nst: sheet filter.
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5.3 – Test of the Normalised Stretching-Tilting over filtered fields

E (nst) (·10�1) V ar (nst) (·10�1) � S K

REFERENCE 4.23 1.07 0.32 2.31 12.45
sphere 0� 10 4.28 1.11 0.33 2.31 12.38
sphere 0� 20 4.14 1.07 0.33 2.35 12.76
sphere 0� 40 3.80 0.87 0.29 2.46 14.42
sphere 10� 40 4.01 0.90 0.30 2.36 13.47
sphere 40� 70 4.36 1.01 0.32 2.11 10.78
sphere 70� 100 4.42 1.12 0.33 2.16 10.94
sphere 100� 130 4.37 1.13 0.34 2.25 11.73
sphere 30� 150 4.57 1.15 0.34 2.08 10.06
sphere > 150 4.26 1.08 0.33 2.32 12.47
cross 0� 10 4.15 0.89 0.30 2.19 12.02
cross 0� 20 3.93 0.76 0.28 2.21 12.64
cross 0� 40 3.60 0.62 0.25 2.22 13.32
cross 10� 40 4.42 0.93 0.30 2.01 10.01
cross 40� 70 4.54 1.11 0.34 2.09 10.24
cross 70� 100 4.45 1.16 0.34 2.20 11.23
cross 100� 130 4.34 1.12 0.33 2.29 12.13
cross 30� 150 4.66 1.25 0.35 2.11 10.25
cross > 150 4.23 1.06 0.32 2.31 12.53

Table 5.1: Table of the moments of nst for the reference and SPHERE-CROSS
filtered fields: expected value, variance, skewness and kurtosis.
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E (nst) (·10�1) V ar (nst) (·10�1) � S K

REFERENCE 4.23 1.07 0.32 2.31 12.45
filament 0� 20/50 4.32 1.11 0.33 2.28 12.00
filament 0� 40/50 4.38 1.13 0.34 2.24 11.63
filament 0� 60/50 4.41 1.16 0.34 2.24 11.58
filament 0� 80/50 4.41 1.16 0.34 2.24 11.60
filament 0� 100/50 4.42 1.17 0.34 2.25 11.62
filament 0� 150/50 4.42 1.17 0.34 2.25 11.63

sheet 10/100 4.21 1.05 0.32 2.32 12.56
sheet 15/90 4.22 1.06 0.32 2.32 12.56
sheet 20/80 4.25 1.08 0.33 2.31 12.44
sheet 25/100 4.23 1.06 0.33 2.32 12.54
sheet 25/80 4.27 1.08 0.33 2.30 12.33
sheet 25/60 4.30 1.09 0.33 2.27 11.97
↵ = 0.1 4.28 1.09 0.33 2.30 12.36
↵ = 0.2 4.33 1.10 0.33 2.25 11.90
↵ = 0.3 4.35 1.08 0.33 2.20 11.48
↵ = 0.4 4.36 1.05 0.32 2.16 11.21

Table 5.2: Table of the moments of nst for the reference and FILAMENT-SHEET
filtered fields: expected value, variance, skewness and kurtosis.
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Chapter 6

Conclusions

In short, this work has focused on two main issues: the application of filters and
their e↵ect on a homogeneous isotropic turbulent flow field and the analysis of the
stretching-tilting term from the Helmholtz vorticity equation with respect to the
vorticity magnitude.

Firstly, the reference field has been fully described by means of a preliminary
statistical investigation. The compensated HIT generated by subtracting the largest
structures as to delete the forcing e↵ect ensued from the simulation of turbulence,
was shown to be totally coherent with the theoretical studies. Dealing with the
energy spectrum, in fact, the typical �5

3 -law behaviour was observed. Moreover, a
good agreement between the 3D energy spectrum evaluated by the correlations from
the 1D formulation and that one resulting from the 3D technique on spherical k-shells
is noted. As regards to the integral scales of turbulence, transversal and longitudinal
integral scales are in a ratio of almost 0.5, though isotropy seems to be not fully
respected, since one-point statistics on the y-axis are di↵erent enough with respect
to the other directions. Then, visualisations with pseudocolor plots reproducing the
mean kinetic energy or vorticity magnitude or enstrophy fields have been presented
and discussed. Further processing has led to a complete characterization of the flow
field. For example, velocity vector plots have been derived and presented in order
to better locate the high-vorticity areas over 2D planes.

Di↵erent kinds of filters have been introduced to evaluate the e↵ectiveness on
apposite scalar quantities of blobby, layered and filamentous structures. Three-
dimensional structures have been quite easily deleted, while the opposite has oc-
curred when we have tried to cut the contribution of elongated or flat structures,
due the intrinsically non-trivial geometrical nature of this kind of coherent struc-
tures. In addiction to that, filters acting on sheets and filaments are designed to
be necessarily aligned to the cartesian axes, thus they only capture a small share
of the 1D and 2D structures over the whole computational domain. We have also
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6 – Conclusions

focused on the dual nature of the non-3D structures, as regards with their inclu-
sion in the categories of the small and large scales. Actually, a filamentous eddy
which is removed by the filter ghpC for it has a small “axial” wavenumber, will have
two large wavenumbers, thus it is also filtered by gbpC . A similar situation holds for
the sheets. Therefore the filtering, either the high-pass, band-pass or low-pass, has
always removed the same structures. Disambiguity has been restored by consider-
ing the compact structures (blobs), which belong either to the large scale or to the
intermediate/small range.

The energy-containing range is responsible for the largest amount of energy, as
the peak values of mean kinetic energy are halved if we delete those structures in the
range 0 < k < 10. A statistical leveling e↵ect is due instead to filtering the interme-
diate/small scales in the inertial range. Together with the results from the vorticity
spectra and a further elaboration of those data, the vorticity iso-surfaces plots have
allowed us to assume that the main contribution to the vorticity magnitude is due
to vortices which have a diameter of about one-thirtieth of the box side.

Secondly, we have collected a set of statistical information about the stretching
and tilting of vortical structures, nst(x) = |!·rU|

|!|2 (x). The main result is that there

is zero probability of having stretching-tilting term of intensity larger than twice
the vorticity magnitude for a fully resolved turbulence. If compact and blobby
structures in the inertial range are filtered out, the probability of having higher
values of nst than a fixed threshold nst⇤ increases by 20% at nst⇤ = 0.5 and by
60%� 70% at nst⇤ = 1.0. On the contrary, if larger blobs are cut by the filter, the
opposite behaviour occurs. The reference field is a separatrix case for the control
function defined by the cumulative distribution function. The probability decreases
by 30% at nst⇤ = 0.5, and by 80% at nst⇤ = 1.0. To sum up, the large scales
seem to contribute more to the stretching-twisting (the numerator of nst) than to
the fluctuations of vorticity (the denominator of nst). The near dissipative and
dissipative length scales instead, do not have a significant e↵ect on the statistical
distribution of nst values.

Ultimately, it is worth noting that box filtering the small scales modifies the
stretching statistics to a great extent. A field filtered in such way (as in the case
of Large Eddy Simulations) shows a finite probability of having a larger stretching-
tilting than twice the enstrophy. As a consequence, it is possible to conceive a
criterion that locates the regions in a pure LES where the field should account for the
inclusion of a subgrid term in the governing equation, thus making the nst analysis
a powerful instrument to reduce computational costs without losing information and
accuracy.
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Appendix A

Fourier analysis

Fourier modes underlie the analysis of turbulent flows behaviour. In this section the
standard notation is introduced, in order to present the equations governing fluid
dynamics motions in the frequency spectral domain, in wavenumber space.

Let us consider a cubical domain in the physical space, having L as a char-
acteristic side length. Under the approximation of L � Lij we suppose that the
mean velocity is zero, while the velocity field is supposed to be periodic of period
L. Mathematically speaking, this assumption reads:

u(x+NL,t) = u(x,t)

for all vectors N Let k0 = 2⇡/L, be the lowest wave-number1. Along the generic
direction xj, one may express the nj-th Fourier mode as:

eik0njxj = cos (k0njxj) + i sin (k0njxj)

for both positive and negative integers. The three-dimensional mode is the result of
a product of the one-dimensional modes2:

eik·x = eik0n1x1eik0n2x2eik0n3x3

These modes form together an orthonormal system. That allows to write the Fourier
series of a generic periodic function g(x):

g(x) =
X

k

eik·xĝ(k)

with ĝ(k) as the Fourier coe�cient at wave-number k. The Fourier coe�cient of the
function g(x) is obtained by the following notation

ĝ(k) =
⌦

g(x)e�ik·x↵

L

1Not to be confused with the wave-number referred to the largest eddies length scale in § 1.6.1.
2Here, the wave-vector k is depicted. It can be expressed as k = k0n = k0(e1n1+e2n2+e3n3).
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A – Fourier analysis

where integration is meant to be on the cubical domain L3. As a result of that, one
may obtain the coe�cient of the generic Fourier mode as it follows:

F{g}(k) = ĝ(k) =
⌦

g(x)e�ik·x↵

L
=

1

L3

ZZZ L

0

g(x)e�ik·xdx1dx2dx3

In the specific case of a velocity vector field, the Fourier series read

u(x,t) =
X

k

eik·xû(k,t)

with the velocity coe�cients:

ûj(k,t) = F{uj(x,t)}(k)

Using the fundamental rules of derivatives and transforms, the Navier-Stokes
equations in the Fourier domain are written. In consideration of the fact that dif-
ferentiation with respect to xj in physical space corresponds to multiplying by ikj
in the wave-number space, the divergence of the velocity vector u results

ûj,j = Fk{uj,j} = ikjûj = ik · û

thus implying, from the continuity equation, that û is normal to k:

k · û = 0

Any vector Ĝ can be presented in function of its orientation with respect to
a generic wave-vector k as the summation of two decomposed components: one is
referred to its projection Ĝk on a direction that is parallel to k, while the other one,
Ĝ?, is normal to k. For the parallel component, if we define the unit vector e = k/k
aligned with k, we obtain:

Ĝk = e(e · Ĝ) = k(k · Ĝ)/k2

that can be also written in index notation

Ĝ
k
i =

kikj
k2

Ĝj

Let us now apply the Fourier operator to each term of the second Navier-Stokes
equation accounting for momentum conservation. Under the assumption of subsonic
and incompressible flow (Ma < 0.4) we may recall:

@ui

@t
+ (uiuj),j = �1

⇢
· p,i + ⌫ui,jj
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The time derivative is simply

Fk

⇢

@ui

@t

�

=
@ûi

@t

while the viscous term becomes

Fk {⌫ui,jj} = �⌫k2ûi

Finally, the pressure gradient term reads:

F

⇢

1

⇢
· p,i

�

=
1

⇢
ikip̂

By defining the Fourier coe�cient of the convection non-linear term

F
n

(uiuj),j

o

= Ĝi(k,t)

and combining the previous results, the Navier-Stokes equation can be presented in
the Fourier form:

@ûi

@t
+ ⌫k2ûj = �ikip̂� Ĝi

If we multiply this equation by the term kj, the continuity equation forces the
left-hand side of the relation to cancel, leaving the simple result

k2p̂ = ikiĜi

which is also known as the Poisson equation, obtained through the Navier-Stokes
model, in wave-number space. One possible solution is given by:

�iki =
kikj
k2

Ĝj = Ĝ
k
i

that shows the equivalence of the pressure term with �Ĝk, that is the component of
�Ĝ along k. Through this assumption, one may write the Navier-Stokes equation
by substituting the component of Ĝ to the right-hand side term of the original
equation, thus obtaining:

@ûi

@t
+ ⌫k2ûj = �Ĝ?

i

In fact Ĝ?
i =

⇣

�jk � kikj
k2

⌘

Ĝj, where the operator in between the round brackets is

also known as the projection operator Pij.
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By means of simple mathematical operations, we are able to express Ĝi(k,t) in
terms of û(k):

Ĝi(k,t) = F {(uiuj),j} (k) = ikjF {uiuj} (k) =

= ikj
X

k

0

ûi(k
0)uj(k� k0)

which can be substituted into the Navier-Stokes equation in Fourier form, hence
allowing the following relationship that fully describes the evolution for û(k,t):

✓

@

@t
+ ⌫k2

◆

ûi(k,t) = ikkPij(k)
X

k

0

ûj(k
0,t)uk(k� k0,t)
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Appendix B

Post-processing source codes

Listing B.1 Main

62 WRITE(*,*)’Type (1) to process single slice input data.’
63 WRITE(*,*)’Type (2) to process and join multiple slices input data.’
64 WRITE(*,*)’----> ’
65

66 READ(*,*)choice
67

68 !! SINGLE SLICE CASE
69

70 IF(choice.EQ.1) THEN
71 pi=4.0*atan(1.0)
72 dx=2*pi/n
73 dx1=2*pi/n
74 dx2=2*pi/n
75 dx3=2*pi/n
76

77 OPEN(1,FILE=’grid.out’)
78

79 WRITE(1,*)n
80 DO j3=0,n-1
81 WRITE(1,100)j3+1,j3*dx3,(j3+0.5)*dx3,(j3+1)*dx3,dx3
82 END DO
83

84 WRITE(1,*)n
85 DO j1=0,n-1
86 WRITE(1,100)j1+1,j1*dx1,(j1+0.5)*dx1,(j1+1)*dx1,dx1
87 END DO
88

89 WRITE(1,*)nx
90 DO j2=0,nx-1
91 WRITE(1,100)j2+1,j2*dx2,(j2+0.5)*dx2,(j2+1)*dx2,dx2
92 END DO
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B – Post-processing source codes

93

94 CLOSE(1)
95

96 100 FORMAT(1i6,10e14.6)
97

98 WRITE(*,*)’Type the number of the file to process:’
99 READ(*,*)nmin

100

101 irec=0
102 DO i=0,nx-1
103 DO j=0,n-1
104 DO k=0,n-1
105 irec=irec+1
106 READ(1,rec=irec) u(i,j,k),v(i,j,k),w(i,j,k)
107 END DO
108 END DO
109 END DO
110

111 ! CALCULATION OF VORTICITY
112

113 CALL VORTICITA(U,V,W,omega,dx)
114

115 ! CALCULATION OF MEAN ENERGY IN EACH GRID POINT
116

117 DO i=0,nx-1
118 DO j=0,n-1
119 DO k=0,n-1
120 e(i,j,k)=(u(i,j,k)**2+v(i,j,k)**2+w(i,j,k)**2)*0.5
121 END DO
122 END DO
123 END DO
124

125 OPEN(2,FILE=vel1,ACCESS=’direct’,RECL=4*n*n*nx)
126 WRITE(2,rec=1)(((u(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
127 CLOSE(2)
128

129 OPEN(2,FILE=vel2,ACCESS=’direct’,RECL=4*n*n*nx)
130 WRITE(2,rec=1)(((v(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
131 CLOSE(2)
132

133 OPEN(2,FILE=vel3,ACCESS=’direct’,RECL=4*n*n*nx)
134 WRITE(2,rec=1)(((w(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
135 CLOSE(2)
136

137 OPEN(2,FILE=en,ACCESS=’direct’,RECL=4*n*n*nx)
138 WRITE(2,rec=1)(((e(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
139 CLOSE(2)
140

141 DO i=0,nx-1
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142 DO j=0,n-1
143 DO k=0,n-1
144 vortens(i,j,k)=(omega(i,j,k,1)**2+omega(i,j,k,2)**2+

omega(i,j,k,3)**2)
145 MV(i,j,k)= vortens(i,j,k)**0.5
146 END DO
147 END DO
148 END DO
149

150 OPEN(2,FILE=vorx,ACCESS=’direct’,RECL=4*n*n*nx)
151 WRITE(2,rec=1)(((omega(i,j,k,1),j=0,n-1),k=0,n-1),i=0,nx-1)
152 CLOSE(2)
153

154 OPEN(2,FILE=vory,ACCESS=’direct’,RECL=4*n*n*nx)
155 WRITE(2,rec=1)(((omega(i,j,k,2),j=0,n-1),k=0,n-1),i=0,nx-1)
156 CLOSE(2)
157

158 OPEN(2,FILE=vorz,ACCESS=’direct’,RECL=4*n*n*nx)
159 WRITE(2,rec=1)(((omega(i,j,k,3),j=0,n-1),k=0,n-1),i=0,nx-1)
160 CLOSE(2)
161

162 OPEN(2,FILE=ens,ACCESS=’direct’,RECL=4*n*n*nx)
163 WRITE(2,rec=1)(((vortens(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
164 CLOSE(2)
165

166 OPEN(2,FILE=MagVort,ACCESS=’direct’,RECL=4*n*n*nx)
167 WRITE(2,rec=1)(((MV(i,j,k),j=0,n-1),k=0,n-1),i=0,nx-1)
168 CLOSE(2)
169 END IF
170

171 !! MULTIPLE SLICES CASE
172

173 IF(choice.EQ.2)THEN
174 WRITE(*,*)’Type the number of the slices to join in the output

file:’
175 READ(*,*)nslices
176

177 WRITE(*,*)’Insert GRP (Grid Reduction Parameter):’
178 999 READ(*,*)grp
179

180 pi=4.0*atan(1.0)
181 dx=2*pi/n
182 dx1=2*pi/nr
183 dx2=2*pi/nr
184 dx3=2*pi/nr
185

186 OPEN(1,FILE=’grid.out’)
187 WRITE(1,*)nr
188 DO j3=0,nr-1
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189 WRITE(1,101)j3+1,j3*dx3,(j3+0.5)*dx3,(j3+1)*dx3,dx3
190 END DO
191

192 WRITE(1,*)nr
193 DO j1=0,nr-1
194 WRITE(1,101)j1+1,j1*dx1,(j1+0.5)*dx1,(j1+1)*dx1,dx1
195 END DO
196

197 WRITE(1,*)nxr*nslices
198 DO j2=0,nxr*nslices-1
199 WRITE(1,101)j2+1,j2*dx2,(j2+0.5)*dx2,(j2+1)*dx2,dx2
200 END DO
201

202 CLOSE(1)
203 101 FORMAT(1i6,10e14.6)
204

205 WRITE(*,*)’Type the number of the first file to process:’
206 READ(*,*)nfile
207

208 OPEN(1,FILE=filename,STATUS=’old’,FORM=’unformatted’,ACCESS=’
direct’,RECL=12)

209 irec=0
210 DO i=0,nx-1
211 DO j=0,n-1
212 DO k=0,n-1
213 irec=irec+1
214 READ(1,rec=irec) u(i,j,k),v(i,j,k),w(i,j,k)
215 END DO
216 END DO
217 END DO
218

219 ! VORTICITY CALCULATION
220

221 CALL vorticita(U,V,W,omega,dx)
222 DO i=0,nxr-1
223 DO j=0,nr-1
224 DO k=0,nr-1
225 ured(i,j,k)=u(i*grp,j*grp,k*grp)
226 vred(i,j,k)=v(i*grp,j*grp,k*grp)
227 wred(i,j,k)=w(i*grp,j*grp,k*grp)
228 vortx(i,j,k)=omega(i*grp,j*grp,k*grp,1)
229 vorty(i,j,k)=omega(i*grp,j*grp,k*grp,2)
230 vortz(i,j,k)=omega(i*grp,j*grp,k*grp,3)
231 END DO
232 END DO
233 END DO
234 CLOSE(1)
235
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236 ! CALCULATION OF MEAN ENERGY, ENSTROPHY AND VORTICITY MAGNITUDE IN
EACH GRID POINT

237

238 DO iname=nfile,nfile+nslices-1
239 DO i=0,nxr-1
240 DO j=0,nr-1
241 DO k=0,nr-1
242 ered(i,j,k)=(ured(i,j,k)**2+vred(i,j,k)**2+wred(i,j,k)**2)

*0.5
243 vortens(i,j,k)=vortx(i,j,k)**2+vorty(i,j,k)**2+vortz(i,j,k

)**2
244 MV(i,j,k)=SQRT(vortens(i,j,k))
245 END DO
246 END DO
247 END DO
248

249 WRITE(12,rec=jrecord)(((ured(i,j,k),j=0,nr-1),k=0,nr-1),i=0,
nxr-1)

250 WRITE(13,rec=jrecord)(((vred(i,j,k),j=0,nr-1),k=0,nr-1),i=0,nxr
-1)

251 WRITE(14,rec=jrecord)(((wred(i,j,k),j=0,nr-1),k=0,nr-1),i=0,nxr
-1)

252 WRITE(15,rec=jrecord)(((ered(i,j,k),j=0,nr-1),k=0,nr-1),i=0,nxr
-1)

253 WRITE(16,rec=jrecord)(((vortx(i,j,k),j=0,nr-1),k=0,nr-1),i=0,
nxr-1)

254 WRITE(17,rec=jrecord)(((vorty(i,j,k),j=0,nr-1),k=0,nr-1),i=0,
nxr-1)

255 WRITE(18,rec=jrecord)(((vortz(i,j,k),j=0,nr-1),k=0,nr-1),i=0,
nxr-1)

256 WRITE(19,rec=jrecord)(((vortens(i,j,k),j=0,nr-1),k=0,nr-1),i
=0,nxr-1)

257 WRITE(20,rec=jrecord)(((MV(i,j,k),j=0,nr-1),k=0,nr-1),i=0,nxr-1)
258 END DO
259 END IF
260

261

262 !!! SUBROUTINE VORTICITA(U,V,W,omega,dx)
263

264 PARAMETER(N=1024,NX=N/64)
265 REAL*4 U(0:NX-1,0:N-1,0:N-1)
266 REAL*4 V(0:NX-1,0:N-1,0:N-1)
267 REAL*4 W(0:NX-1,0:N-1,0:N-1)
268 REAL*4 omega(0:NX-1,0:N-1,0:N-1,3)
269

270 DO j=0,N-1
271 jp1=j+1
272 jm1=j-1
273 IF (jp1.ge.N) THEN
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274 jp1=jp1-1
275 END IF
276 IF (jm1.lt.0) THEN
277 jm1=jm1+N
278 END IF
279 DO k=0,N-1
280 kp1=k+1
281 km1=k-1
282 IF (kp1.ge.N) THEN
283 kp1=kp1-1
284 END IF
285 IF (km1.lt.0) THEN
286 km1=km1+N
287 END IF
288 DO i=1,NX-2
289 ip1=i+1
290 im1=i-1
291 omega(i,j,k,1) = (W(i,jp1,k)-W(i,jm1,k))/(2*dx) - (V(i,j,kp1)-

v(i,j,km1))/(2*dx)
292 omega(i,j,k,2) = (U(i,j,kp1)-U(i,j,km1))/(2*dx) - (W(ip1,j,k)-

W(im1,j,k))/(2*dx)
293 omega(i,j,k,3) = (V(ip1,j,k)-V(im1,j,k))/(2*dx) - (U(i,jp1,k)-

U(i,jm1,k))/(2*dx)
294 END DO
295

296 i=0
297 ip1=i+1
298 im1=i
299

300 omega(I,j,k,1) = (W(i,jp1,k)-W(i,jm1,k))/(2*dx) - (V(i,j,kp1)-
v(i,j,km1))/(2*dx)

301 omega(I,j,k,2) = (U(i,j,kp1)-U(i,j,km1))/(2*dx) - (W(ip1,j,k)-W(
im1,j,k))/dx

302 omega(I,j,k,3) = (V(ip1,j,k)-V(im1,j,k))/dx - (U(i,jp1,k)-U(i,
jm1,k))/(2*dx)

303

304 i=NX-1
305 ip1=i
306 im1=i-1
307

308 omega(I,j,k,1) = (W(i,jp1,k)-W(i,jm1,k))/(2*dx) -(V(i,j,kp1)-v
(i,j,km1))/(2*dx)

309 omega(I,j,k,2) = (U(i,j,kp1)-U(i,j,km1))/(2*dx) -(W(ip1,j,k)-W
(im1,j,k))/dx

310 omega(I,j,k,3) = (V(ip1,j,k)-V(im1,j,k))/dx -(U(i,jp1,k)-U(i,
jm1,k))/(2*dx)

311 END DO
312 END DO
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Listing B.2 Correlations and integral scales

86 DO 10 k=0,N-1
87 DO 10 J=0,N-1
88 DO i=0,Nx-1
89 ivero=i+nx*iname
90 r1l(ivero)=r1l(ivero)+U0(0,j,k)*U(i,j,k)
91 r1n2(ivero)=r1n2(ivero)+V0(0,j,k)*V(i,j,k)
92 r1n3(ivero)=r1n3(ivero)+W0(0,j,k)*W(i,j,k)
93 END DO
94 10 CONTINUE
95 99 CONTINUE
96

97 DO i=0,N-1
98 r1l(i)=r1l(i)/(N**2)
99 r1n2(i)=r1n2(i)/(N**2)

100 r1n3(i)=r1n3(i)/(N**2)
101 END DO
102

103 ! INT.SCALE EVALUATION AD ITS DIMENSIONALIZATION
104

105 l1l=0.0
106 l1n2=0.0
107 l1n3=0.0
108 DO i=0,N/2-1
109 l1l=l1l+r1l(i)
110 l1n2=l1n2+r1n2(i)
111 l1n3=l1n3+r1n3(i)
112 END DO
113

114 l1l=l1l/r1l(0)
115 l1n2=l1n2/r1n2(0)
116 l1n3=l1n3/r1n3(0)
117

118 l1l=l1l*DX
119 l1n2=l1n2*DX
120 l1n3=l1n3*DX
121

122 MOD_K1=2*PI/l1l
123 MOD_K2=2*PI/l1n2
124 MOD_K3=2*PI/l1n3
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Listing B.3 Integral scale from K41 theory

30 DO k=1,n-1
31 rapp(k)=E(k)/k
32 num=num+rapp(k)
33 den=den+E(k)
34 END DO
35 int=(pi*3/4)*(num/den)

Listing B.4 1D energy spectrum

69 ! FOURIER TRANSFORMS COMPUTATION
70

71 DO 88 I=0,NX-1
72 DO 88 J=0,N-1
73 DO 88 K=0,N-1
74 U2(I,J,K)=DBLE(U(I,J,K))
75 V2(I,J,K)=DBLE(V(I,J,K))
76 W2(I,J,K)=DBLE(W(I,J,K))
77 88 CONTINUE
78

79 CALL TRASF1S(U2,N,NX)
80 CALL TRASF1S(V2,N,NX)
81 CALL TRASF1S(W2,N,NX)
82

83 DO 66 I=0,NX-1
84 DO 66 J=0,N-1
85 DO 66 K=0,N-1
86 U(I,J,K)=SNGL(U2(I,J,K))
87 V(I,J,K)=SNGL(V2(I,J,K))
88 W(I,J,K)=SNGL(W2(I,J,K))
89 66 CONTINUE
90

91 DO 20 J1=0,NX-1
92 DO 20 J2=0,N-1
93 DO 20 J3=0,N-1
94 CALL N_ONDA(J3,K,N)
95 S(K)=S(K)+(U(J1,J2,J3))**2
96 COUNT(K)=COUNT(K)+1
97 20 CONTINUE
98 99 CONTINUE
99

100 DO K=0,N/2
101 S(K)=S(K)/COUNT(K)
102 END DO
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103

104

105 !!! SUBROUTINE TRASF1S(U,N,NX)
106

107 REAL*8 U(0:NX-1,0:N-1,0:N-1)
108 REAL*8 F(0:N-1)
109 DO K2=0,N-1
110 DO K1=0,NX-1
111 DO J3=0,N-1
112 F(J3)=U(K1,K2,J3)
113 END DO
114 CALL TRASF1X(F,N)
115 DO J3=0,N-1
116 U(K1,K2,J3)=F(j3)
117 END DO
118 END DO
119 END DO
120

121

122 !!! SUBROUTINE TRASF1X(F,N)
123

124 REAL*8 F(0:N-1),WORK(N)
125 IFAIL=0
126 CALL C06FAF(F(0),N,WORK,IFAIL)
127

128

129 !!! SUBROUTINE N_ONDA(J,K,N)
130

131 INTEGER J,N
132 INTEGER K
133

134 IF(J.LE.(N/2))THEN
135 K=J
136 ELSE
137 K=N+1-J
138 END IF

Listing B.5 1D to 3D spectrum

19 DO K=1,(N/2)-1
20 DS=(S(K+1)-S(K-1))/2
21 S_3D(K)=-K*DS
22 END DO
23 S_3D(0)=0.0
24 S_3D(N/2)=(N/2)*(S(N/2)-S(N/2-1))
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Listing B.6 3D energy spectrum

55 DO 90 ISLICE=0,63
56 DO 20 L3=0,NX-1
57 L3vero=L3+ISLICE*NX
58 CALL N_ONDA(L3vero,K3,N)
59 DO 20 L2=0,N-1
60 CALL N_ONDA(L2,K2,N)
61 DO 20 L1=0,N-1
62 CALL N_ONDA(L1,K1,N)
63 KMOD=nint(dfloat(K1**2+K2**2+K3**2)**0.5d0)
64 DO 60 J=1,3
65 E3D(KMOD,J)=E3D(KMOD,J)+(dfloat(U(L1,L2,L3,J)))**2.0d0
66 60 CONTINUE
67 20 CONTINUE
68 90 CONTINUE
69 DO 80 KMOD=0,N-1
70 DO 80 i=1,3
71 E3D(KMOD,4)=E3D(KMOD,4)+E3D(KMOD,i)
72 80 CONTINUE
73 DO 70 KMOD=0,N-1
74 E3D(KMOD,4)=4*E3D(KMOD,4)/(N**3)
75 E3D(KMOD,5)=E3D(KMOD,4)**(REAL(3)/5)
76 SUM=SUM+E3D(KMOD,4)
77 70 CONTINUE

Listing B.7 Normalised Stretching-Tilting

46 WRITE(*,*)’Inizio calcolo omega medio.’
47 WMEDIO=0
48 DO 800 INOME=0,63
49 CALL LEGGI(INOME,UI,VI,WI)
50 CALL VORT_MEDIA(UI,VI,WI,OM_LOC,DX)
51 WMEDIO=WMEDIO+OM_LOC
52 800 CONTINUE
53

54 NUM_TOT=(NX*(N-2)*(N-2))*64
55 WMEDIO=WMEDIO/NUM_TOT
56

57 WRITE(*,*)’ medio = OK.’
58 DO 900 INOME=0,63
59 CALL LEGGI(INOME,UI,VI,WI)
60 CALL VORTICITA(UI,VI,WI,WTOT,DX)
61 CALL GRAD0(UI,GUTOT,DX)
62
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63 DO 10 l3=0,N-1
64 DO 10 l2=0,N-1
65 DO 10 l1=0,NX-1
66 STR_TOT(L1,L2,L3,1)=0.0
67 DO K=1,3
68 STR_TOT(l1,l2,l3,1)=STR_TOT(l1,l2,l3,1)+WTOT(l1,l2,l3,K)

*GUTOT(l1,l2,l3,K)
69 END DO
70 10 CONTINUE
71

72 CALL GRAD0(VI,GUTOT,DX)
73

74 DO 20 l3=0,N-1
75 DO 20 l2=0,N-1
76 DO 20 l1=0,NX-1
77 STR_TOT(l1,l2,l3,2)=0.0
78 DO K=1,3
79 STR_TOT(l1,l2,l3,2)=STR_TOT(l1,l2,l3,2)+WTOT(l1,l2,l3,K)

*GUTOT(l1,l2,l3,K)
80 END DO
81 20 CONTINUE
82

83 CALL GRAD0(WI,GUTOT,DX)
84

85 DO 30 l3=0,N-1
86 DO 30 l2=0,N-1
87 DO 30 l1=0,NX-1
88 STR_TOT(L1,L2,L3,3)=0.0
89 DO K=1,3
90 STR_TOT(l1,l2,l3,3)=STR_TOT(l1,l2,l3,3)+WTOT(l1,l2,l3,K)

*GUTOT(l1,l2,l3,K)
91 END DO
92 30 CONTINUE
93

94 CALL SCRIVI_STR(STR_TOT,INOME)
95 CALL FUNZIONALE(STR_TOT,WTOT,F,WMEDIO,EPS)
96 CALL SCRIVI_FUNZ(F,INOME)
97 900 CONTINUE
98

99

100 !!! SUBROUTINE FUNZIONALE(STR_TOT,WTOT,F,WMEDIO,EPS)
101

102 DO 40 i=0,NX-1
103 DO 40 j=0,N-1
104 DO 40 k=0,N-1
105 STR_MOD=0
106 DO ll=1,3
107 STR_MOD=STR_MOD+STR_TOT(I,J,K,LL)**2
108 END DO
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109 STR_MOD=STR_MOD**0.5E0
110 WMODULO=0
111 DO ll=1,3
112 WMODULO=WMODULO+WTOT(i,j,k,ll)**2
113 END DO
114 F(I,J,K)=STR_MOD/(WMODULO+EPS)
115 40 CONTINUE
116

117

118 !!! SUBROUTINE VORT_MEDIA(U,V,W,OM_LOC,DX)
119

120 DO i=1,NX
121 DO j=1,N-2
122 DO k=1,N-2
123 OMEGA(1)=(W(I,J+1,K)-W(I,J-1,K))/(2*DX)-(V(I,J,K+1)-V(I,J,

K-1))/(2*DX)
124 OMEGA(2)=(U(I,J,K+1)-U(I,J,K-1))/(2*DX)-(W(I+1,J,K)-W(I-1,

J,K))/(2*DX)
125 OMEGA(3)=(V(I+1,J,K)-V(I-1,J,K))/(2*DX)-(U(I,J+1,K)-U(I,J

-1,K))/(2*DX)
126 OM_LOC=OM_LOC+OMEGA(1)**2+OMEGA(2)**2+OMEGA(3)**2
127 END DO
128 END DO
129 END DO
130 WRITE(*,*)’OM_LOC = ’,OM_LOC
131

132

133 !!! SUBROUTINE VORTICITA(U,V,W,OMEGA,DX)
134

135 DO i=1,NX
136 DO j=1,N-2
137 DO k=1,N-2
138 inew=i-1
139 OMEGA(INEW,J,K,1)=(W(I,J+1,K)-W(I,J-1,K))/(2*DX)-(V(I,J,K+1)

-V(I,J,K-1))/(2*DX)
140 OMEGA(INEW,J,K,2)=(U(I,J,K+1)-U(I,J,K-1))/(2*DX)-(W(I+1,J,

K)-W(I-1,J,K))/(2*DX)
141 OMEGA(INEW,J,K,3)=(V(I+1,J,K)-V(I-1,J,K))/(2*DX)-(U(I,J+1,

K)-U(I,J-1,K))/(2*DX)
142 END DO
143 END DO
144 END DO
145

146

147 !!! SUBROUTINE GRAD0(U,GU,DX)
148

149 DO K=0,N-1
150 DO J=0,N-1
151 DO I=1,NX
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152 INEW=I-1
153 GU(INEW,J,K,1)=(U(I+1,J,K)-U(I-1,J,K))/(2*DX)
154 END DO
155 END DO
156 END DO
157 WRITE(*,*)’Inizio GRAD0 - calcolo GRAD(2)’
158 DO K=0,N-1
159 DO I=1,NX
160 DO J=1,N-2
161 INEW=I-1
162 GU(INEW,J,K,2)=(U(I,J+1,K)-U(I,J-1,K))/(2*DX)
163 END DO
164 END DO
165 END DO
166

167 GU(INEW,0,K,2)= (U(I,1,K)-U(I,0,K))/DX
168 GU(INEW,N-1,K,2)= (U(I,N-1,K)-U(I,N-2,K))/DX
169 DO J=0,N-1
170 DO I=1,NX
171 DO K=1,N-2
172 INEW=I-1
173 GU(INEW,J,K,3)= (U(I,J,K+1)-U(I,J,K-1))/(2*DX)
174 END DO
175 END DO
176 END DO
177 GU(INEW,J,0,3)= (U(I,J,1)-U(I,J,0))/DX
178 GU(INEW,J,N-1,3)= (U(I,J,N-1)-U(I,J,N-2))/DX

Listing B.8 Statistics

73 DO 10 i=0,NX-1
74 DO 10 j=0,N-1
75 DO 10 k=0,N-1
76 MEDIA=MEDIA+F(i,j,k)
77 MOM_2=MOM_2+F(i,j,k)**2
78 MOM_3=MOM_3+F(i,j,k)**3
79 MOM_4=MOM_4+F(i,j,k)**4
80 IF(F(i,j,k).GT.FMAX)THEN
81 FMAX=F(i,j,k)
82 WRITE(4,*)’MAX = ’,FMAX,’ SLICE = ’,INOME,’ INDEX = ’,i,j,k
83 END IF
84 10 CONTINUE
85

86 MEDIA=MEDIA/(N**3)
87 MOM_2=MOM_2/(N**3)
88 MOM_3=MOM_3/(N**3)
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89 MOM_4=MOM_4/(N**3)
90

91 ! SECOND CYCLE
92 FMAX=5
93 DX=(FMAX-FMIN)/M
94 DO ii=0,M
95 X(ii)=FMIN+ii*DX
96 END DO
97

98 ! CENTERED MOMENTS EVALUATION AND CDF
99

100 DO 20 i=0,NX-1
101 DO 20 j=0,N-1
102 DO 20 k=0,N-1
103 VAR=VAR+(F(i,j,k)-MEDIA)**2
104 MOM3C=MOM3C+(F(i,j,k)-MEDIA)**3
105 MOM4C=MOM4C+(F(i,j,k)-MEDIA)**4
106 DO 100 ii=0,M
107 IF(F(i,j,k).LE.X(ii))THEN
108 COUNT(ii)=COUNT(ii)+1
109 END IF
110 100 CONTINUE
111 20 CONTINUE
112

113 VAR=VAR/(N**3)
114 STD_DEV=SQRT(VAR)
115 MOM3C=MOM3C/(N**3)
116 SKE=MOM3C/(STD_DEV**3)
117 MOM4C=MOM4C/(N**3)
118 KURT=MOM4C/(STD_DEV**4)
119

120 ! CDF NORMALIZATION AND PDF CALCULATION
121 DO ii=0,M
122 CDF(ii)=FLOAT(COUNT(ii))
123 CDF(ii)=CDF(ii)/(N**3)
124 END DO
125 DO ii=1,M-1
126 PDF(ii)=(CDF(ii+1)-CDF(ii-1))/(2*DX)
127 END DO
128 PDF(0)=(CDF(1)-CDF(0))/DX
129 PDF(M)=(CDF(M)-CDF(M-1))/DX

Listing B.9 Average

28 ! Average
29 MED=0.0
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30 DO II=0,M
31 MED=MED+X(II)*PDF(II)
32 END DO
33

34 MED=MED*X(M)/M
35

36 ! Centered Moments
37 VAR=0.0
38 MOM3C=0.0
39 MOM4C=0.0
40

41 DO II=0,M
42 VAR=VAR+PDF(II)*(X(II)-MED)**2
43 MOM3C=MOM3C+PDF(II)*(X(II)-MED)**3
44 MOM4C=MOM4C+PDF(II)*(X(II)-MED)**4
45 END DO
46

47 VAR=VAR*X(M)/M
48 MOM3C=MOM3C*X(M)/M
49 MOM4C=MOM4C*X(M)/M
50

51 ! Standard Moment
52 DEV_STD=SQRT(VAR)
53 SKE=MOM3C/(DEV_STD**3)
54 KURT=MOM4C/(DEV_STD**4)

185



B – Post-processing source codes

186



Appendix C

Filters source codes

Listing C.1 High-pass SPHERE filter

76 DO 50 L1=0,N-1
77 CALL N_ONDA(L1,K1,N)
78 DO 50 L2=0,N-1
79 CALL N_ONDA(L2,K2,N)
80 DO 50 L3=0,NX-1
81 L3vero=L3+ISLICE*NX
82 CALL N_ONDA(L3vero,K3,N)
83 KK=(K1**2+K2**2+K3**2)**0.5E0
84 COEFF=F(KK,A,K0)
85 DO 60 J=1,3
86 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFF
87 60 CONTINUE
88 50 CONTINUE
89

90 J1=ISLICE/10
91 J0=ISLICE-10*J1
92 S0=CHAR(ICHAR(’0’)+J0)
93 S1=CHAR(ICHAR(’0’)+J1)
94 NEWFILE=’sfera_filter/pc.sfera.’//S1//S0
95

96 CALL SCRIVI(U,NEWFILE)
97

98

99 !!! FUNCTION F(K,A,K0)
100

101 REAL*4 F,K
102 REAL*4 A,K0,ETA
103 ETA=EXP(-A*(K-K0))
104 F=1/(1.0E0+ETA)
105

106
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107 !!! SUBROUTINE N_ONDA(J,K,N)
108

109 INTEGER J,N
110 REAL*4 K
111

112 IF(J.LE.(N/2))THEN
113 K=FLOAT(J)
114 ELSE
115 K=FLOAT(N+1-J)
116 END IF

Listing C.2 Band-pass SPHERE filter

78 DO 50 L1=0,N-1
79 CALL N_ONDA(L1,K1,N)
80 DO 50 L2=0,N-1
81 CALL N_ONDA(L2,K2,N)
82 DO 50 L3=0,NX-1
83 L3vero=L3+ISLICE*NX
84 CALL N_ONDA(L3vero,K3,N)
85 KK=SQRT(K1**2+K2**2+K3**2)
86 COEFF=F(KK,A,KMIN,KMAX)
87 DO 60 J=1,3
88 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFF
89 60 CONTINUE
90 50 CONTINUE
91

92

93 !!! FUNCTION F(K,A,KMIN,KMAX)
94

95 REAL*4 F,G,K
96 REAL*4 A,KMIN,KMAX,ETA1,ETA2
97

98 ETA=EXP(A*(K-K0))
99 F = ETA/(1.0E0+ETA)

100 ETA1=EXP(-A*(K-KMIN))
101 ETA2=EXP(-A*(K-KMAX))
102 G=1.0E0-1/(1.0E0+ETA1)
103 F=G+1/(1.0E0+ETA2)
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Listing C.3 Threshold SPHERE filter

77 DO 60 L1=0,N-1
78 CALL N_ONDA(L1,K1,N)
79 DO 60 L2=0,N-1
80 CALL N_ONDA(L2,K2,N)
81 DO 60 L3=0,NX-1
82 L3vero=L3+ISLICE*NX
83 CALL N_ONDA(L3vero,K3,N)
84 KK=(K1**2+K2**2+K3**2)**0.5E0
85 THK0=K0*THOLD
86 IF((K1.lt.THK0).and.(K2.lt.THK0).and.(K3.lt.THK0))THEN
87 COEFF=F(KK,A,K0)
88 ELSE
89 COEFF=1.0
90 END IF
91 DO 50 J=1,3
92 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFF
93 50 CONTINUE
94 60 CONTINUE

Listing C.4 CROCE filter

19 DO 50 L1=0,N-1
20 CALL N_ONDA(L1,K1,N)
21 COEFF1 = F(K1,A,KMIN,KMAX)
22 DO 50 L2=0,N-1
23 CALL N_ONDA(L2,K2,N)
24 COEFF2 = F(K2,A,KMIN,KMAX)
25 DO 50 L3=0,NX-1
26 L3vero=L3+ISLICE*NX
27 CALL N_ONDA(L3vero,K3,N)
28 COEFF3=F(K3,A,KMIN,KMAX)
29 COEFF=COEFF1*COEFF2*COEFF3
30 DO 60 J=1,3
31 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFF
32 60 CONTINUE
33 50 CONTINUE
34

35 J1=ISLICE/10
36 J0=ISLICE-10*J1
37 S0=CHAR(ICHAR(’0’)+J0)
38 S1=CHAR(ICHAR(’0’)+J1)
39 NEWFILE=’croce_filter/pc.croce.’//S1//S0
40 CALL SCRIVI(U,NEWFILE,N,NX)
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41

42

43 !!! FUNCTION F(K,A,KMIN,KMAX)
44

45 REAL*4 F,G,K
46 REAL*4 A,KMIN,KMAX,ETA1,ETA2
47 IF(KMIN.LE.0)THEN
48 G=0.E0
49 ELSE
50 ETA1=EXP(-A*(K-KMIN))
51 G=1.0E0-1/(1.0E0+ETA1)
52 END IF
53 ETA2=EXP(-A*(K-KMAX))
54 F=G+1/(1.0E0+ETA2)
55

56

57 !!! SUBROUTINE SCRIVI(UI,S,N,NX)
58

59 REAL*4 UI(0:N-1,0:N-1,0:NX-1,1:3)
60 CHARACTER*32 S
61

62 OPEN(1,FILE=S,FORM=’UNFORMATTED’,ACCESS=’DIRECT’,RECL=12*N*N*NX,
STATUS=’NEW’)

63 WRITE(*,*)S,’ = ok’
64 WRITE(1,REC=1)((((UI(L1,L2,L3,J1),J1=1,3),L1=0,N-1),L2=0,N-1),L3=0,

NX-1)
65 CLOSE (1)
66

67

68 !!! SUBROUTINE N_ONDA(J,K,N)
69

70 INTEGER J,N
71 REAL*4 K
72

73 IF(J.LE.(N/2))THEN
74 K=FLOAT(J)
75 ELSE
76 K=FLOAT(N-J)
77 END IF
78

79

80 !!! SUBROUTINE CONTROLLO(C1,C2,C3,COEFF)
81

82 REAL*4 C1,C2,C3,COEFF
83 COEFF=1.0
84 IF((C1.LT.1.0).AND.(C2.LT.1.0).AND.(C3.LT.1.0))THEN
85 COEFF=C1*C2*C3
86 END IF
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Listing C.5 FILAMENT filter

76 ! FILTERING PROCESS FOR EACH SLICE
77

78 DO 50 L1=0,N-1
79 CALL N_ONDA(L1,K1,N)
80 DO 50 L2=0,N-1
81 CALL N_ONDA(L2,K2,N)
82 DO 50 L3=0,NX-1
83 L3vero=L3+ISLICE*NX
84 CALL N_ONDA(L3vero,K3,N)
85 CALL CF(K1,K2,K3,A,KMIN,KMAX,KTOP,COEFF,RATIO)
86 DO 60 J=1,3
87 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFF
88 60 CONTINUE
89 50 CONTINUE
90

91 J1=ISLICE/10
92 J0=ISLICE-10*J1
93 S0=CHAR(ICHAR(’0’)+J0)
94 S1=CHAR(ICHAR(’0’)+J1)
95

96 NEWFILE=trim(FL)//’/pc.filam.’//S1//S0
97

98 CALL SCRIVI(U,NEWFILE,N,NX)
99

100

101 !!! SUBROUTINE CF(K1,K2,K3,A,KMIN,KMAX,KTOP,COEFF,RATIO)
102

103 REAL*4 K1,K2,K3,COEFF,KMIN,KMAX,KTOP,A,RATIO
104 IF((K1.GE.KMIN).AND.(K1.LE.KMAX).AND.(K2.GT.KTOP).AND.(K3.GT.KTOP))

THEN
105 COEFF=F(K1,A,KMIN,KMAX)
106 ELSE IF((K2.GE.KMIN).AND.(K2.LE.KMAX).AND.(K1.GT.KTOP).AND.(K3.GT.

KTOP))THEN
107 COEFF=F(K2,A,KMIN,KMAX)
108 ELSE IF((K3.GE.KMIN).AND.(K3.LE.KMAX).AND.(K2.GT.KTOP).AND.(K1.GT.

KTOP))THEN
109 COEFF=F(K3,A,KMIN,KMAX)
110 ELSE
111 COEFF=1.0
112 END IF
113

114

115 !!! FUNCTION F(K,A,KMIN,KMAX)
116

117 REAL*4 F,G,K
118 REAL*4 A,KMIN,KMAX,ETA1,ETA2
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119 IF(KMIN.LE.0)THEN
120 G=0.E0
121 ELSE
122 ETA1=EXP(-A*(K-KMIN))
123 G=1.0E0-1/(1.0E0+ETA1)
124 END IF
125

126 ETA2=EXP(-A*(K-KMAX))
127 F=G+1/(1.0E0+ETA2)
128

129

130 !!! SUBROUTINE N_ONDA(J,K,N)
131

132 INTEGER J,N
133 REAL*4 K
134

135 IF(J.LE.(N/2))THEN
136 K=FLOAT(J)
137 ELSE
138 K=FLOAT(N-J)
139 END IF

Listing C.6 Original SHEET filter

72 DO 50 L1=0,N-1
73 CALL N_ONDA(L1,K1,N)
74 DO 50 L2=0,N-1
75 CALL N_ONDA(L2,K2,N)
76 CNT=0
77 DO 50 L3=0,NX-1
78 L3vero=L3+ISLICE*NX
79 CALL N_ONDA(L3vero,K3,N)
80 IF ((MAX(K1,K2,K3).gt.KTOP).and.(MIN(K1,K2,K3).lt.KBOT))

THEN
81 COEFFS=CS(K1,K2,K3,KBOT,KTOP)
82 ELSE
83 COEFFS=1
84 END IF
85 DO 60 J=1,3
86 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFFS
87 60 CONTINUE
88 50 CONTINUE
89

90 J1=ISLICE/10
91 J0=ISLICE-10*J1
92 S0=CHAR(ICHAR(’0’)+J0)
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93 S1=CHAR(ICHAR(’0’)+J1)
94

95 NEWFILE=trim(FL)//’/pc.sheet.’//S1//S0
96

97

98 !!! SUBROUTINE N_ONDA(J,K,N)
99

100 INTEGER J,N
101 REAL*4 K
102

103 IF(J.LE.(N/2))THEN
104 K=FLOAT(J)
105 ELSE
106 K=FLOAT(N-J)
107 END IF
108

109

110 !!! FUNCTION CS(K1,K2,K3,KBOT,KTOP)
111

112 REAL*4 CS
113 REAL*4 K1,K2,K3,C1,C2,C3,KBOT,KTOP,COEFF1,COEFF2,COEFF3,KDOWN,KMID,

KUP
114

115 IF (((K3-KBOT)*(K2-KBOT)*(K1-KTOP).ge.0) .and. ((K1-KBOT)*(K3-KBOT)
*(K2-KTOP).ge.0) .and. ((K1-KBOT)*(K2-KBOT)*(K3-KTOP).ge.0))THEN

116 CALL SORT3(K1,K2,K3,KDOWN,KMID,KUP)
117 !WRITE(*,*)’Minumum K-value: ’,KDOWN
118 COEFF1=CMIN(KDOWN,A,KBOT)
119 COEFF2=CMID(KMID,A,KBOT)
120 COEFF3=CMAX(KUP,A,KTOP)
121 CS=COEFF1*COEFF2*COEFF3
122 ELSE
123 CS=1
124 END IF
125

126

127 !!! SUBROUTINE SORT3(K1,K2,K3,KDOWN,KMID,KUP)
128

129 REAL*4 K1,K2,K3,KUP,KMID,KDOWN
130

131 IF(K1.lt.K2)THEN
132 IF(K1.lt.K3)THEN
133 IF(K2.lt.K3)THEN
134 KUP=K3
135 KMID=K2
136 KDOWN=K1
137 ELSE
138 KUP=K2
139 KMID=K3
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140 KDOWN=K1
141 END IF
142 ELSE
143 KUP=K2
144 KMID=K1
145 KDOWN=K3
146 END IF
147 ELSE
148 IF(K2.lt.K3)THEN
149 IF(K1.lt.K3)THEN
150 KUP=K3
151 KMID=K1
152 KDOWN=K2
153 ELSE
154 KUP=K1
155 KMID=K3
156 KDOWN=K2
157 END IF
158 ELSE
159 KUP=K1
160 KMID=K2
161 KDOWN=K3
162 END IF
163 END IF
164

165

166 !!! FUNCTION CMIN(KDOWN,A,KBOT)
167

168 REAL*4 CMIN
169

170 IF(KMIN.le.0)THEN
171 CMIN=0.E0
172 ELSE
173 ETA1=EXP(-A*(KDOWN-KBOT))
174 CMIN=1/(1.0E0+ETA1)
175 END IF
176

177

178 !!! FUNCTION CMID(KMID,A,KBOT)
179

180 REAL*4 CMID
181

182 IF(KMIN.le.0)THEN
183 CMID=0.E0
184 ELSE
185 ETA1=EXP(-A*(KMID-KBOT))
186 CMID=1/(1.0E0+ETA1)
187 END IF
188
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189

190 !!! FUNCTION CMAX(KUP,A,KTOP)
191

192 REAL*4 CMAX
193

194 IF(KMAX.le.0)THEN
195 CMAX=0.E0
196 ELSE
197 ETA1=EXP(-A*(KUP-KTOP))
198 CMAX=1.0E0-1/(1.0E0+ETA1)
199 END IF

Listing C.7 Conical SHEET filter

67 DO 50 L1=0,N-1
68 CALL N_ONDA(L1,K1,N)
69 DO 50 L2=0,N-1
70 CALL N_ONDA(L2,K2,N)
71 CNT=0
72 DO 50 L3=0,NX-1
73 L3vero=L3+ISLICE*NX
74 CALL N_ONDA(L3vero,K3,N)
75 THETA1=((K3**2+K2**2)**0.5)/ABS(K1)
76 THETA2=((K3**2+K1**2)**0.5)/ABS(K2)
77 THETA3=((K1**2+K2**2)**0.5)/ABS(K3)
78 IF((THETA1.eq.ALFA).or.(THETA2.eq.ALFA).or.(THETA3.eq.ALFA))THEN
79 COEFFSC=0.5
80 ELSE IF((THETA1.lt.ALFA).or.(THETA2.lt.ALFA).or.(THETA3.lt.ALFA)

)THEN
81 COEFFSC=0.0
82 ELSE
83 COEFFSC=1.0
84 END IF
85 DO 60 J=1,3
86 U(L1,L2,L3,J)=U(L1,L2,L3,J)*COEFFSC
87 60 CONTINUE
88 50 CONTINUE
89

90 J1=ISLICE/10
91 J0=ISLICE-10*J1
92 S0=CHAR(ICHAR(’0’)+J0)
93 S1=CHAR(ICHAR(’0’)+J1)
94 NEWFILE=trim(FL)//’/pc.sheet.’//S1//S0
95 CALL SCRIVI(U,NEWFILE,N,NX)
96 900 CONTINUE
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